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§3 Tempered Gaussian Frobenioids

Goal: Construction of Gaussian monoids,

. “ 2 92 )24 1
ie., O%E(gi ,gi ,...,2(3 %)

U

and the evaluation isomorphism,

. N ~ 2 52 %2 1
ie., O%E-QE — O%E-(gl,qz,---,gf} ))

v =V

(On the other hand, as in the case of constant monoids, we obtain
only “uniradial Kummer-detachment” of Gaussian monoids.

(= the theory of log-shells))
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Recall: M "' TIP(M®) C TP (M) C T (MP)

algorithm
T (AR /A)(M2) ~ LabCusp™ (II(M2)): the F;*-symmetry
algm - -

For t LabCuspi(Hth(M?)),
(=) a copy of (i) labeled by ¢
= The Ffi—symmetry determines an isomorphism
(Gg(M?;)t ~ ‘I’cns(M?)O = (GQ(M?;)t’ ~ ‘I’cns(M*@)t’)-
(S = () (3 ()=)
(=) ¢,y (resp. (_)<Ff>)  the “diagonal” C H\t|ew(resp.1ﬁ;‘)(_)ltl
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]
= By “(GB(HZS) &) Df,uf — HZ;” (cf. §2 (p.10))

(and taking v = 1), we obtain a diagram

(MRMD) <) Me(MZ) - Guo(MG) )
% 5%

Uers(MO) 5 Weng(MO) 5.

By the submonoid Wens(M) )y C Wens(ME)g x \Ilcns<M$)><Fl*>y

we obtain a nat'l identification of W, (M®), with \IJCHS(I\\/JI*@)@?):

Wens (M?)O = Wens (M*@ ) (FF)

l

. “ X\
(i.e., "0 <> (F/)")
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A value-profile  (i.e., “(Ci 'SEERE ;lf gf}l*)z))

def
& an element of

Q;Ffv(M*@‘) déf H QZLV(Mg) < H \PcnS(M?)ul

|t|eFF* |t|eFF*

def def
\Ijgau(M ) {\Ijﬁ (Me) - \Ilg(ns (Me) (F7) fN}g; value-profiles

def def
oo\Ilgau(M*@) { Wg(Me) = X (M )Fl*) .5@20

cns )
&: value-profiles

(00) Pgau (M?): the mono-theta-theoretic Gaussian monoid
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] “ L ~ t " . .
Then, by the nat'l “0“(IL; ) — b |(HZ;) , we obtain a diagram

(MRM?) ) TLp(MZ) <= {GuM ) teqe)

N N
oo Vo, (M?) = oo We(M?)
U U
Ve (MD) = W (M),

where “¢--" denotes an “evident compatibility” (w.r.t “{Dj, };").

Write

(00) \Ijenv (M?> — (0) ‘Ijgau (M*@)

for the coll. of the above isom., i.e., the evaluation isomorphism:

0, o (g G gy
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In particular, by applying the above algorithm to M®(IL,),

(00) Vgau (M2 (IL,)): the étale-like Gaussian monoid
(00) Veny (MO(I1,)) = (00) VU gau(MO(IL,)): the étale-like eval. isom.

Next, let us consider the Frobenius-like Gaussian monoid.
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-
In the remainder of §3, suppose: M2 (F ) = M?
Recall: By applying the Kummer theory,iwe have an isomorphism
(Gu(M®) A We,) S (Gu(MS,) ~ Wero(MO)).  (cf. §25 (p.22))
= For t € LabCusp™ (T} (M?)),
(GoM2)e ~ (e, )e) — (Guo(MZ)e ~ Wens(M2),)
which is compatible with the Ffi—symmetry.

(Note: This isom. is well-def'd up to conj. which is independent of ¢.)

*

= For a value-profile £ € Q&V(M*@;) - HME]F;K Wens (M),
def ~
(000 (F,) 1m0 (o) We(M2) > [Tie Wens M)y & [Lep (Ve )

:y

(00) ¥ Fau (£, o {(OO)\Pfg(év)}g : the Frob.-like Gaussian monoid J

—h
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Thus, we have a diagram:

M (M) = M) - {GoMG)tes, = {Go(MD)}
m N m m
wUroa = oW (M) = oo U (M) = VR (E)
U U U U
Uroo — W, (MP) = Wi (M) = UR(E)

Write
o ¥re 2 o Werr(MP) 5 () Vgua(MO) 5 ()W, (F)

for the coll. of the above isom., i.e., the (Frobenius-like) eval. isom:

n(__) — ( ;% . gv’ cee ;ll* . gf}l*)Q)n
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~

In summary, every isom. MY (Il,) = MY = MP(E ) determines:

Hy‘ €= {Gy(Hy£)\t| }Ff
oVl MP(IL)) = o We(MP(IL))
U U
Ve ((M2(IL)) = Pe(MP(1L,))

~ ~

= {G.ME )t —

&%

= WMD) S
U

= W (M) -
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Remark
As in the case of constant monoids, the above discussion only gives

“uniradial Kummer-detachment” of Gaussian monoids.

(= the theory of log-shells)
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84 Global Gaussian Frobenioids

" = {ID },ev: a D -prime-strip J

Suppose: v € V™" (= D] “="G,)

Vs (1D5) € O%(Go(1DY)) € o HY(Go(1D5), pz(Go(1D))))
\I/R (TDI—) def \IICHS(TDI—>rlf (g )

cns

Recall: 1D Hfl“:?f" log' P (p,) € WE_(IDF)
= alg'm -
(Go(1D5) ~) W (1D5) E ey (MD5)* x WE(1D)

cns cns

(omit the case of v € V¥)
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U (197): Vo urs U (D))

cns cns

Recall: D" Hf:':r}cll
alg'm
D" (1D"): an isomorph of C. 4
Prime(D" (1D7)) = V

{TPD'*@: (I)D'*(T’DF),Q = q’éRns(TDZ)}yey
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D= {Tpg}yey: a D-prime-strip J

Recall: 1D, 3ﬂmCITDF LabCusp®(1D,)

— alg'm
Suppose: v € V& Ny (= D, ="1I,)
Ve (1D,) © W (D)
wHY (G (1D), p15(Go(1D)))) = o HY (IS (1D,), p5 (G (1Dy)))
VE (1D,) € Ok (1D)) = log'P2(p,) ¥ log P (p,) € R (1D,)

v (1D,) < s (D))

F'*-symmetry =V,.('D,); = ‘Ilcnb( )er (t, t' € LabCusp™(1D,))

= \chns(TDQ)ﬂ]Fle \chns(TD ) (TDQ)O :> \IICHS(TDQ)GFZ*)
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(o) Wy (D) & W s (1D,)* x R-log P (p,,) - log (€

—" (formal symbol)

def . T
(m)\ljgau(T,D,) = ‘IJCHS( Dv)(xll“z*) X Rxo - (--- ,j% - log Dg(pg))a )

C [ljers Vs("Dy);
\IJenV(T,Dy) = \Ilgau(TDy> given by HlogTDE(Q) = (e g% )
(omit the case of v € V*)

00)Pa(MD): V3 v (o) ¥n('D,), where O € {cns, env, gau}

= (00) Yenv (D) = (00) Ugan(1D): the evaluation isomorphism
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N
1§ = {{F,}uev: an F-prime-strip J

Recall: 1§ "= RE ) Suppose: v € V'

agm

Kummer
def

(M, ("Dy) ) Veus () = Wiz, (= Vas((Fy) 5 Tens("D))
F/*=-symmetry = U (1F,): = Vens((F,)w (¢, '€ LabCusp™(TD,))
= \IJCHS(TFQ><‘F”>1 ‘chns(T‘Fg)<]P‘?‘>r ‘Pcns(T‘Fg)O = \Ilcns(T-Fg)<Ff>

(omit the case of v € V*)
\chns(TS): Vovu— \chnS(t‘Fy)

Recall: 1§ 25" 19", 15" — (iC*, Prime(C") % V. 15", {1p,}),
Kummer
(i, Prime 5V, {Tp,}) = (D"("®"),Prime = V,{Tpp+,})
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THTO = ({T]-“ 13 )i a ©-Hodge theater J

Suppose: v € Y&ood nyron

Recall: T]-“L: (in Tglr;o ) Elfluncl T'D’_

Recall: T]Z' HfgCITD Hfuncl

—2 alg'm - algm

HQ(TDQ) ~ qj*i

LabCusp™(D,)

Yo (t, t' € LabCusp™(iD,))
Jo = (Wig )< %)

I

F;'=-symmetry = (U4 tF )t = (W
= (Wig ) (Prg )iesy (Vs

H“ﬂ
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By “Mono-anabelian Transport”:
Kummer
J'a TII,-equivariant isomorphism Wiz = W (1D,)
- Kmm
= W (TDE)X

Jla Z*-orbit of TG ,-equivariant isomorphisms \IJUTF

(00) V178, (00) ¥ Fpeu ('E,): the monoids corresponding, via
eI

(Wiz )t = Wens('Dy): (¢ € LabCusp™ (1Dy)),
t0 (00) Veny(1Dy), (00) Ygau(' D), respectively.

(omit the case of v € V¥°)

(00) U Fr (THT®): V5 0 (o) Wi pp
(00) VFa (HT®): V2 0 (o )‘I’fgau(Tég)

I<
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ell
¢@

tp0F
g7 P-o*! — (1 = tD, = De%): a D-0*_Hodge theaterJ

Recall: Hfl“:?f"m i, 0¢® o (1¢9%)1: LabCuspt(1D,.) 53 T
alg’'m
]Ffi—symmetry = Uens (M) = Uens(MD, )y (¢, ' €T)
= \Ilcns(Tg )<|]Fl| cns(T:D ) \Ilcns(T©>—)0 :> \chns(T©>-)<]Fl*>

Ifunc’l

Recall: 1D, "=

Elfunc |

(oo)\IjenV<T©>-> — (oo)\Ilgau(T©>-)v T@’;

alg m

D‘F(TQF) Prime(D'k(TQE)) SV, {Tppr beev

alg m
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DL (102) € "D (1) log ™ (9)"

env

= (bD‘anv(T/D';-):y % q]enV(T©>)rﬂlf

def “ . n
DL (190) (e ) D (IDL) € [T, DH(DL),
rlf

= Cpg 00)0 = Yeu(D)

Moreover: D! (TD7) = D! (1DL): evaluation isomorphism

env gau
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ell
w@

o™ = (TS> & ¥, = TD°F): a ©*!Hodge theater
LTS
("3, i;f %, ——> 1HT®): a O-bridge glued to 14)©*

Recall: 1§, 21107, 154 = (€L, Prime('C) 5 V.73, {nu})
(ICt, Prime = V, {ip,}) = (D'F(TCD;), Prime 5V, {Tpphg})
Co (THT®) % 1CL - log ®(9)"
= @CH— JHTO) W 5 \If]:Cnv (THTe>rlf
def . n
C\gkau(THT@) ( .. ’32 ) .TCW C H

= q)cw LJHTO) W =5 \I/]:gau (]LHTG)IH

(fcL);

JEFS

Moreover: C!  ("1HT®) = DL (D7) 5 DL (1DL) 5 CLL (THT®)

env gau gau
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-
1§ = (1Ct, Prime(iCt) 5 V.85 {1p.})
Ch (THT®) & et 1og "5 (0)"
Caaa(THT®) = E o2 el ¢ Hje]F;%(TC‘ﬁ)j
By rep. (13, {p,}) by a suitable data det'd by {Vx,  ("HT®),}:
Bl © (Cluy (THT®), Prime(CL, (HT®)) 5 V. 18000, (o))

By rep. (3%, {p,}) by a suitable data det'd by {Ux_ ("HT®),}:
Bhaw = (Chaa((HT®), Prime(CL, (HT®)) 5 V. 180 {Tpguns})

gau gau
Wens ()0 = Vens((F) FF) determines:

S‘F = ( Prlme(TC ) = v, TSZ’ {TpA,y})
= 1§, = 185, eval. isom., T§0H 5 fFixm 5 15w

Yuichiro Hoshi (RIMS, Kyoto University) Hodge-Arakelov-theoretic Evaluation Il December 10, 2015 23 /29



i TP-OFINF. 5 D.@*INF-Hodge theater )

Recall: Ha%:'*é%: LabCusp™ (19°) 5 J, Fo(ID?)];
F/-symmetry = For j, j' € J:

Fo(Do); = Fo (D)l

M5q (D) = M0q (D)

Miod(mj@)j - Miod(TD©)j'
(r*("D*) ~ MZ,.("D?)); = (r1*(TD¥) ~ MZ,.("D?));
(Frroa(D)j = Froa((D9);) = (Frnoa (D)0 = Froga (D))

mod mod mod mod

= One can define the “diagonal” (—) ) C Hje]F;;e(—)j
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Recall: For j € J:
Fnod(1D); = FE(1D?)|;
FER(D%); = (F (D)
(i ("D¥) ~ ML, ("D?)); = M2, ("Dj) € M7 0 ("Dj)
(where 1D, ,: the v-comp. of the D-prime-strip ass'd to F°("D?)|;)
D! (19)) 5 FE (D),
(where "D the D"-prime-strip ass'd to F°('D?)|;)

cns

They are compatible with the F/*-symmetry.
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|
Jr,;'_[,7_@:l:ellNF: a @iellNF_Hodge theater

Recall: For j € J:
Tg‘ = T}—@" = ~7:©<TD©)|'
TM@ ) _> Mmod(

mod

JrMflod) _> Mmod(

)i

)i
t rat (TD®) ~ TM® ) A ( rat(TD@) ~ M@ (TD@))]-
" Fod)i = Frnoa (D)

(Tfmod> ]_‘Ol(lfd(TD@)

m

/\/\/‘\/\

(i.e., Kummer isomorphisms)

They admit compatibilities with the F/-symmetry.

= One can define the “diagonal (—)<Fl>:e> C Hje]F?e(—)j
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(" Faoa)i = 135
(1 Fisa); = 185

m

(@PHD®) ~ TM2,); = Mgy € M)
veEY

Moreover:
~ R
ey = ((Foa)i

mod

They admit compatibilities with the F;-symmetry.

gau 194

(gig_au)R — H]EFZ* TS’ER
= C‘g'_au(THT@) — (sgau)R

(which is compatible with ®¢r. (1370, — Vi, (HTO)}T)

= Caaa((HT®) = Tljerr (Foa)s
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[ TOFINE 19y TOFINF. gEellNF_Hodge theaters )

the ©*H_link THTO*"'NF O 1 TOLINE
4 the full pon—lsomorph|sm fgexpn 5 150
the ©#-link 19 TO=INF Ot 1o reteliNE

> p

& the full poly-isomorphism S‘F’X“ — iSHX“

Thus: ©*¥- ©X*-links induce the full poly-isom. TS " iS%X”

gau

as well as the full poly-isom. T®' = D,
i.e., the D-O*UNF-link IHTP-O*"NF B 19/ 7D-6=INF
= D" (1DL) = D" (*D) (comp. w/ “Prime = V", “Lopro}")
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|
Frobenius-picture

The infinite chain

O (g el ©(enm) ety © (enu) el ©(enm
. i> n—lHT@ NF i n/]_[7-'@ NF i> n+1HT® NF i .
does not admit arbitrary permutation symmetries.
Etale-picture
The D-prime-strip “(7)D'\" forms a “constant invariant” of the

above infinite chain:

nHT@-@ieﬂNF

|

+e +e
n—19/7D-6 INF 5 (7)@2 : n+1qy7D-6 INF
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