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Notation and Terminology
“A": the geometric portion of “IT",
i.e., the kernel of the outer surjection from “II" to the arithmetic

quotient of “II"

—

(—): the profinite completion of (—)

For a topological group G,
wH'(G, A)

)
- EHQG: open subgps of finite index

H(H,A)
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§2 Galois-theoretic Theta Evaluation

In §2, §21 and §3: Fix a v € VP24,

ny — Iy —— I, =1Y

71} —v —v

Lo |

def func'l
I, = 1Y %;C ny — Htp — IIF = o Iy
72 algm v 11
def tp
15 = 11,
M® = (MY,): a projective system of mono-theta environments

]_-"U: the tempered Frobenioid determined by XU
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Goal: ©  ©%&%" (¢ LabCusp™ at v)

= labeled by t =

Problem 1 A conjugacy indeterminacy in a situation related to the

theta value """ at |t| € |F,| depends, a priori, on the label |¢| € |F,|.
That is to say,ivarious objects at |t| € |Fy| is well-defined up to

conjugation which is, a priori, independent of the label |t| € [F|.

On the other hand, we want to establish a suitable Kummer theory

for such theta values.

= We have to synchronizes conjugacy indeterminacies in situations

related to the theta values at various |t| € |F,|.
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Problem 2 By using the structure of a Hodge-theater, we
synchronized globally the various “LabCusin” by means of —
relative to D, , 28" ipeE (LE VD ) — the var. bij.
{cuspidal inertia subgps of ﬂp(év)}/lnn(ﬁip(év))

= {cuspidal inertia subéps of ﬁ‘f't(XK)i/Inn(wft(iK)).
Moreover, the crucial global Ffi—symmetry arises from a profinite

conjugation (cf. 7t(Cx) /78 (X7) = 7$(Ck) /78X ) 2 F/'5).

=> We have to discuss the comparison between tempered conjugation

and profinite conjugation.
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N
I'_y: the dual graph of the special fiber of (—),

Irr(—): the set of irreducible components of the special fiber of (—),
Fix an inversion automorphism ¢ dof Ly of zv

= 1x, Ly, and Z 5 Trr(Y) (2 Irr(Y) 2 Ter(Y) =2 Irr(Y)),

(Note: ¢ ~ Irr ~» —1 N Z)

= a subgraph I'" | C ') for (—) € {X,é,)"/,g}, ie.,

B 1 0 1 1*—1 *

t € LabCusp™ (11,
= a subgraph I'!") C I'p ) for (—) € {X,é,}'},g}, ie.,

¢ —F ¥4 -1 0 1 *—1 ¥
o C e I e S S

v 1 gy (i.e., for instance, e o F;S))
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O € {ot,»}

II,5 € II,: a decomposition subgroup of F% - Fé, e, "I "

O
xrg

H;tEI = Ny (o) € I

def t
My = MponIl C I

=v =

Thus, for instance:
HLED/HQD = Hi/ny = Ga’l(ég/iy) (= ), H;tij NI, = o
Mo M) =2, [y o] =1,
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Then:
11, Hflu:,';cvl (II,e C II,, C 11, ¢) well-defined up to II,-con;.
alg'm
Ffunc’l

(Recall: TI, "= 4(II,) C 0(I1,) C ooHl(Ht'Zp(Hy)v (- Ae)(ILy)))
Thus:

algm —
I, e 0" (I1,) € O(I1,), o’ (Ily) C of(I1y): pro-, p-torsors

alg'm —
Ifunc’l
Moreover: II, "=
— alg'm

(I- Ag)(Ilz): the subquotient of 11,5 det'd by (I - Ag)(IL,)
II, - G,(I1,): the arithmetic quotient of I,

I,y — Gy(IL,): the arithmetic quotient of II;
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Key Lemma (Comparison Between Temp'd Conj. and Prof. Conj.)
I, C1II,: an inertia subgp ass'd to the cusp lab'd by ¢ s.t. I, € A,

v, 7 € AF
Then the following three conditions are equivalent:
° ,)// e Ayilj ° It('Y"y/) C HZD ° It('y-'y’) C (Hyilj)’y

where (—)7 < 5+ (=) 7!

Key Lemma follows from the theory of semi-graphs of anabelioids.

o : f N
In the situation of Key Lemma, write § & v/ € AT

(Le%ma Itg _ ]t(%'y/) C HZEI — Hg[])
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By the theory of semi-graphs of anabelioids,

one can construct, from the inclusions I? = It(v-v/) ClI = HgD:
(a) the dec. gp D? o N (I7) € IIS that contains I
(b) adec. gp D) C I, well-def'd up to (IT;; )’~conj., ass'd to s
(c) adec. gp D}, CII°., well-def'd up to (IT)’-conj., ass'd to

the 11_-translation of the cusp that det. I? (i.e., an ev. pt lab'd by #)

Moreover, this construction is compatible w/:

o the A*-conjugation e the inclusion Il,e; C I,
If, moreover, [J = et, then the construction of (a) and (c) is
compatible w/ the ﬁ;or—conjugation.
(Recall: the Ffi-symmetry arises from the ﬁzor—conjugation.)
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=107 C1y I, =105, |

By restricting ¢"(I13) C 0" (IL}) to I1]; C Hg(Hl),
we obtain py-, p-torsors

0(I0;) € 0'(IT) C H'(IT;, (- Ao)(IT)).

= 7 — = Kl d

Thus, by restricting them to (G, (IL);) &) Dy, C IT); . we obtain

BI,) C WB(ILy) € LH'(G(I). (1 Ao)(IT)).

2

e,y gt Cp g;”, where —* <t <[* is det'd by .

def -
BT & T, (= o ()
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In summary:

I, e {1 o) Htel) {0 (11 o) el arising from

- algm
v ; A+ ;
e II;: an arbitrary Aj-conjugate of I,z

e I?: an arbitrary Ei—conjugate of I; s.t. I? C HZ;
~y-conj.

(t ranges over the elements of LabCusp™(II]) = LabCusp™(IL,))

Moreover, this alg'm is compatible w/ the independent conj. actions

of 3:; on the sets of (not temp’d but) prof. conj. {II’; }, and {I}}s.
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Remark
A conjugacy indeterminacy in a situation related to the theta value

“(OO)QM” at |t| € |F,;| depends, a priori, on the label |t| € |F,|.

That is to say, various objects at |t| € || is well-defined up to

conjugation which is, a priori, independent of the label || € |F|.

However, our resulting theta values

(w)gltl(HZ;) C ooH1 (GQ(HZ;)a (l : A@)(HZ;))

”

for various |t| € |IF;| are computed relative to “label-independent

Gy(l;) and (I- Ae)(IL); ). conjugate synchronization

(= One may apply Kummer theory related to theta values.)

v
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Recall: T1, 21 My (TL,) © (Mg, - ) () € (M- ) (TT,)
in oo H' (I, (1 - Ae)(I1y))
(Recall: “Mgy," is an isomorph of “OF ")
By restricting them to HZ; CII,, we ogtain
MfM(HZ;) C (Mg - Qb)(HZ;) C (M - OOQL)(HZ;>
in o H'(IT, (- Ae)(ITy))
Thus, by the nat'l "¢ (IL];) — OOQO(HZ;)”, we obtain a splitting

(Ml (T3 ) M, () = ML) ¢ (T ) /018 (1T ) )
(Recall: “MA," (resp. “Mp/i" ) is an isomorph of “O%E”(resp_“ogg”)_)
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In the remainder of §2, suppose: ITP(M?) = II,
= 1 — I,(M?) — Iye — I (M?)

By base-chan’g I3 C Il,p C I, = II¥(M?) via Iye — I (M?),
we obtain closed subgroups Ile C HM9> C Iye.
Hu(Mfg)v (1 A@)(M?;), HQS(M?;)v GQ(M?S):

the respective “corresponding subquotients” of Ile
13

= Ja cyclotomic rigidity isomorphism (I - Ag)(MS;) = II,,(MS,)
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By applying the cycl. rig. isom. (I - Ag)((MS;)?) = I1,((MS,)7)
arising from the “y-conjugate” (M) of M® (where v € ﬁgi) to

i

(Iy) € ool (I05) € o HH(IT);, (1 Ae)(IT}5)),

=

) € 0y < ooHl(GE(HZ;), (- Ao)(ITy)), and
(Mg 008" (I ) /M3 (1) = M () % (s (1) /My (I135)),
we obtain

0: ((MZ)7) € ol (M5)7) C oo HH (I (M5)?), T (ME)7),

=env 78I1V

01! (M5)7) € ocblt] (ME)7) € oo HN (G ((MS)7), Tu(MS))),

=env *P ©=env *p

(Mg - ool ) (MG)7) /M (MS)7)

=env

= MEH((M%)7) x (ol ((MS)7) /M (M),

=env
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In a similar vein, by applying the cycl. rig. isom.
(1 A0)((MS)") = pz(Gul(MG))),
we obtain:
8 ((M)") C ot (%))
C oo H' (T (M%), 3G (M),
0111 (1% )7) € ol (M )7)
C oo H' (G (M)7), piz (G (M) 7)),

(Mg - ooy ) (ME)7) /Mg (M) )bs

= M (M) os X (ool (M )7) /M (M) s )
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§2% Multiradial Kummer-detachment of Theta
Monoids

Goal: “multiradial Kmm-detach.” of theta monoids, i.e., “(9% -0

:Q

Strategy: By the final assertion of §1, we have:

multiradial , .

IT, ~ étale-like OX - ©

alg'm Fy —v

via multiradial
A

mono-theta OX - © , i.e., labeled by “env”
cycl. rig. Fy, =uv

Thus, by applying the Kummer theory for theta functions:

@ Kuwer (Oi @

Frobenius-like OX -
- FQ —u theory FQ :Q)env
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e Recall: £ af%nc'l poy (T3 ) - 9, C OX(T; )
—¥ alg'm

(which determines the ‘monoid OCG(A?:) = 0% (AY) 'QT‘AE?O)
v :{‘lf &t X (49 . ()N }
7 T CE( ) (:9) |Ag)° acAutp, (¥ )
Ve = {alpp 0 & 05(49) - (€7)%0 g |
o= {012 @} o
e Recall: .7-" afli—nflthe base-theoretic hull C, C]—"
Y alg'm

(ITy ~) e, o (’)(Z(A?o) (well-defined up to II,-conjugation)

(00) ¥ re: the Frobenius-like theta monoid

e, : the Frobenius-like constant monoid
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o Recall: Me g M{M(M@)' Qenv =
in ooHl(Htp(M*@) p(M?))

def . def
q[enV(Me) {\I]env (M?) M']?M(Me> env( ) }L: inv. autom

o W (M2) L wr, (M9) & 0 (MO) - of, (M)

(M®) C .0 (MP)

* XZenv *

env

o Recall M9 PSE GL0M9), 1y (GuMD) STL09)
M (M) € o HY (I (M9), T, (M2))

(Recall: “Mry" is an isomorph of %= ")

(LR (M2) ) Wore(MP) & My (M2)

(Oo)\IanV(M*@): the mono-theta-theoretic theta monoid

Wens(MO): the mono-theta-theoretic constant monoid J
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In particular, by applying the above algorithm to M®(IL,):

(00) Peny (MO (IL,)): the étale-like theta monoid

Wons(MO(IL,)): the étale-like constant monoid

In order to obtain “multiradial Kummer-detachment” of Qv
let us relate

Frobenius-like/mono-theta-theoretic/étale-like theta monoids.
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In the remainder of §22, suppose: M?(]:-"v) = M®
Then, by applying the Kummer theory, relative to a suitable assign't
“L— ", we obtain an isomorphism (o) U ze o = (00) ULy, (M?)

env

(cf. the Kummer theory of theta functions in tempered Frobenioids).

Write
(00)Vre — (00) Veny(MY)

for the collection of the above isomorphisms.
Moreover, again by applying the Kummer theory, we obtain an
isomorphism

~

Ve, 5 Wep(MO).

v
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Thus, every isomorphism MP(II,) = M = MP(Z ) determines:

(étale) (mono-theta) (Frobenius)
I, = HE(M?(HQ)) = HE(M?) = HE(ZP(M*@>
~ ~ ~

oo Veny (M*@a_[g)) = oVenv (M?) <~ oo\I’J-‘S)
U U U
\Penv (M*@ (Hy)) - \I'env (M?> < \Ij]—‘g’

Gy = GQ(M*@(HQ)) - GQ(M*@) = GQ(M*@)

% % 5%

~

© X ©) X X
oy (MP(11,)) = W (MD) — Uie
v
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Moreover, every isom. MO (I1,) = M® = MO (F ) also determines:

—v

(étale) (mono-theta) (Frobenius)
I, = HE(M*@(HQ)) = HE(M?) = HE(:p(MS?)
~ ~ ~

q]cns (M® (Hy)) ; lecns (M?) — \I]CE
Gy = GQ(MG(HE)) = GQ(M*@) = GQ(M?>

% 5% 5%

~

U (MO(TL))* 5 W (MO)* & 0

That is to say, we obtain various Kummer isomorphisms.
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Thus, by the final assertion of §1, we obtain

“multiradial Kummer-detachment” of theta monoids:

via multiradial

(oo)\I/env (M*@(Hv» - (00)\1]]:3@

- cycl. rig.

multiradial
II, o
~alg'm (cf. §1)

Remark
On the other hand, the above discussion only gives

“uniradial Kummer-detachment” of constant monoids.
(cf. “(Il, ~ We,) ~ (Go(M?) ~ Wz )": a uniradial environment)

(= the theory of log-shells)
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]
§2% Definition (used in §4)

(1) v e V" = F,*: the Fro'd “corresponding to" G, ~ O
(omit the case of v € V*)

: . def .
an F*-prime-strip & {an isomorph of F;X}yey

(2) v e V™ = F ¥ the x pu-Kummer Frobenioid “corresponding
to” Gy O%f equipped with the x pu-Kummer structure, i.e.,
{Im((0F))" = 0% = OF = OFF) }uca,: open subsps

(omit the case of v € V)

. . def .
an F"*#-prime-strip & {an isomorph of F} *#},cy
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(3) '8 = {'F, }uev: an F -prime-strip
v € V™ = 17 “corresponds to” G, ~ (05 x 7 N oL a N
T.7-‘5”“: the split-x gu-Kummer Frobenioid corres;ondlng to”

Gy~ (Op! X (1o ¢/ 1hy) <= (par - €'/ er)) w/ X p-Kmm sr.
v € VEI N V™" = TF “corresponds to” G, ~ (0% x Py <o)
>4 the split-x p-Kummer Frobenioid “corresponc]ing to”

Gy, ~ ((’)%i‘ X py <= py) w/ X p-Kmm str,

(omit the case of v € V*)

. . def .
an F">*k-prime-strip < {an isomorph of 7 >*#},cy
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def

(4) an F"™>*H_prime strip & a suitable collection of data

(f¢™, Prime("C") = ¥, 7§ {Tp, }uev),

i.e., a collection of data obtained by replacing the “Ig™" of an
F'-prime strip “(1C"", Prime(TC") = V, 7§, {Tp,}vev)” by an

FXB_prime-strip Tg>*#

Thus:
Ifunc’l

f F-prime-strip "= T F"*-prime-strip e f FXB_prime-strip

Ig’m alg'm

f Fr-prime-strip RS ST prime-strip

alg m

T F*_prime-strip Iu——n> Tk _prime-strip
alg'm
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