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In the present talk:

Ll e {o, . @}
Y a nonempty set of prime numbers
go: a semi-graph of anabelioids of pro-3 PSC-type

On — Gn: a pro-Yo universal covering

def

Mg, = Gal(Gn/Gn)

In: a profinite group

po: In — Aut(Gn) (€ Out(llg,)): a continuous homomorphism
def out

I, = Ilg, > ,5 In, which thus fits into a commutative diagram
1 g, 11, I 1
| l |-

1 — Inn(Ilg, ) — Aut(Ilg ) — Out(Ilg ) —1

a: IIg, = Ilg,: a continuous isomorphism which fits into a commutative diagram
Po
1 o > Out(Hgo)
E| lz Ziconjugation by «

[. T Out(Hg.)



~ Theorem in [CbGC] — cf. [CbGC(], Corollary 2.7, (iii)

Suppose:

e both p, and p, are of IPSC-type
e the continuous isomorphism « is group-theoretically cuspidal

= the continuous isomorphism « is graphic

N

~ Theorem in [NodNon] — cf. [NodNon|, Theorem A

Suppose:
e both p, and p, are of NN-type
e the continuous isomorphism « is group-theoretically cuspidal
e cither G, or G, has a cusp

= the continuous isomorphism « is graphic

N




~ Theorem (IPSC) — cf. [CbTpll], Theorem 1.9, (ii)

Suppose:
e both p, and p, are of NN-type
e either p, or p, is of IPSC-type
= the continuous isomorphism « is group-theoretically verticial

N

~ Theorem (NN) — cf. [CbTplI], Theorem 1.9, (i)

Suppose:
e both p, and p, are of NN-type
e dy e1Ilg \ {1} s.t. 7, a(y) are contained in some verticial subgroups
of Ilg,, Ilg,, respectively

= the continuous isomorphism « is group-theoretically verticial

N

Expected Goal (not proved...)

Suppose: both p, and p, are of NN-type
= the continuous isomorphism « is group-theoretically verticial

Note:
dsome applications of this “Expected Goal”
(cf. the next talk)



Proof of Theorem (NN)

~ Theorem (NN) ~

Suppose:
e both p, and p, are of NN-type

e dy ellg \ {1} s.t. 7, a(y) are contained in some verticial subgroups
of Ilg,, Ilg,, respectively

= the continuous isomorphism « is group-theoretically verticial

N

~ Lemma (NN) — cf. [CbTplI], Lemma 1.8

Suppose:
e the homomorphism p is of SNN-type
e the underlying semi-graph of G is untangled
= A given closed subgroup H C Il is verticial if and only if H satisfies the following
four conditions:
(1) the composite Zy,(H) < II, — I is an isomorphism

2) the equality H = Zy,(Zu,(H)) holds, where Zp,(—) o Zn,(—) N1lg

(2)
(3) foreachyellg, v€ H< HNHY#{1}
(4) 30 € Vert(G) s.t. H N1y # {1}

\ J

Proof of: Lemma (NN) = Theorem (NN)

By replacing I5 by a suitable open subgroup,
we may assume: the continuous homomorphism pg is of SNN-type

berma (NN) I, € Vert(G,) s.t. a(Ily,) C Ilg, is verticial
Thus, by the “sandwich-argument” applied

in the proof of Theorem in [NodNon] (cf. the talk by Minamide),
we conclude that « is group-theoretically verticial, as desired




Proof of Lemma (NN) 1/2

1) the composite Zy;,(H) < I, — I is an isomorphism

(1)

(2) the equality H = Zn,(Zn,(H)) holds, ~ where Zp,(—) o Zn,(—) N1lg
(3)
(4)

3) foreach y €llg, y€H <« HNH”# {1}
4) Jv € Vert(G) s.t. H N1l # {1}

In % Zy, (TIn) € Do < Ny, ()

T AT (£ (1)

Suppose: J € {H,Il;},1e., H CIlzor Il C H
= I; C Zu,(H) or Zn,(H) C I
Y 7y, (H) = I

2
= H % 7y, (Zn,(H)) = Zu,(I;) £ 1I;



Proof of Lemma (NN) 2/2

1) the composite Zy;,(H) < I, — I is an isomorphism

)

2) the equality H = Zn,(Zu,(H)) holds, where Zp,(—) o Zn,(—) N1lg
)
)

(
(
(3) foreach vy €llg, y€H < HNHY # {1}
(4) Jv € Vert(G) s.t. H N1l # {1}

Thus, we may assume: J ¢ {H, I}
yeH\J
~ ;D> JCHD.J DIl

Claim (NN)
[the closed subgroup J, hence also J7, is normally terminal in Ilg

by (3)

Je— Ny (J) =15

v

©

D)

1 T,

=

WA N Ny () =T I

NHP(J’Y) = J’Y : L’j’y

= ZHP(H) - NHP(']) =J - I; Cll;-D; C D;
ZHP(H) g NH,;(‘]W) - J’Y . Ig'y g Hgﬁ/ : ng g Di}w
Zn,(H) € Dy N Dy

H3y¢J=HNI=¢I1

Dy Dy N 10 ™2™ 1L A 1y & (1)
< Zn,(H) = Dy 0 Dy,

BN 35 € Vert(G) s.t. Zu, (H) = I
= H 2 2y (1, (H)) = Zny (1) 2 115



~ Theorem (IPSC)

N

Proof of Theorem (IPSC)

Suppose:

e both p, and p, are of NN-type
e cither p, or p, is of IPSC-type

= the continuous isomorphism « is group-theoretically verticial

~ Lemma (IPSC) — cf. [CbTpllI], Corollary 1.7, (ii)

(a) Suppose: the homomorphism p is of SNN-type
Then a given closed subgroup H C Ilg is verticial =
(1) the equality Zy,(H) = {1} holds
(2) 3s: I — 11, a splitting of Il, — I s.t. H = Zy,(s(1))
(b) Suppose: the homomorphism p is of IPSC-type
Then “=" of (a) may be replaced by “<”

Proof of: Lemma (IPSC) = Theorem (IPSC)

Suppose: the continuous homomorphism p, is of IPSC-type
By replacing Iy by a suitable open subgroup,
we may assume: the continuous homomorphism p, is of SNN-type

Lemma (P59 for each 7, € Vert(G.), a(Ily,) C Ilg, is verticial
Thus, by Theorem (NN),
we conclude that « is group-theoretically verticial, as desired




Proof of Lemma (IPSC)

e the homomorphism p is of IPSC-type
(1) the equality Zp,(H) = {1} holds
(2) 3s: I = 1I,: a splitting of II, = I s.t. H = Zn,(s(1))

-~ Claim (IPSC) — cf. [NodNon], Lemma 1.6; [CbTpll], Proposition 1.5 —

o € {verticial, cuspidal, nodal, edge-like}

Then a given closed subgroup H C Ilg is contained in some ¢ subgroup <

for each connected finite characteristic subcovering H — G of § — G,
the image of H N1l < Iy — I3 is contained in the closed submodule
generated by the images of the ¢ subgroups of 11y
\ _J
proof, omit
(cf. the discussion of “graphically filtration-preserving = graphic”
in the talk by Yamashita)

H — G: a connected finite characteristic subcovering of 5 -G
= the sequence [ <y I, O 1lg O 113 determines an action I ~ Hf;{b

(2) «
Im( H N HH s H’H . H?_}’) g (H%_}))I g wght.mndrm.conj.
the closed submodule top. gen’d by the images of the verticial subgroups of Iy
G (P50 35 ¢ Vert(G) s.t. H C Il

= I; C Zn,(H)

(1) Zy (H) <1

N
1, I

1 T

= S(I) = I3

2 2
= B2 Zn,(s(D) = Zn,y (1) 2105



