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§4.1 Kummer-compatible Multiradial Representations

In summary, the following hold:

... 8 —19/7©*INF 90 09/ 7-0FINF 100 19, roFlNF g
CHTP-ONF: the ass'd D-O*NF-Hodge theater [up to isom.]

Recall: “HTPO™NF = Pre(°Dy)

= ({*Do} = "D, °D1} > -+ > "Dy, "Die})
= Prc(°®})

= ({05} = {95,059, °DLY)
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M the collection of data consisting of:
(a%) Vo olug € Vo, 0<j <I*
Prc(°®Y) =
I(EmeoDy ) CTOE+°Dy ), I(Sm9 D) C I9(mieDy)
[with the procession-normalized mono-analytic log-volumes]
(be) v € Yhad
CHTPOHINE o Gl (CHTPO*NE) in [T, TS 9°DY)
() 1<j<i*
CHTDONINE - (“Miyjop); = (“Myg); in ATE +1’ODF )
= (“Fyion)i = (“Fraa)i

[whose ass. “degree” may be com’d by means of the log-vol. of (a)]
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... 8 “Tg 7 e*INF 90 09/ 70*INF 100 Tg rodlINF g
} e

log _ +ell lo +ell lo +ell lo
co. B oLy T OTINE 28 09 TORINE B 19y TOTINE 28

Moreover:
°Ré up to (Ind1) = 2R up to (Indl), where

“up to (Ind1)” & up to indeterminacies induced by “Aut(Prc(D}))"
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étale-like holomorphic étale-like holomorphic
theta values (b®) number fields (c®)
~ A\

étale-like mono-analytic
tensor packet
log-shells (a%t)
T
(Indl)
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|
m € Z = R'P: the collection of data consisting of:
(™) V3 ufug € Vg, 0<j < I*
I(Sﬁl;mfgg“) C I8, I(SimEm) C 70
[with the procession-normalized mono-analytic log-volumes]
(bFrob) ¢y ¢ Vhad
Uk, ("HTON), in T, TSI T 0
(M) 1<y <I*
("Mii0p); = ("Mig); in (0™ Fy2)
= ("Frion)i = ("Frae);
[whose ass. “degree” may be com. by means of the log-vol. of (al™P)]
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Then:

(almm)  (afrob) yp to (Ind2) = (a®t) up to (Ind2),

compatible w/ the respective log-volumes, where “up to (Ind2)”

& up to indeterminacies induced by “Ism,, {£1}" [cf. §1.3]

(mem) (bFrob) :> (bét)
(CKmm) (CFrob) g (Cét)

m - ~ oplFD mplE T oD
= "Crgp = “CLapr "Cigp = “Cigp
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Moreover:

° \Ij-%LGP (meTeie“NF) ~ ‘IffGP(OHT/D_@ieuNF) of (mem>
o ("Myiop); = ("Myiop); of (™)

are mutually compatible with one another [w.r.t. m]

[cf. the “non-interference property” discussed in §2.3 and §3.3].

=
F ™~ oplkD K
"Crgp — °Crap of (¢"™™)

is mutually compatible with one another [w.r.t. m]
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Recall: The upper semi-compatiblity discussed in §1.5:
v E ynon =

(Wens(")3)5) ™
m
IO F,,) 0y TG E, )
KmmJ{Z Kmmll
I(S.7’i+1?°DUQ) I I(S_?:-%—l;ODUQ) ...

v € V*¢ = da similar diagram

One may introduce the following “indeterminacy” (Ind3) to (a®™m):

Kmm)

(Ind3): As one varies m, (a are [not precisely

compatible but] upper semi-compatible.
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. 198 “Tq 7o*INF 0 09/ 70*cINF ¢ T oteINF l0g
S Iy
. [g iHTgieuNF [OJ QHT@:l:ellNF [g lHTeie“NF [3 L
— 00 55 050 K is compatible, under (Ind1, 2, 3), w/:
° SFXM( ) g}—xu( )
o Tl (*Ds) = Fon (°D-)
® “Rine — 2Rune, as well as the Gal. eval. "Ry, ~ ()" [cf. §3.1]

o “Ryr — >Ry, as well as the Gal. eval. “Ryp ~ ()" [cf. §2.1]

relative to the Kmm poly-isom. and poly-isom. of mono-theta env.
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Fr.-like holomorphic Fr.-like holomorphic
theta values (b™P) number fields (ct™P)
2$ (mem) Z\L (CKmm)
étale-like holomorphic étale-like holomorphic
theta values (b®) number fields (c®)
~ a

mono-analytic

tensor packet

log-shells (at)
T

(Ind1,2,3)
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§4.2 Log-Volume Estimates

log —7. +ell log 5. +ell log T +ell lo
_3—17_[7—6eNFJOHT@eNFJyHT@eNFj“,

\J/ eLGP

. [g ;l,HTQieIINF [g QHT@iellNF E lHT@iellNF [3 .

e Let us start with a ¢-plt obj. %g € 9C at “0" and compute deg(%q).

e By definition, °Cf,p = °Ck of ©74, maps the isom. class [°0)] of

a O-pilot object O € °Cf ,p at “0” to the isom. class [2q] of .

e Let us observe that deg(%q) (resp. deg(°©)) can be computed by

means of the log-volume of ¢ (resp. °0).
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e Let us apply the multiradial representation of “R¥™" [cf. §4.1].

GXSP multiradiality
e xp  ~ o Dl X ~, ol Xxp, 10 0, 0"
= Sa <~ Siep - e Pd— "0 = O]
(Ind1, 2, 3)~

e In other words, roughly speaking, the multiradial representation

asserts that “[%g]" can be interpreted as “[2O] up to (Ind1, 2, 3)".

e The log-volume on the log-shells is invariant with respect to the
indeterminacies (Ind1) and (Ind2). On the other hand, by the
upper semi-compatibility indeterminacy (Ind3), i.e.,"commutativity”
at the level of inclusions of regions in log-shells, we must consider

the log-volume of “an object up to (Ind3)" as an upper bound.
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e In order to utilize the above interpretation

[i.e., not Qq =A(Indl, 2, 3) YO but [QQ] =A(Indl, 2, 3) [Q@]]

or, more precisely, to compute an upper bound of the log-volume of
[not 2O but] 9O relative to the pt of view of [not ‘0" but] “0", it is

nece'y to work w/ the “coll'n of modules”, i.e., holomorphic hull.

In summary, we conclude:

deg(q) (= the log-volume of the ¢-pilot object)

< the log-volume of the holomorphic hull of U(IndL 2 3) ©-pilot object
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64.3 Diophantine Inequalities

log-vol. of g-pilot < log-vol. of holo. hull of U(Indl, 2 3) O-pilot J

Rough Estimate at v € VP2d:

1 .
W g A (T ® (T

*\2
¢ (L)@ © (T

Recall: ord(gif) = ]2—? -ord(q,), 0 < ord(q,)
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o F =12 0 YU L= (12702 0 XU = (1/2)°/3

o 18((Zy)o @ @ (Ly);) "<" (j 4 1) - ord(vk, g,)

=
—ord(q,) "< R (4D - ord(Ok,g,) — & - ord(ay)
- 2. (Y22 ord(0,/0,) — Y27 - ord(q,))
= Z . (Ord(DKE/Qp) —g" Ord(%))
- ﬁ.(ord(DKg/Qp) — %( — —) ord(qv)) —ord(gg)
S 1< @-(md(aw@p)—éu T -ord(gy) — 1
= cond(g) "< (1-55) - ord(org,)
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PEPRY O DE{0,1,00} e, Up = P\ D

For A € Up(Q) =Q\ {0, 1}:

o Ay: the elliptic curve/Q(\) def'd by “y? = z(x — 1)(z — \)”

o £ % QM V=L, A,3-5)(@))

= [\ dof Ay Xq(n) Fi has at most split multipl. red. at V € V(F))

e ) € ADiv(F)): the eff. arith. div. det'd by the ¢g-param’r of E,/F)
e f\ € ADiv(F)): the eff. “reduced” arithmetic divisor det'd by q,

e 0, € ADiv(F)): the eff. arith. div. det'd by the different of F)/Q
def def

o QN :Q e d; o354,
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|
For a prime number [ > 5:
(A, 1): admissible & Jan initial ©-data (Q/F\, Ex\{o}, I,...)
s.t. E\ has good reduction at Vv € V(F})8°°¢ of residue char. } 21

Then “log-vol. of g-pil. < log-vol. of holo. hull of U(Indl, 2. 3) O-pil.”
=
(A, 1): admissible =

1 . 80d .
5 deg(@?) < (1+=7) (deg(0x) +deg(fa)) +20- (d5 -1+ ).

where 7pm € Rog s.t. #{prime numbers < n} < 310g TToarr] (V0 > Nprm)

[cf. the above “Rough Estimate”]
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By means of this, let us prove the following (x):
(%): @« d€Z> ® ec Ry o K, C P(C): an (-stable cpt domain

e S: a finite set of prime numberss.t. 2 € S

o K, C P(Q,): a certain “compact” domain [p € 5]

o K& Q) NKyn ﬂpes ICp, i.e., a compactly bounded subset

= The function on K£=¢ = € A < d g given by
The functi K<t {XxeK|dy<d} givenb

N é -deg(gqx) — (1 +€) - (deg(0dn) + deg(fa))

is bounded above.
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Proof of (x): By applying e the prime number theorem,
e the theory of arithmeticity of elliptic curves,
e the finiteness of { A € Up(Q) |dy < d, deg(qy) < C'} for C € R,

e the theory of Galois actions on torsion points of elliptic curve,

one may obtain the foll'g: For all but finitely many A € £=¢, 3, s.t.
(a) (A, l)): admissible (In particular:

(b) §-deg(a™) < (1+ %) (deg(0x) + deg(fr)) +20- (d5 - x + prm))
(¢) ordy, (q) < deg(qx)'/?, where V(Fy) 3 []Iy

(d) deg(qn)'? < Iy <10 -d*-deg(qr)"/? - log(2 - d* - deg(q,)),
where ¢+ & 212.33 . 5. ¢
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e (a), (c) = Jan upper bound of the function

1 1 "
A o deg(qn) — o deg(ai) — deg(dr)"/? log(2d" deg(q))

o (b), (d) = §deg(a¥™) < (1+ deaty7z ) (deg(0x) + deg(fr))

+200(d*)? deg(qx)"/? log(2d* deg(qx)) + 207pm

= Jdan upper bound of the function A\ —

d*)? log(2d* d *
(1 — 2 (S0 ea@))) L deg(n) — (1 + gozrayrs) (deg(2x) + deg(fx))

Thus, Jan upper bound of the function
1
A = pdeg(an) — (14 ¢€)(deg(y) + deg(fx))
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-
By the above (x), together with the theory of noncritical Belyi maps,

we obtain the following theorem:
edeZ> o ccRy e L: a number field

e V. a projective smooth curve /L

e D CV: a [possibly empty] reduced divisor s.t. Q%,/L(D): ample

=
The function on (V\ D)< ¥ £ 2 € V\ D|[k(z) : Q] < d} given by

A = th%//L(D) — (1 +¢€) - (log-diffy + log-condp)

is bounded above.
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