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In the present talks:

n: a nonnegative integer
(g, r): a pair of nonnegative integers s.t. 2− 2g − r < 0
k: an algebraically closed field of characteristic zero

S
def
= Spec(k)

Slog: the fs log scheme obtained by equipping S with
the fs log structure determined by N→ k, 1 7→ 0

X log: a stable log curve/Slog of type (g, r)
G: the semi-graph of anabelioids det’d by the stable log curve X log over Slog

E ′ ⊆ E ⊆ {positive integers ≤ n}

X log
E : the #E-th log configuration space of X log,
where we think of the factors as being labeled by the elements of E

plogE/E′ : X
log
E → X log

E′ : the natural projection morphism

ΠE
def
= Ker(π1(X

log
E )→ π1(S

log))

pE/E′ : ΠE ↠ ΠE′ : the outer surjective continuous homomorphism induced by plogE/E′

0 ≤ j ≤ i ≤ n

X log
i

def
= X log

{positive integers ≤i}

plogi/j

def
= plog{positive integers ≤i}/{positive integers ≤j} : X

log
i → X log

j

Πi
def
= Π{positive integers ≤i}

pi/j
def
= p{positive integers ≤i}/{positive integers ≤j} : Πi → Πj

Πi/j
def
= Ker(pi/j)

⇒ Sn ↷ X log
n

⇒ Sn
out↷ Πn
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i ∈ E ⊆ {positive integers ≤ n}
x : S → Xn: an S-valued geometric point

xE : SE,x
def
= S

x→ Xn

plog{positive integers ≤n}/E→ XE

xlog
E : Slog

E,x → X log
E : the strict morphism determined by

the morphism xE : SE,x → XE and the log structure of X log
E

X log
i∈E,x: the stable log curve over Slog

E\{i} obtained by forming

the fiber product of xlog
E\{i} : S

log
E\{i} → X log

E\{i} and plogE/(E\{i}) : X
log
E → X log

E\{i}

Gi∈E,x: the semi-graph of anabelioids det’d by the stable log curve X log
i∈E,x over Slog

E\{i}

⇒ ∃a natural ΠE-conjugacy class of continuous isom. ΠGi∈E,x

∼→ ΠE/(E\{i}) (⊆ ΠE)

Fix a cont. isom. ΠGi∈E,x

∼→ ΠE/(E\{i}) that is contained in this natural ΠE-conj. class
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Definition� �
E ⊆ {positive integers ≤ n}

an E-tripod of X log
n

def⇔
an irreducible components of X log

i∈E,x of type (0, 3) for some i ∈ E and x

an E-tripod of Πn
def⇔

a closed subgroup of ΠGi∈E,x

∼→ ΠE/(E\{i}) (⊆ ΠE) obtained by forming

a verticial subgroup associated to an E-tripod of X log
n� �

Tripod Synchronization� �
= synchronization among the various tripods of Πn

⇒ an outer continuous automorphism of Πn typically induces
the same outer continuous automorphism on the various tripods of Πn� �

Definition� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod

OutF(Πn)[T ] ⊆ OutF(Πn): the subgp consisting of F-adm. conti. outom. of Πn

s.t. the induced conti. outom. of ΠE preserve the ΠE-conjugacy class of T ⊆ ΠE

OutFC(Πn)[T ]
def
= OutFC(Πn) ∩OutF(Πn)[T ]

Out|C|(T ) ⊆ Out(T ): the subgroup consisting of conti. outomorphisms of T that
induce the identity autom. on the set of conj. classes of cusp. inertia subgps of T

Out(T )∆
def
= ZOut(T )(S3) Note: S3

∼= AutS(a tpd/S) ↪→ Out(π1(a tpd/S))

Out|C|(T )∆
def
= Out|C|(T ) ∩Out(T )∆� �
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Example 1/3� �
an irreducible component of X log of type (0,3) is a {∗}-tripod� �
Example-Definition 2/3� �
E ⊆ {positive integers ≤ n}
i, j ∈ E: distinct

If the image of xE\{i} is a cusp (resp. node) ν of X log
j∈E\{i},x,

then X log
i∈E,x has the “new/minor irreducible component”, which is an E-tripod

the E-tripod that arises from the cusp (resp. node) ν� �
Example-Definition 3/3� �
i, j, l ∈ {positive integers ≤ n}: distinct

⇒ the log stable curve X log
j∈{j,l},x over Slog

{l} has the cusp

that arises from the diagonal divisor in the second log confi. space X log
{j,l}

⇒ the log stable curve X log
i∈{i,j,l},x over Slog

{j,l} has the {i, j, l}-tripod
that arises from this “diagonal cusp” of X log

j∈{j,l},x

the i-central {i, j, l}-tripod� �
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Theorem in [CmbCsp] — cf. [CmbCsp], Corollary 1.10, (i), (ii)� �
T : a central E-tripod of Πn

Then:

• the equality OutFC(Πn) = OutFC(Πn)[T ] holds
• the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
Review� �
In the proof of a theorem of [NodNon]:

OutFC(Π3) //

injective!
��

Out(a central tripod)

the abs. Gal. gp //

66

OutFC(Π1)

(cf. the talk by Minamide)

how to define the right-hand upper hor’l arrow “OutFC(Π3)→ Out(a central tripod)”� �
Remark� �
G: a group
H ⊆ G: a subgroup

α ∈ Aut(G)
⇒ can define the restriction α|H ∈ Aut(H) whenever α preserves H ⊆ G

On the other hand:
α ∈ Out(G) = Aut(G)/Inn(G)
⇒ cannot define the “restriction” α|H ∈ Out(H) in general
even if α preserves the conjugacy class of H ⊆ G

the “natural restriction” is
not ∈ Out(H) = Aut(H)/Inn(H) but ∈ Aut(H)/Inn(NG(H))

In particular:

• the outomorphism α preserves the conjugacy class of H ⊆ G
• the equality NG(H) = ZG(H) ·H holds

⇒ can define the restriction α|H ∈ Out(H)� �
(cf. the talk by Iijima)

6



Theorem in [CmbCsp]� �
T : a central E-tripod of Πn

Then:

• the equality OutFC(Πn) = OutFC(Πn)[T ] holds
• the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
Theorem (weak-F-ctr) — cf. [CbTpII], Theorem 3.16, (v)� �
T : a central E-tripod of Πn

⇒ the equality OutF(Πn) = OutF(Πn)[T ] holds� �
Theorem (C(tpd)) — cf. [CbTpII], Theorem C, (i)� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
⇒ the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
Corollary-Definition� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod

TT : OutF(Πn)[T ]→ Out(T ): the restriction homomorphism
(well-defined by Theorem (C(tpd)))
the tripod homomorphism associated to T

⇒ If T is central, then we have TT : OutF(Πn)→ Out(T ) (cf. Theorem (weak-F-ctr))

OutF(Πn)[T : |C|] ⊆ OutF(Πn)[T ]: the pull-back of Out|C|(T ) ⊆ Out(T ) by TT

OutF(Πn)[T : ∆] ⊆ OutF(Πn)[T ]: the pull-back of Out(T )∆ ⊆ Out(T ) by TT

OutF(Πn)[T : |C|,∆]
def
= OutF(Πn)[T : |C|] ∩OutF(Πn)[T : ∆]

OutFC(Πn)[T : □]
def
= OutFC(Πn) ∩OutF(Πn)[T : □]� �
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Proof of Theorem (F-ctr) 1/2

Theorem (weak-F-ctr) — cf. [CbTpII], Theorem 3.16, (v)� �
T : a central E-tripod of Πn

⇒ the equality OutF(Πn) = OutF(Πn)[T ] holds� �
More strongly:

Theorem (F-ctr) — cf. [CbTpII], Theorem 3.16, (v)� �
T : a central E-tripod of Πn

⇒ the equality OutF(Πn) = OutF(Πn)[T : ∆] holds� �
similar to the case of “FC”
(cf. the talk by Minamide)

8



Proof of Theorem (F-ctr) 2/2

Theorem in [CbTpI] — cf. [CbTpI], Theorem A, (ii)� �
the image of OutF(Πn+1)→ OutF(Πn) is contained in OutFC(Πn) ⊆ OutF(Πn)� �
Lemma (ConfiGC)� �
1 ≤ i ≤ n− 1 c, c′: cusps of Xi/i−1

I□ ⊆ Πi/i−1: a cuspidal inertia subgroup associated to □
H□: the semi-graph of anabelioids of PSC-type det’d by the log geom. fiber at □
Y□ ∈ Vert(H□): the vertex that corresponds to the “old/major irr. component”
P□ ∈ Vert(H□): the vertex that corresponds to the “new/minor irr. component”
Suppose: the autom. αi and αi+1/i fit into a commutative diagram

Ic
� � //

≀
��

Πi
//

≀ αi

��

Out(Πi+1/i)

≀ conjugation by αi+1/i

��

∼ // Out(ΠHc)

Ic′
� � // Πi

// Out(Πi+1/i)
∼ // Out(ΠHc′

)

⇒ the images αi+1/i(ΠYc), αi+1/i(ΠPc) are Πi+1/i-conjugates of ΠYc′
ΠPc′

, respectively� �
α ∈ AutF(Πn)
I ⊆ Π2/1: a cuspidal inertia subgroup associated to the “diagonal cusp”
T ⊆ Π3/2: a 3-central {1, 2, 3}-tripod
Theorem in [CbTpI]⇒ α2/1 ↷ Π2/1 is “compatible” with the cuspidal inertia subgps

Observe: if J ⊆ Π2/1 is cuspidal, then:

J ∼conj. I ⇔ the image of J by Π2/1 ↪→ Π2

p{1,2}/{2}→ Π{2} is nontrivial
⇒ α2/1(I) ∼conj. I

By replacing α by a suitable Πn-conjugate of α,
we may assume: α2/1(I) = I

Lemma (ConfiGC)⇒ α3/2 ↷ Π3/2 preserves the Π3/2-conjugacy class of T ⊆ Π3/2 ⊆ Π3

Moreover, by Theorem (Z(S)), α3 centalizes S3 ⇒ α3/2|T ∈ Out(T )∆
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Proof of Theorem (C(tpd))

Theorem (C(tpd))� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
⇒ the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
Lemma (C(tpd)) — cf. [CbTpII], Lemma 3.8, (i), (ii)� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
Then one of the following three conditions is satisfied:

(1) ∃i ∈ E s.t. the image of T ↪→ ΠE

pE/{i}
↠ Π{i} is an {i}-tripod

(2) ∃i, j ∈ E: distinct ∃ν: a cusp or node of X log s.t.

the image of T ↪→ ΠE

pE/{i,j}
↠ Π{i,j} is an {i, j}-tripod that arises from ν

(3) ∃i, j, l ∈ E: distinct s.t.

the image of T ↪→ ΠE

pE/{i,j,l}
↠ Π{i,j,l} is a central {i, j, l}-tripod� �

proof, omit

Hint:
iT ∈ E be s.t. T ⊆ ΠE/(E\{iT })
⇒ ∃a natural bijective map
{cusps of X log

iT∈E,x}
∼→ {cusps of X log} ∪ (E \ {iT})
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Proof of: Lemma (C(tpd)) ⇒ Theorem (C(tpd)) 1/4

Theorem (C(tpd))� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
⇒ the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
CΠE

(T ) ⊆ NΠE
(T )

i ∈ E be s.t. T ⊆ ΠE/(E\{i})
α ∈ CΠE

(T )
γ ∈ CΠE/E\{i}(T )

CΠE/E\{i}(T ) ⊆ CΠE
(T ) = CΠE

(T ∩ Tα) = CΠE
(Tα)

⇒ Tαγ ∼cmm Tα

⇒ Tαγα−1 ∼cmm T
⇒ αγα−1 ∈ CΠE/E\{i}(T )

⇒ CΠE
(T ) ⊆ NΠE

(CΠE/E\{i}(T ))
cmm. trm.

= NΠE
(T )

it suffices to verify: NΠE
(T ) ⊆ T · ZΠE

(T ), or, equivalently

NΠE
(T )

conjugation action //

**

Aut(T )

Inn(T )
?�

OO

Observe:

If the image T ′ of T ↪→ ΠE

pE/E′

↠ ΠE′ is an E ′-tripod for E ′ ⊆ E, then:

NΠE
(T )

conjugation action //

��

Aut(T )

≀
��

Inn(T )? _oo

≀
��

NΠE′ (T
′)

conjugation action
// Aut(T ′) Inn(T ′)? _oo
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Proof of: Lemma (C(tpd)) ⇒ Theorem (C(tpd)) 2/4

Lemma (C(tpd))� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
Then one of the following three conditions is satisfied:

(1) ∃i ∈ E s.t. the image of T ↪→ ΠE

pE/{i}
↠ Π{i} is an {i}-tripod

(2) ∃i, j ∈ E: distinct ∃ν: a cusp or node of X log s.t.

the image of T ↪→ ΠE

pE/{i,j}
↠ Π{i,j} is an {i, j}-tripod that arises from ν

(3) ∃i, j, l ∈ E: distinct s.t.

the image of T ↪→ ΠE

pE/{i,j,l}
↠ Π{i,j,l} is a central {i, j, l}-tripod� �

Thus, we may assume:
we are in the situation of one of the three cases of Lemma (C(tpd))

the case of (1):
the closed subgroup T ⊆ Π1 is commensurably terminal
(cf. the talk by Yamashita)

the case of (3):
by

Theorem in [CmbCsp]� �
T : a central E-tripod of Πn

Then:

• the equality OutFC(Πn) = OutFC(Πn)[T ] holds
• the equalities CΠE

(T ) = NΠE
(T ) = T × ZΠE

(T ) hold� �
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Proof of: Lemma (C(tpd)) ⇒ Theorem (C(tpd)) 3/4

Thus, we may assume:
E = {1, 2}
T ⊆ Π2/1

∃ν: a cusp or node of X log from which T arises
By considering a suitable generization of X log,
we may assume: if ν is a node, then the set of nodes of X log consists of only ν

x be s.t. the image of x{1} is ν

H def
= G2∈{1,2},x

Πν ⊆ Π1: an edge-like subgroup associated to ν

Π2|ν
def
= Π2 ×Π1 Πν

1 // Π2/1
// Π2

p2/1 // Π1
// 1

1 // ΠH //

≀

OO

Π2|ν //
?�

OO

Πν
//

?�

OO

1

If ν is a cusp (resp. node),
then Πν → Out(ΠH) is of IPSC-type (resp. of SNN-type)

cdg: the “diagonal cusp” of X log
2∈{1,2},x

Πcdg ⊆ Π2/1
∼← ΠH: an edge-like subgp associated to cdg contained in T

p1\2 : Π2 → Π{2}, Π1\2
def
= Ker(p1\2)

1 // Π1\2 // Π2

p1\2 // Π{2} // 1

Dcdg
def
= ZΠ2(Πcdg)

IT |ν
def
= ZΠ2|ν (T ) ⊆ DT |ν

def
= NΠ2|ν (T )

⇒
(a) the equality DT |ν = T × IT |ν holds
(b) DT |ν ⊆ Π2|ν : commensurably terminal
(c) the composite IT |ν ↪→ Π2|ν ↠ Πν is an isomorphism

(cf. the talk by Minamide)

13



Proof of: Lemma (C(tpd)) ⇒ Theorem (C(tpd)) 4/4

Dcdg
def
= ZΠ2(Πcdg)

IT |ν
def
= ZΠ2|ν (T ) ⊆ DT |ν

def
= NΠ2|ν (T )

(a) the equality DT |ν = T × IT |ν holds
(b) DT |ν ⊆ Π2|ν : commensurably terminal
(c) the composite IT |ν ↪→ Π2|ν ↠ Πν is an isomorphism

Step 1:

1 // Πcdg� _

��

// Dcdg
//

� _

��

Π1
//

� _

conj. of diag.

��

1

1 // Π2/1 ∩ Π1\2 // Π2
(p2/1,p1\2)

// Π1 × Π{2} // 1

by a well-known fact concerning the decomposition groups associated to cusps

Step 2: DT |ν ⊆ Π2: normally terminal

p2/1(DT |ν)
(a)
= p2/1(T × IT |ν) = p2/1(IT |ν)

(c)
= Πν

⇒ p2/1(NΠ2(DT |ν)) ⊆ NΠ1(Πν)
nrm. trm.

= Πν

⇒ NΠ2(DT |ν) ⊆ Π2|ν
⇒ NΠ2(DT |ν) = NΠ2|ν (DT |ν)

(b)
= DT |ν

Step 3: ZΠ2(T ) = IT |ν
p1\2(T ) ∼conj. Πν ⊆ Π{2}

⇒ p1\2(ZΠ2(T )) ⊆ ZΠ{2}(a conj. of Πν)
nrm. trm.

⊆ the conj. of Πν

Thus. since ZΠ2(T ) ⊆ Dcdg , by Step 1,
p2/1(ZΠ2(T )) ⊆ a conj. of Πν

Thus, IT |ν ⊆ ZΠ2(T ) and p2/1(IT |ν)
(c)
= Πν ,

p2/1(ZΠ2(T )) = Πν , i.e., ZΠ2(T ) ⊆ Π2|ν

NΠ2(T ) ⊆ NΠ2(ZΠ2(T ))
Step 3
= NΠ2(IT |ν)

⇒ NΠ2(T ) ⊆ NΠ2(T · IT |ν)
(a)
= NΠ2(DT |ν)

Step 2
= DT |ν

(a)
= T · IT |ν
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Tripod Synchronization� �
= synchronization among the various tripods of Πn

⇒ an outer continuous automorphism of Πn typically induces
the same outer continuous automorphism on the various tripods of Πn� �

Theorem (2-TpdSych) — cf. [CbTpII], Theorem 3.17, (i), (ii)� �
Suppose: n = 2
E ⊆ {1, 2}
T ⊆ ΠE: an E-tripod
T0 ⊆ Π1: a {1}-tripod
If one of the following two conditions is satisfied,
then ∃a “geometric” outer continuous isomorphism ι : T

∼→ T0 s.t.

OutFC(Πn)[T : |C|,∆] ∩OutFC(Πn)[T0 : |C|,∆]

TT

ssggggg
ggggg

ggggg
ggggg

ggg TT0

++WWWW
WWWWW

WWWWW
WWWWW

WWWW

Out(T )
conjugation by ι

∼ // Out(T0)

commutes

• E = {1, 2}
∃a cusp ν of the {1}-tripod from which T0 arises
s.t. the E-tripod T arises from ν

• E = {1}
∃a node of X log that abuts to both the {1}-tripod from which T0 arises
and the {1}-tripod from which T arises� �

Theorem ((≥ 3)-TpdSych) — cf. [CbTpII], Theorem 3.18, (ii)� �
Suppose: n ≥ 3
E, E ′ ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
T ′ ⊆ ΠE′ : an E ′-tripod
⇒ ∃a “geometric” outer continuous isomorphism ι : T

∼→ T ′ s.t.

OutFC(Πn)[T : |C|] ∩OutFC(Πn)[T
′ : |C|]

TT

tthhhhh
hhhh

hhhh
hhhh

hhhh TT ′

**VVVV
VVVV

VVVV
VVVV

VVVV
V

Out(T )
conjugation by ι

∼ // Out(T ′)

commutes� �
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Lemma (TpdSych)� �
Tb ⊆ Πn−1/n−2: a {1, . . . , n− 1}-tripod
ν: a cusp of the tripod from which Tb arises
Tf ⊆ Πn/n−1: a {1, . . . , n}-tripod that arises from ν
⇒

• The inclusions
OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tf : |C|]
OutFC(Πn)[Tb : |C|,∆] ⊆ OutFC(Πn)[Tf : |C|,∆]
hold

• ∃a “geometric” outer continuous isomorphism ι : Tf
∼→ Tb s.t.

OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|]
TTf

sshhhhh
hhhhh

hhhhh
hhhhh

hh TTb

++VVVV
VVVVV

VVVVV
VVVVV

VVV

Out(Tf )
conjugation by ι

∼ // Out(Tb)

commutes (which thus implies the inclusion
OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tb : |C|,∆])� �

by a similar arg. to the arg. applied in the proof of the surjectivity portion of

Theorem in [NodNon] — cf. [NodNon], Theorem B� �
n ≥ 1 ⇒ the homomorphism OutFC(Πn+1)→ OutFC(Πn) is injective

n ≥ nbij
def
=

{
3 r 6= 0

4 r = 0

n ≥ nbij ⇒ the homomorphism OutFC(Πn+1)→ OutFC(Πn) is bijective� �
(cf. the talk by Minamide)
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Sketch of the proof of Lemma (TpdSych)

Lemma (TpdSych)� �
Tb ⊆ Πn−1/n−2: a {1, . . . , n− 1}-tripod
ν: a cusp of the tripod from which Tb arises
Tf ⊆ Πn/n−1: a {1, . . . , n}-tripod that arises from ν
⇒

• The inclusions
OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tf : |C|]
OutFC(Πn)[Tb : |C|,∆] ⊆ OutFC(Πn)[Tf : |C|,∆]
hold

• ∃a “geometric” outer continuous isomorphism ι : Tf
∼→ Tb s.t.

OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|]
TTf

sshhhhh
hhhhh

hhhhh
hhhhh

hh TTb

++VVVV
VVVVV

VVVVV
VVVVV

VVV

Out(Tf )
conjugation by ι

∼ // Out(Tb)

commutes (which thus implies the inclusion
OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tb : |C|,∆])� �

By replacing Tf by a suitable Πn-conjugate of Tf , we may assume:

1 // Πn/n−1
// Πn

// Πn−1
// 1

1 // “Π2/1 for a tpd” //
?�

OO

“Π2 for a tpd” //
?�

(cmm. trm.) — cf. the next talk

OO

Tb
//

?�

OO

1

Tf

?�

OO

α ∈ OutFC(Πn)[Tb : |C|]
By a sim. arg. to the arg. app’d in the pf of Lemma (ConfiGC), α ∈ OutFC(Πn)[Tf : |C|]
Moreover, the outom. α also pres. the conj. class of “Π2 for a tpd” (cf. the next talk)
Thus, we may assume: (g, r, n) = (0, 3, 2)

Observe: If one takes a suitable σ ∈ S5,

then Tf ↪→ Π2

σ
∼→ Π2

p2/1
↠ Π1 determines a “geometric” Tf

∼→ Tb

The resulting Out(Tf )
∼→ Out(Tb) maps α|Tf

7→ (σασ−1)1
α|Tf

∈ Out(Tf )
∆ ⇒ (σασ−1)1 ∈ Out(Tb)

∆

[CmbCsp]⇒ σασ−1 centralizes S5

⇒ σασ−1 = α
⇒ The resulting Out(Tf )

∼→ Out(Tb) maps TTf
(α) = α|Tf

7→ α1 = TTb
(α), as desired
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Proof of: Lemma (TpdSych) ⇒ Theorem (2-TpdSych)

Theorem (2-TpdSych)� �
Suppose: n = 2
E ⊆ {1, 2}
T ⊆ ΠE: an E-tripod
T0 ⊆ Π1: a {1}-tripod
If one of the following two conditions is satisfied,
then ∃a “geometric” outer continuous isomorphism ι : T

∼→ T0 s.t.

OutFC(Πn)[T : |C|,∆] ∩OutFC(Πn)[T0 : |C|,∆]

TT

ssggggg
ggggg

ggggg
ggggg

ggg TT0

++WWWW
WWWWW

WWWWW
WWWWW

WWWW

Out(T )
conjugation by ι

∼ // Out(T0)

commutes

• E = {1, 2}
∃a cusp ν of the {1}-tripod from which T0 arises
s.t. the E-tripod T arises from ν

• E = {1}
∃a node of X log that abuts to both the {1}-tripod from which T0 arises
and the {1}-tripod from which T arises� �

Lemma (TpdSych)� �
Tb ⊆ Πn−1/n−2: a {1, . . . , n− 1}-tripod
ν: a cusp of the tripod from which Tb arises
Tf ⊆ Πn/n−1: a {1, . . . , n}-tripod that arises from ν
⇒

• The inclusions
OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tf : |C|]
OutFC(Πn)[Tb : |C|,∆] ⊆ OutFC(Πn)[Tf : |C|,∆]
hold

• ∃a “geometric” outer continuous isomorphism ι : Tf
∼→ Tb s.t.

OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|]
TTf

sshhhhh
hhhhh

hhhhh
hhhhh

hh TTb

++VVVV
VVVVV

VVVVV
VVVVV

VVV

Out(Tf )
conjugation by ι

∼ // Out(Tb)

commutes (which thus implies the inclusion
OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tb : |C|,∆])� �
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Proof of: Lemma (TpdSych) ⇒ Theorem ((≥ 3)-TpdSych) 1/3

Theorem ((≥ 3)-TpdSych)� �
Suppose: n ≥ 3
E, E ′ ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
T ′ ⊆ ΠE′ : an E ′-tripod
⇒ ∃a “geometric” outer continuous isomorphism ι : T

∼→ T ′ s.t.

OutFC(Πn)[T : |C|] ∩OutFC(Πn)[T
′ : |C|]

TT

tthhhhh
hhhh

hhhh
hhhh

hhhh TT ′

**VVVV
VVVV

VVVV
VVVV

VVVV
V

Out(T )
conjugation by ι

∼ // Out(T ′)

commutes� �
For tripods T , T ′ of Πn,

T ∼Sych T ′ def⇔ ∃a “geometric” outer continuous isomorphism ι : T
∼→ T ′ s.t. ...

Observe:
an outer continuous isomorphism ΠE

∼→ ΠE′ induced by a suitable element of Sn

det. an outer isom. (an i-central E-tripod)
∼→ (an i′-central E ′-tripod) as in Theorem

Moreover: OutFC(Πn) centralizes with Sn ⊆ Out(Πn) (cf. Theorem (Z(S)))
⇒ an i-central E-tripod ∼Sych an i′-central E ′-tripod

Thus, it suffices to show: every tripod ∼Sych a central tripod
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Proof of: Lemma (TpdSych) ⇒ Theorem ((≥ 3)-TpdSych) 2/3

Thus, it suffices to show: every tripod ∼Sych a central tripod

Thus, by

Lemma (C(tpd))� �
E ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
Then one of the following three conditions is satisfied:

(1) ∃i ∈ E s.t. the image of T ↪→ ΠE

pE/{i}
↠ Π{i} is an {i}-tripod

(2) ∃i, j ∈ E: distinct ∃ν: a cusp or node of X log s.t.

the image of T ↪→ ΠE

pE/{i,j}
↠ Π{i,j} is an {i, j}-tripod that arises from ν

(3) ∃i, j, l ∈ E: distinct s.t.

the image of T ↪→ ΠE

pE/{i,j,l}
↠ Π{i,j,l} is a central {i, j, l}-tripod� �

it suffices to show:
each of the tripods of (1), (2), (3) as in Lemma ∼Sych a central tripod

(a) a {1}-tripod ∼?
Sych a 3-central {1, 2, 3}-tripod

(b) a {1, 2}-tripod that arises from a cusp or node ν of X log

∼?
Sych a 3-central {1, 2, 3}-tripod
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Proof of: Lemma (TpdSych) ⇒ Theorem ((≥ 3)-TpdSych) 3/3

(a) a {1}-tripod ∼?
Sych a 3-central {1, 2, 3}-tripod

(b) a {1, 2}-tripod that arises from a cusp or node ν of X log

∼?
Sych a 3-central {1, 2, 3}-tripod

Theorem (F-ctr) — cf. [CbTpII], Theorem 3.16, (v)� �
T : a central E-tripod of Πn

⇒ the equality OutF(Πn) = OutF(Πn)[T : ∆] holds� �
Lemma (TpdSych)� �
Tb ⊆ Πn−1/n−2: a {1, . . . , n− 1}-tripod
ν: a cusp of the tripod from which Tb arises
Tf ⊆ Πn/n−1: a {1, . . . , n}-tripod that arises from ν
⇒

• The inclusions
OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tf : |C|]
OutFC(Πn)[Tb : |C|,∆] ⊆ OutFC(Πn)[Tf : |C|,∆]
hold

• ∃a “geometric” outer continuous isomorphism ι : Tf
∼→ Tb s.t.

OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|]
TTf

sshhhhh
hhhhh

hhhhh
hhhhh

hh TTb

++VVVV
VVVVV

VVVVV
VVVVV

VVV

Out(Tf )
conjugation by ι

∼ // Out(Tb)

commutes (which thus implies the inclusion
OutFC(Πn)[Tf : |C|,∆] ∩OutFC(Πn)[Tb : |C|] ⊆ OutFC(Πn)[Tb : |C|,∆])� �

The case of (b)
Observe:
a 3-central {1, 2, 3}-tripod is a tripod that arises from a cusp of
a {1, 2}-tripod that arises from a cusp or node ν of X log

Theorem (F-ctr), Lemma (TpdSych)⇒ (b) OK
Moreover, the equality

OutFC(Πn)[such a tpd : |C|] = OutFC(Πn)[such a tpd : |C|,∆] holds

The case of (a)

a {1}-tripod ∼(b), Lemma (TpdSych)
Sych

a {1, 2}-tripod that arises from a suitable cusp or node of X log ∼(b)
Sych

a 3-central {1, 2, 3}-tripod
⇒ (a) OK
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Tripod Synchronization� �
= synchronization among the various tripods of Πn

⇒ an outer continuous automorphism of Πn typically induces
the same outer continuous automorphism on the various tripods of Πn� �

Theorem (2-TpdSych)� �
Suppose: n = 2
E ⊆ {1, 2}
T ⊆ ΠE: an E-tripod
T0 ⊆ Π1: a {1}-tripod
If one of the following two conditions is satisfied,
then ∃a “geometric” outer continuous isomorphism ι : T

∼→ T0 s.t.

OutFC(Πn)[T : |C|,∆] ∩OutFC(Πn)[T0 : |C|,∆]

TT

ssggggg
ggggg

ggggg
ggggg

ggg TT0

++WWWW
WWWWW

WWWWW
WWWWW

WWWW

Out(T )
conjugation by ι

∼ // Out(T0)

commutes

• E = {1, 2}
∃a cusp ν of the {1}-tripod from which T0 arises
s.t. the E-tripod T arises form the “new/minor irreducible component”

of plog2/1 : X
log
2 → X log

1 at the cusp ν

• E = {1}
∃a node of X log that abuts to both the {1}-tripod from which T0 arises
and the {1}-tripod from which T arises� �

Theorem ((≥ 3)-TpdSych)� �
Suppose: n ≥ 3
E, E ′ ⊆ {positive integers ≤ n}
T ⊆ ΠE: an E-tripod
T ′ ⊆ ΠE′ : an E ′-tripod
⇒ ∃a “geometric” outer continuous isomorphism ι : T

∼→ T ′ s.t.

OutFC(Πn)[T : |C|] ∩OutFC(Πn)[T
′ : |C|]

TT

tthhhhh
hhhh

hhhh
hhhh

hhhh TT ′

**VVVV
VVVV

VVVV
VVVV

VVVV
V

Out(T )
conjugation by ι

∼ // Out(T ′)

commutes� �
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