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61.1 Mono-anabelian Transport

Recall: By the previous talks:

THT@icllNF E‘Eﬁ) iHT@icllNF
Im(Fr;iod) ;> Im(Fr;iod>
N N

Hyey (127 R (l*)Q) ’ RE % ngy RE

2 *)2 ~
(05 (@ dd ) fbuemms = {(O% - @a) /Hbacims
Goal: A comparison between
d d 1, d 12 (1%)?
eg(@)evms) and (75 ) deg((a o gl ema)
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Ogfi: a non-scheme theoretic “connection” bet'n two Hdg-theaters

Question: How can one relate objects of the domain of a non-scheme

theoretic “connection” to objects of the codomain of a non-scheme

theoretic “connection” ?

One of the answers: Mono-anabelian Transport
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Mono-anabelian Transport

“A": an object of interest Then, in the diagram
TD non-scheme theoretic\ i[j
connection
Frobenius-like TA Frobenius-like A
Kummerlisomorphism Kummerlisomorphism
, . mono-anabelian P .
étale-like TA Loren étale-like A,
rigidity

we compute the “indeterminacies” which involves

e the [two] “|", i.e., Kummer-detachment indeterminacies, and

e the “—", i.e., étale-transport indeterminacies.

= "A" is compatible, rel. to the conn., up to the indeterminacies.

[Thus, we have to distinguish the above four “A" ]
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I
Recall: In [IUTchl]:

Let us take “A” to be the theta monoid “O - O} [v € V"],

Frobenius-like /(O - 9)) Frobenius-like *(Ox - 9))
KummerJ(isomorphism Kummerlisomorphism

, : anabeli . :
étale-like (O} - O) %Zae'a% étale-like (O} - O
r == rigidity r ==

e the [two] “|" arise from the [multiradial] cyclotomic rigidity, and

e the "—" arises from the [multi.] rep. of the env. ver. of theta mon.

On the coric object G, ~ O
e the [two] “|" induce the indeterminacies Ism, ~ O ", and

e the "—" induces the indeterminacies Aut(G,) ~ G,.
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Recall: By the previous talks:

THT@:{:eIINF eig‘ﬁ) iHT@iellNF
Im(anod) L) Im(anod)
N N
Hyey (127 R (l*)Q) ’ RQ ;> ngy RE
1%)2 ~
{(O%E,A ’ ((_1¥11;27 s 7:(2 ) )N) /Hf}yeybad — {(O%E,A ’ ﬁ,A)/H}yeybwﬂ

Goal: A comparison between
d d (L) dee((a (1%)?
g((g)pemma)  and (- ) deg((gl ... gl eun)
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Of course...:
léﬁé
2 *)2 .
deg((ﬁ ) ,Qﬁ ) Ju) = Z j’ deg((40)o)
< e — =
if one applies only the usual relationship bet'n ' and (ij2 ...,gg%){z),

ie., % = just the j>-th power of ¢,".

Forv € V™! and 1 < j < I*, the ©#-link relates qj and g, by

Ok, @) /i~ (Ok, (@))%, = @) = (@)
L Ll vl Ll
(Ox, - d)/m - (05,405, 5 & o> ¢
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In order to obtain another comparison between q‘f and o, let us

e consider the noncommutative [if j # 1] diagram

N 5 (@) = Ox, - (@) = 0% ~ (Ok,)s
L L
N = ¢ <= 04 = 0% ~ (Ok)s

e compute indeterminacies which make the diag. “commutative”

by applying the technique of mono-anabelian transport, and

e conclude that

“the vol. of %201(2 = the vol. of QQOK; up to indeterminacies.
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In particular, we want to discuss a multiradial representation of

objects related to the diagram

N 5 (@) = O0f (@) = 0% ~ (Ok,)s
relative to the diagram

N 5 (qj)N — OXE-(qj)N — Ok, ~ (Ok,)+

v L

A OXE-QT — Ok, ~ (Ok,)+
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|
Four problems in the diagram

2

(Qi )N(l) ) OX (qv )N — OID(E (g) (OKE)Jr

(3)

(1) How can one obtain a multiradial qif?

(2) How can one obtain such a multiradial inclusion,

i.e., a multiradial splitting O~ x (qif)N = O - (qif)N?

[Recall: For instance, every object related to ©gF is “multiplicative”.]
(3) How can one obtain an “additive” object (Ok,)+?

(4) How can one relate such multi. objects to such add. objects?
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-
Answers:
(1) We regard qif as a result of applying the Galois evaluation
operator to the multiradial theta function ©, [cf. [IUTchII]], i.e.,

roughly speaking, obtained by the cyclotomic rigidity.

(2) We regard such a splitting as a result [cf. (1)] of the multiradial
splitting of O - O, [cf. [IUTchII]], i.e., roughly speaking, obtained
by the constant multiple rigidity.

(3) We use the p-adic logarithm. [Note: The natural homomorphism
Ok, — (Of )Plis “isom.” to the p-adic log O ©% (K )1
4) We use log-links and multiradial [realified] NFs :
(4) g [ ]
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That is to say, we regard

(@) = Of,- (@) = O, ~ (Ok)+

as
Gal.
N X N ~ X i2\N > 1 X
— L = eval. L= © yY “ o

where "9, — O -©," is given by the multiradial cyclotomic

rigidity and splitting discussed in [IUTchll].
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|
§1.2 Log-shells

1§ = {1F,}ev: an F-prime-strip J

= \IJCHSOS) = {\IJCHS(TS)Q}QEY

v E ynon
= U (1F), = (G (TTL,) ~ Wiz, ) [an isomorph of IT,/A, ~ OF ]
= Wip, DU — Wy E (U )P

By the étale-like holomorphic structure 11,

e one may obtain field str. on \II%E o WL U{0}, iy w.r.t. which

o log —
o (Uir, 2 Wiy, » Wig,) "= (O, 2 Og, = (Ku)4).
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o log(TF,) def (G,(TTL,) ~ \If?fv) [an isomorph of IL,/A, ~ Fﬂ

o Lir, = 5 - Im((¥] )+): the log-shell

T ~
)0 < W s (w

7,
log —
[an isomorph of i Im(Of, = O%E = (Ku)+)]

One may construct similar objects for v € V2™,

def

o log("F) = {log("Fu)}vey

o Tiz o {Zi 7, }vev C log("§), i.e., Frobenius-like holom'c log-shells

Then:

e Tir,: compact [= of finite (radial for v € V*) log-vol]

~ Gy THU non
o (U35 )0 — (U35, ),), 052 ™ C Tz, o€ V)

v
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N
Q e ynon :>
For a cpt open subset A # () of lo_g(T}'g)Gﬂ(mﬂ) [an isom’h of K],

one may define the volume p(A) of A which satisfies the following:

WOtz = Llie, “u(Ox,) = 1]

log(T 7 )

e A\NAy = 0 = /L(Al U Ag) = ,u(Al) + M(AQ)

o 0 € log(LF)M) = (A -+ a) = u(4)

“ |2‘;v1'[K31qu] — —1n
[:> U(i log(olx(g)) =Pv B 'ﬂﬁgl : ﬁl‘p@o (Kg) ! ]
1985 A) < 1og(1u(A)): the log-volume of A

dsimilar notions, i.e., radial/angular log-volumes, for v € V2
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D = {ID,},ev: a D-prime-strip

= F("D): an F-prime-strip

* Tip © Ty (19, 1.e., étale-like holomorphic log-shells
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fExn — {T]:ZX#}Eey: an F*K_prime-strip J

v E ynon
= T # =" (G, ~ O7F) equipped with

the x p-Kummer structure, i.e., {Im((O% )" — O=*)}rce, open

= T, zoxn C log(TF#) A TG,

ie., “ilm((@%ﬂ)aﬂ — (9%’;) C O%Z A G

One may construct similar objects for v € V#.

o log(iF ) = {log(1F, )} ey

o Tizrvw € {T, 7} C log(1§™#), i.e., Frob.-like mono-an. log-sh.
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veEV™ = Fora compact open subset A # ) of log(fF*#) Gz
[an isomorph of (K,)], one may define the volume p(A) of A which
satisfies the following:
" ‘2|;v1'[KE:QPU} — —1r
b M(IT]:ZXM) = DPv B 'H,{/gl : ﬁ”pg(Kﬁ !
[which may be constructed from the data TF}**]

o Al N A2 = @ = [L(Al U Az) = /L(Al) + M(AQ)

o a € log(F#) % = u(A+a) = p(A)

1985 A) < 1og(1u(A)): the log-volume of A

dsimilar notions, i.e., radial/angular log-volumes, for v € V2
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D" = {TDZ}QEY: a Dk—prime—strip J

= FH(I1D"): an FT*K-prime-strip

=
o log(1D") = log(F+(7D"))

def . 7 . .
o Lig- = g xu(ipry, 1.€., étale-like mono-analytic log-shells
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If
g = fg>» I, 0% = Gy (9%"
[} [} ie., [} [}
D = D" 11, = G,
then

~

log(t§) —— log(TF™*) Tig —— Tigrxn

Zl lN\(Ind2) Zl lN\(IndQ)

log("D) —— log("D") Lig — Ior,

~

where (Ind2) = Ism, (= Auté‘;'Kmm(O%:)) if v e Yror,
= {+1} if v € Vo,

[Various data (e.g., log-volumes) are compatible w.r.t. the diagrams.]
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§1.3 Local Tensor Packets

{*F}aca = {{*Fu}vev }aca: a capsule of F-prime-strips J

a€ A, V" 3 ujug € Vg o V(Q)

o 109(*Fuy) E By, 109 Fu)

o log("Fo)) = e loa(PFy):

the local homolorphic tensor packet [associated to {*F}4]

o log(+*F,) ¥ log("F) @ log("IF,) C log(*F.y)

o log("Fry) © [T, cv, l0a(* Fuy)
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Then:
The topological field structure of log(*F.)

=

o log("F.,), log(F,) = limy(@(limy (MLF or CAF))
log(“F) = log(**F,)
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N
By replacing [o_g((_)f(_)) by L F._,. one obtains:
o I("Fuy) Clog("Fug) @ I("Fy,) C log("Fuy)
o I(H9F,) Clog(*"F) o T("Fy,) C log("Fy,)
° IQ((f)./—'-(_)) - [U_g((f)f(_))i the Q-span of I((f)]:(_))

The integral structure Oypg(e7,) C log(*F.)
= integral structures O“J’U@ C I@(Q}—UQ),
OA]'—U@ g IQ(AF,UQ), OA,D(;E g IQ(A,Q;Q)

One may construct similar objects for v € V2™,
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v G Vnon

{0} #°U CI(°F,

wy): @ subset whose closure is compact

the holomorphic hull of *U 4 the smallest subset of the form

A Oag, C I9("Fy)
containing “U, where A\ € Z%(*F,,) is contained in @ p?, relative to

the natural decomposition Z%(*F, ) = € MLF.

In a similar vein, one may define the notion of holomorphic hull of a

subset of Z&(4F, ), T¢(**F,) whose closure is compact.

One may also define the notion of holomorphic hull for v € V&,
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{*D}aca = {{*Dy}vev faca: a capsule of D-prime-strips J

= {*F(D)}aca: a capsule of F-prime-strips
= Fora € A, V 5 vjug € Vg

e 7(°D,,) C I%(°D,,) C log(°D,,)

o I(*D,,) C I%*D,,) C log(“D,,)

 Z(**D,) C I%("*D,) C log("*D,)

e Z(*Dy,) C I%“Dy,) C log(*Dy,)
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{*5 #}aca = {{°Fu # huev Jaca: a capsule of F**¥-prime-strips |

a€ A Voulyg € Vg
By applying similar constructions, one obtains:
a THx Q X (4
o I(“F ) CIR(OF M) C log(“F ")
A Thx A THx ATExpY.
hd I( ‘F’UQ ”> g IQ( ‘F’UQ /J') g [O_g( ‘F’UQ IL)'
the local mono-analytic tensor packet [associated to {*F *#},]

° Z(AO‘F'_X”') C IQ(Aaf'_X“) C lo (A af}—xp)

° I(AJ,—_-PX/,L) C IQ(AFI—X;L) g lo ( FFX;L)
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{2D" }aea = {{*D} }vev faca: a capsule of D"-prime-strips J

= {*F *H#(D")}aca: a capsule of F*H-prime-strips

= Fora € A, V 5 vjug € Vg

* I(°D,,) S I%(°D,,) < log(* D)

* I("D,,) C I%("D,,) C log("D;,)
° I(A aDI—> C IQ<A aD}—) [_g<A aDI—)

o I("D},) C T%("D},) C log(“D})
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If
{*Flaca = {*TF *H}aea
) )
{*D}laca = {*D }aea,
then

log(*Fo) —— log("F, ")
zl Jm(lncﬂ) similar diagrams...,

[o_g(a,D”Q) [0_9(04’D:Q>

~

where (Ind2) = Ism, if v € V", {£1} if v € V.

[Various data (e.g., log-volumes) are compatible w.r.t. the diagrams.]
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|
§1.4 Log-theta-lattices

1§ = {1F,}ev: an F-prime-strip J

= \IJCHSOS) = {\IJCHS(TS)Q}QEY

v E ynon
= U (1F), = (G (TTL,) ~ Wiz, ) [an isomorph of IT,/A, ~ OF ]
= Wip, DU — Wy E (U )P

By the étale-like holomorphic structure 11,

gp def

e one may obtain field str. on W% = Wi U {0}, Ui, w.r.t. which

o log —
o (Uir, 2 Wiy, » Wig,) "= (O, 2 Og, = (Ku)4).
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® Wing(ir,) & Wi,

the multiplicative monoid of nonzero integers |[i.e., ‘Or C K,"]

o log('7,) "= " (M~ Uqi7,) fie, T~ O 7]

One may construct similar objects for v € V&,

log('¥) « {log('F,)}yev, i-e., a new F-prime-strip
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IS, iF: F-prime-strips J

5 " 1% 3 [og-link
BEg poly-isomorphism log(TF) = *§

[i.e., for v € Ymor, \I]T]:g D) \I/TX]__E —» (\Iff}.g)+ D) \P[Ug(T]:E) = \I;i]:g]

o 13Nz = 1D 31D [= F(MD) 3 §(1D)]

Yk log % is compatible with the log-volumes.
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1D = {ID, },ev: a D-prime-strip J

= F(ID): an F-prime-strip

=
e l0g(F("D)), i.e., a new F-prime-strip

o full-poly aut. of 7D % full-poly isom. log(F(1D)) = 3(1),
i.e., [full] log-link F(1D) ¢ §(1D)
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[ TOINE 19y TOFINF. gEellNF_Hodge theaters )

= Iy TP-OINF 3 1 T D-OFINE. o isomorphism
= 100 5D [0e{>,~}uJUuT]

lifts

" 1og(130) = 130, ie., a log-link 7§53 135

the log-link TH7TO*"NF 8 1 TO*"NF associated to =

def [
= {the above TSD =3 isD}D€{>,>}UJUT

the [fU”] [Og—“nk THTeiellNF [g i’]—[T@ienNF

def e | o . -
& (IO NF 28 19T NFassociated to E} selsom(FHTP 1HTD)
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. def
a log-theta-lattice &

log log
@Xllt @X/l. @Xl"
(gau) ’n,m-f—l’)l_[’]’@ieuNF (gau) n+1,m+1HT®iellNF (gau)
log log
X X X

g(gau) n.m @=*elNF g(gau) n+1,m OtellNF e(gau)
e gy e,y e,

log log

=
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~ _O=xell ~ _O=ell ~ .
- 5 nmg T D-OFTNE 5 nomlgy TD-OFINE 5L [vertical]
full full full

= ... Snmp Soemtly 5L [vertical]
full full full

= ... Snmpl Bonmtlgl oL [vertical]
full full full

X :) n,mg"xﬂ :> n+1,m%"><# :> .

- [horizontal
full A fll A fall [ ]

= ... Snmpl Sontlmyt 5L [horizontal]
full full full

/ . . " _@Lell ” . .
e étale-like structure [i.e., “HT P9 N"]: vertically coric

. . . s ” . .
e Frobenius-like mono-an. structure [i.e., “F, *"]: horizontally coric

o étale-like mono-analytic structure [i.e., “®\"]: bi-coric
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§1.5 log-Kummer Correspondence |

.. 28 —19/70*INF %0 09/ 7OLINF 100 19, roFINF g J

= The var. ét.-like str. are “neutral” w.r.t. log, which thus implies

log  _4 log ¢ log 1
—_— ®rob — > OFob ——7 ®Fob ——

lJ/Kmm ZJ/Kmm ZJ/Kmm

/== Oy == O¢ —— O —— "'-.

def . .
log-Kummer correspondence < a relationship between

e the totality of Frobenius-like structures rel'd to {" egop fmez and
e an étale-like structure related to o,

relative to the various Kummer isomorphisms, rep'd by the diagram.
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Recall:
St={0} € ... € S5, ={0,....5} € ... C SE_p,y=IT]

meZ = {Veas("F-)iker = {‘IJCHS(mg>>|t|}|t\e|T|
; X St . im st .m
VoulugeVg 0<j<I* = I(55in7™F,) CI(m™F,)
m Gal + o " « .
= (Vasl"F))7) " A I F) [(05); ~ e @ DT]

CHTP-O"NE: the D-O*INF-Hdg th. [up to isom.] by the coricity
= {Wens (D )eter = {Wens("Ds ) Hrujerry
V3ufug € Vg, 0<j<I* = Z(5n9°D,) C I(+°D,)

° Gal £ im "
= (Vens(°D,)))7) ™ A (097D, [(0F,); AT 0 @ DT']
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I
= JKummer [poly-]isomorphisms
L4 qjcns(mg>)t :> lIlcns(ocg>)t
o (T(FImF) CI(FF)) S (LD, CT(H47D,y)

These [m € Z] are “upper semi-compatible” in the foll'g sense:
v E ynon =

(Wens ("))

~
I(S;E+1?mfv@) log N I(Sy‘i+15m+1fv@) fog
KmmJ{l KmmJ/Z
Z(Sjiﬂ °Dyy) P — Z(Sﬁﬁopw) - ...

v € V#¢ = da similar diagram
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Let us think that ((Weus("F) 1)) %! acts on Z(S7H°D, o)
[not via a single Kummer isomorphism — which fails to be
compatible with the sequence of log-links — but rather]

via the totality of “Kmm o logZ>0".
= One obtains a sort of “log-Kummer correspondence’ between

o the totality of { ((Wens(™F)1j1) )Gal}mez and

: : +
e their actions on I(SJ'H’ODUQ).
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Upper semi-compatibility:

Frob-like O% D Frob-like 0% —%5  Frob.-like log(O} )

| |

étale-like tensor packet log-shell étale-like ten. pack. log-shell,

i.e., the étale-like tensor packet log-shell serves as a container for the
images of certain sets of Frobenius-like local integers via all possible

composites of arrows.

This may be regarded as an answer to the question of computing the
“indeterminacies”, i.e., the discrepancy between
e the Kummer theory rel'd to local elmts of the domain of log and

e the Kummer theory rel’d to local elmts of the codomain of log.
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