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Abstract

In the present paper, we study fundamental groups of curves in positive char-
acteristic. Let X*® be a pointed stable curve of type (gx,nx) over an algebraically
closed field of characteristic p > 0, I'xe the dual semi-graph of X*®, and IIx. the
admissible fundamental group of X°®. In the present paper, we study a kind of
group-theoretical invariant Avr,(Ilxe) associated to the isomorphism class of IIxe
called the limit of p-averages of Ilxe, which plays a central role in the theory of
anabelian geometry of curves over algebraically closed fields of positive characteris-
tic. Without any assumptions concerning I'ye, we give a lower bound and a upper
bound of Avr,(Ilxe). In particular, we prove an explicit formula for Avr,(IIxe) un-
der a certain assumption concerning I'xe which generalizes a formula for Avr,(IIye)
obtained by A. Tamagawa. Moreover, if X*® is a component-generic pointed stable
curve, we prove an explicit formula for Avr,(Ilxe) without any assumptions con-
cerning I"xe, which can be regarded as an averaged analogue of the results of S.
Nakajima, B. Zhang, and E. Ozman-R. Pries concerning p-rank of abelian étale
coverings of projective generic curves for admissible coverings of component-generic
pointed stable curves.
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1 Introduction

In the present paper, we study admissible fundamental groups of pointed stable curves
over algebraically closed fields of positive characteristic. Let

X* = (X, Dy)

be a pointed stable curve of type (gx,ny) over an algebraically closed field k. Here X
denotes the underlying curve of X*, and Dy denotes the set of marked points of X*°.
Write Uy for X \ Dy, I'xe for the dual semi-graph of X*®, v(I'ys) for the set of vertices
of I'xe, and rx for the Betti number of I'x.. Moreover, by choosing a suitable base point
of X*, we obtain the admissible fundamental group

Tye

of X* (cf. Definition 2.2). In particular, Iy« is naturally (outer) isomorphic to the tame
fundamental group 7t(Ux) if X is smooth over k.

Write H’;;. for the maximal prime-to-p quotient of Hgé. if the characteristic char(k) of
k is p > 0. We denote by

II def HX‘7 if Char(k) = 0,
B Hg;., if char(k) = p > 0.

Then the structures of II are well-known, which are isomorphic to the profinite completion

and the maximal prime-to-p quotient of the profinite completion of the following free group
(cf. [G, XII1.2.12], [V, Théoreme 2.2 (c)])

9x nx
<a17"-7agxab17"-7ngacla-"acnx ‘ H[ai’bi]ch = 1>
i=1 j=1

if char(k) = 0 and char(k) = p, respectively. In particular, IIx. and HI;;. are free
profinite groups with 2gx + nx — 1 generators if nxy > 0 and with 2gx generators if
nx = 0. Note that we cannot determine whether Uy is affine (i.e., nx # 0) or not group-
theoretically from the isomorphism class of II. Moreover, (gx,nx) cannot be determined
group-theoretically from the isomorphism class of II.

If char(k) = p > 0, Ily. is very mysterious, and the structure of IIx. is no longer
known. In the remainder of the introduction, we assume that char(k) = p > 0. First,
since all the admissible coverings in positive characteristic can be lifted to characteristic
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0 (cf. [V, Théoreme 2.2 (a)]), we obtain that IIx. is topologically finitely generated.
Then the isomorphism class of Ilx. is determined by the set of finite quotients of Ilye
(cf. [FJ, Proposition 16.10.6]). Moreover, the theory developed in [T1] and [Y1] implies
that the isomorphism class of X*® as a scheme can possibly be determined by not only
the isomorphism class of IIxe as a profinite group but also the isomorphism class of the
maximal pro-solvable quotient of Il y. as a profinite group. Then we may ask the following
question.

Which finite solvable group can appear as a quotient of I1xe?

Let H C IIx. be an arbitrary open normal subgroup and X3, = (Xp, Dy, ) the pointed
stable curve of type (gx,,,nx, ) over k corresponding to H. We have an important invari-
ant associated to X3, (or H) called p-rank (or Hasse- Witt invariant) which is defined to
be
o def .. ab
o(Xy) = dimg, (H™ @ ),

where (—)? denotes the abelianization of (—). Note that we have o(X$) < gx,,. Roughly
speaking, o(X}§;) controls the finite quotients of IIxe which are extensions of the group
IIxs/H by p-groups. Since the structures of maximal prime-to-p quotients of admissible
fundamental groups have been known, in order to solve the question mentioned above,
we need compute the p-rank o(X$) when Ilx./H is abelian. If Ily./H is a p-group,
then o(X73;) can be computed by applying the Deuring-Shafarevich formula (cf. [C]).
If IIxe/H is not a p-group, the situation of o(X};) is very complicated. The Deuring-
Shafarevich formula implies that, to compute o(X73;), we only need to assume that I[Ix. /H
is a prime-to-p group.

Suppose that ny = 0 (i.e., X* = X)), and that X* is smooth over k. If X* is a curve
corresponding to a geometric generic point of moduli space (i.e., a geometric generic
curve), S. Nakajima (cf. [N]) proved that, if [Ixe/H is a cyclic group with a prime-to-p
order, then o(X};) attains the maximum gy, (i.e., X3 is ordinary). Moreover, B. Zhang
(cf. [Z]) extended Nakajima’s result to the case where Ily./H is an arbitrary abelian
group. Recently, E. Ozman and R. Pries (cf. [OP]) generalized Nakajima’s result to the
case where Iy« /H is a cyclic group with a prime order distinct from p, and X*® is a curve
corresponding to an arbitrary geometric point of p-rank stratas of moduli space. Let n € N
such that (n,p) = 1. In other words, the results of Nakajima, Zhang, and Ozman-Pries
show that, for each connected Galois étale covering of X*® with Galois group Z/nZ, the
generalized Hasse-Witt invariants (cf. [N]) associated to non-trivial characters of Z/nZ
attain the maximum gx — 1 except for the eigenspaces associated with eigenvalue 1. In
particular, every cyclic connected Galois étale covering with a prime order distinct from
p is new-ordinary. However, if X*® is not geometric generic, o(X}§;) cannot be computed
explicitly in general. On the other hand, M. Raynaud (cf. [R]) developed his theory of
theta divisors and proved that, if n >> 0, then the generalized Hasse-Witt invariants
attain the maximum gy — 1 for almost all of the connected Galois étale coverings of X*
with Galois group Z/nZ. This means that

Revit, LX) #(Rev(X7) \ Revit, (X))

lim - -
n—oo  H#Revi'(X*®) n—00 #Rev, (X*)




hold, where Revé'(X*®) denotes the set of connected Galois étale coverings of X* with
Galois group Z/nZ, and Rev‘f:gxfl(X *) C Rev'(X*) denotes the set of connected Galois
étale coverings of X*® with Galois group Z/nZ whose generalized Hasse-Witt invariants
corresponding to the eigenspaces associated with eigenvalue (,, attain the maximum gx—1,
where (, is a primitive n'" root. In particular, when n = ¢ # p is a prime number, there
exists a new-ordinary connected Galois étale covering of X* with Galois group Z/{(Z
(cf. [R, Théoreme 4.3.1]). Moreover, as a consequence, Raynaud obtained that IIye
is not a prime-to-p profinite group. This is the first deep result concerning the global
structures of étale fundamental groups of projective curves over algebraically closed fields
of characteristic p > 0.

Suppose that ny > 0, and that X* is smooth over k. The computations of generalized
Hasse-invariants of admissible coverings of X* (i.e., tame coverings of X*) are much more
difficult than the case where nx = 0. Note that the results of Nakajima, Zhang, and
Ozman-Pries do not hold for tame coverings in general, and that the generalized Hasse-
Witt invariants of each Galois admissible coverings of X* with Galois group Z/nZ are
less than gx +nx — 1. In the remainder of the introduction, let ¢t be an arbitrary positive
natural number and n = p' — 1. For each Galois admissible covering Y* — X*® with Galois
group Z/nZ, the Kummer theory implies that there exists a line bundle £ on X such that
LE" = Ox(—D), where D is an effective divisor on X whose support is contained in Dy,
and whose degree is deg(D) = s(D)n. Here we have

0, if ny =0,

OSS(D)S{W—L if ny > 1.

A. Tamagawa observed that Raynaud’s theory of theta divisors can be generalized to the
case of tame coverings, and established a theory of ramified version of Raynaud’s theta
divisors when s(D) < 1. By applying the theory of theta divisors, Tamagawa proved that,
if n >> 0, nx > 1, and s(D) = 1, then the generalized Hasse-Witt invariants are equal
to gx for almost all of the Galois admissible coverings of X* with Galois group Z/nZ.
Furthermore, he introduced a kind of group-theoretical invariant associated to Ilx. called
the limit of p-averages (see also Definition 2.4)

e di K®*®TF
Aviy(TTe) 2 iy S50 © )

oo F(I1. © Z/nZ)

where K, denotes the kernel of the natural continuous surjective homomorphism Ilyxe —»
13 ® Z/nZ, and proved the following formula (cf. [T1, Theorem 0.5]).

Theorem 1.1. Suppose that X*® is smooth over k. Then we have

9x — 17 anX S 17
Avry(Ilxe) = { 9x if nx > 1.

Remark 1.1.1. Theorem 1.1 implies immediately that (gx,nx) can be reconstructed
group-theoretically from the isomorphism class of ITx (cf. [T1, Theorem 0.1]). Moreover,
as an application, Tamagawa proved that the weak Isom-version of the Grothendieck
conjecture for curves over algebraically closed fields of characteristic p > 0 (=Weak Isom-
version Conjecture) holds when g = 0 and X*® is smooth over an algebraic closure of F,
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(cf. [T1, Theorem 0.2]). This means that the isomorphism class of Uy as a scheme can be
determined group-theoretically from the isomorphism class of Ilx. as a profinite group.
The original anabelian conjectures of A. Grothendieck require the using of the highly
non-trivial outer Galois actions induced by the fundamental exact sequences of étale (or
tame) fundamental groups. Weak Isom-version Conjecture shows evidence for very strong
anabelian phenomena for curves over algebraically closed fields of characteristic p > 0. In
this situation, the Galois group of the base field is trivial, and étale (or tame) fundamental
group coincides with the geometric fundamental group, thus in a total absence of a Galois
action of the base field. This kind of anabelian phenomena go beyond Grothendieck’s
anabelian geometry, and shows that the tame fundamental group of a smooth pointed
stable curve over an algebraically closed field must encode moduli of the curve. On the
other hand, in the case of algebraically closed fields of characteristic 0, since the geometric
fundamental groups of curves depend only on the types of curves, (gx,ny) cannot be
reconstructed group-theoretically from the isomorphism class of Iy, and the anabelian
geometry of curves does not exist in this situation.

Let us return to the case where X*® is an arbitrary pointed stable curve over k. Fur-
thermore, the following theorem was proved essentially by Tamagawa (cf. [T2, Theorem
3.10], Remark 5.2.1 and Remark 5.2.2 of the present paper), which is a generalized version
of Theorem 1.1 to the case of pointed stable curves under certain assumptions of dual
semi-graphs (see Definition 5.1 for the definitions of V& and E%%). This theorem is a
key step toward proving a theorem concerning resolution of non-singularities (cf. [T2,
Theorem 0.2]).

Theorem 1.2. Suppose that I's is 2-connected (cf. Definition 2.1). Then we have
Avr,(Ilxe) = gx — rx — #V¥& + #ESx.

Remark 1.2.1. Theorem 1.2 means that, if n >> 0, the generalized Hasse-Witt invari-

ants are equal to gx —rx — #V¥e+#EYS for almost all of the Galois admissible coverings

of X* with Galois group Z/nZ. This means that

Revadm X Revadm X Revadm X
lim # n,AvrS(HXo)( ) —1and lim #( n ( ) \ , n,Avrp(HXo)( >) —0
n—oo  H#Revi(X*) n—00 #Revi M (X*)

hold, where Rev®®™(X*) denotes the set of Galois admissible coverings of X* with Galois
group Z/nZ, and Rev®®? (1ige)(X*®) C Rev*™(X*) denotes the set of Galois admissible

n,Avry,
coverings of X*® with Galois group Z/nZ whose generalized Hasse-Witt invariants corre-

sponding to the eigenspaces associated with eigenvalue ¢, are equal to Avr,(Ilxs), where
¢, is a primitive n'® root.

Remark 1.2.2. Let v € v(I'xe). Write X, for the irreducible component of X corre-

sponding to v and X, for the smooth compactification of Uy, X, \ X5ing where (—)sine

denotes the singular locus of (—). We define a smooth pointed stable curve of type (g, n,)

to be
def

Xp = (R Dy, & (Dx 01 X,) U (X, \ Ux,)),



We denote by II, the admissible fundamental group of X 5. Then we have a homomorphism
¢, : 12> — TI3 induced by the natural (outer) injective homomorphism II, < IIx.. Note
that ¢, is not an injection in general. The key of the proof of Theorem 1.2 is to prove that
¢, is an injection for each v € v(T'x») when 'S is 2-connected (cf. [T2, Proposition 3.4]
or Corollary 3.5 of the present paper). This means that each Galois admissible covering
of )?; with Galois group Z/nZ can be extended to a Galois admissible covering of X*®
with Galois group Z/nZ. Then Theorem 1.2 follows immediately from Theorem 1.1.

Remark 1.2.3. Let H C IIx. be an open normal subgroup. When the base field is an
arithmetic field (e.g. a finite field, a p-adic field, and a number field among other things),
the monodromy filtration (or the weight filtration) associated to H*" can be reconstructed
by using the theory of weight (e.g. Weil conjecture for abelian varieties, Hodge-Tate
theory, weight-monodromy conjecture for curves). The reconstructions of monodromy
filtrations plays a central role in the proofs of the main conjectures (=combinatorial
Grothendieck conjectures) of the theory of combinatorial anabelian geometry introduced
by S. Mochizuki. When the base field is an algebraically closed field of characteristic
p > 0, the author observed that the following.

The set of limits of p-averages
{Avr,(H) | H CIIx. is an open normal subgroup

for which Avr,(H) exists}

plays a role of (outer) Galois actions in the theory of the anabelian geometry
of curves over algebraically closed fields of characteristic p > 0 (i.e., we can
reconstruct the monodromy filtration (or the weight filtration) associated to
H? by using the limit of p-average Avr,(H)).

Moreove, by applying Theorem 1.2, the author proved the combinatorial Grothendieck
conjecture for curves over algebraically closed fields of characteristic p > 0 (cf. [Y1,
Theorem 1.2], [Y3, Theorem 0.5]), and generalized Tamagawa’s result concerning Weak
Isom-version Conjecture to the case of (possibly singular) pointed stable curves (cf. [Y1,
Theorem 1.3], [Y3, Corollary 0.6]).

Next, let us explain another motivation of the theory developed in the present paper.
Since (gx,ny) can be reconstructed group-theoretically from the isomorphism class of
[Tx., Weak Isom-version Conjecture can be reformulated from the point of view of mod-
uli spaces (cf. [Y2]). Then Weak Isom-version Conjecture means that the moduli spaces
of curves can be reconstructed group-theoretically as sets from the isomorphism classes
of admissible fundamental groups of curves. However, Weak I[som-version Conjecture
cannot tell us any further information about moduli spaces (e.g. topological structure).
In [Y2], the author posed a new conjecture which is called the weak Hom-version of the
Grothendieck conjecture for curves over algebraically closed fields of characteristic p > 0
(=Weak Hom-version Conjecture). Roughly speaking, Weak Hom-version Conjecture
means that the moduli spaces of curves can be reconstructed group-theoretically as topo-
logical spaces from the sets of continuous open homomorphisms of admissible fundamental
groups of curves with a fixed type.



Let X? i € {1,2}, be a pointed stable curve of type (gx,nx) over an algebraically
closed field k; of characteristic p > 0 and Ilxs the admissible fundamental group of
X?. The first step toward proving Weak Hom-version Conjecture is to prove that each
continuous open surjective homomorphism ¢ : Iy, — Ilx, induces a morphism of semi-
graphs of anabelioids (cf. [M3] for the definition of semi-graphs of anabelioids) associated

to X?. In order to prove this, we have the following key observation.

The set of inequalities of the limit of p-averages
{Avr,(¢~"(H>)) > Avr,(H>) | Ho C Ily; is an open normal subgroup

for which the inequality is satisfied}

induced by the surjection ¢ plays a role of the comparability of (outer) Galois
actions in the theory of the anabelian geometry of curves over algebraically
closed fields of characteristic p > 0.

Let Hy be an arbitrary open normal subgroup of Ilys, H,; o ¢~ (Hy), X3, 1 € {1,2},

the pointed stable curve over k; corresponding to H;, and I'xs the dual semi-graph of

X3, Since Fg?}.i , 1 € {1,2}, is not 2-connected in general even in the case where FCpr 15 2-

connected, we cannot use Theorem 1.2 to compute Avr,(H;). Thus, we need a generalized
version of Theorem 1.2.

For each v € v(I'yx+), we introduce two sets E.! and E! associated to v which only
depend on I'ye and v (cf. Definition 3.3). The first main theorem of the present paper
is the following (cf. Theorem 5.2), which gives a lower bound and a upper bound of the
generalized Hasse-Witt invariants for almost all of the Galois admissible coverings of an
arbitrary pointed stable curve X* with Galois group Z/nZ when n >> 0 (see Definition
5.1 for the definition of V&9 =0).

Theorem 1.3. We have

gx —rx — #VE + HVEOTT 4 HER > 9

vev(Tye) s.t. #E71>1

di K*®F
< lim sup g, (K, © F)

< gx —ry — #0(Dye) + #VIS=0 L L phe 4 E>T,

vev(Tye)

where limsup(—) denotes the limit superior of (—). In particular, if #E;' < 1 for each
v € v(I'xe), then we have

Avr,(Ilxe) = gx — ry — #VE 4+ #Vies=0 4 ppue > 9o

vEv(Lxe) s.t. #EZI>1

= gx —rx — #u(Dxe) + HVRVOT A HER Y #E]

vev(Tye)

= gx — rx — #VES T $VE00 L 4B,



Remark 1.3.1. Since the condition that #FE.! < 1 for each v € v(I'x+) is weaker than
the condition that 'y is 2-connected, Theorem 1.3 is a generalized version of Theorem
1.2 (cf. Remark 5.2.1).

To verify Theorem 1.3, first, we give an explicit description of the image ¢, : 12" —
I35 for each v € v(I'ye) (cf. Proposition 3.4). Then we obtain an explicit description
of the set of the Galois admissible coverings of X2, v € v(I'xs), with Galois group Z/nZ
which can be extended to a Galois admissible covering of X*® with Galois group Z/nZ.
Moreover, we can compute the generalized Hasse-Witt invariants of the Galois admissible
coverings contained in the set, and obtain the lower bound and the upper bound of
Theorem 1.3. On the other hand, we do not know whether Avr,(Ilxs) can attain the
upper bound or not in general. The main difficulty is as follows. Let v € v(I'xs) and L,
a line bundle on X, such that Lo >~ O)zv(—Du), where D, is an effective divisor on X,
of degree

deg(D,) = s(Dy)n

whose support is contained in Dg . We do not know whether or not the Raynaud-
Tamagawa theta divisor concerning D, exists in general (if s(D,) = 0 or s(D,) = 1,
the existence was proved by Raynaud and Tamagawa, respectively). In fact, there is an
example that the Raynaud-Tamagawa theta divisor concerning to D, does not exist when
s(D,) > 2 (cf. Remark 4.7.1). Thus, we cannot use the theory of theta divisors to compute
the cardinality of the set of the Galois admissible coverings of )A(:;, v € v(I'ys), with Galois
group Z/nZ whose generalized Hasse-Witt invariants are equal to gx + #E;! — 1.

On the other hand, if X* is a component-generic pointed stable curve over k (i.e.,
)Zj, v € v(I'xs), is a geometric generic curve of p-rank stratas of moduli space (cf.
Definition 6.2)), we prove that the Raynaud-Tamagawa theta divisor concerning D, exists
under a certain assumption concerning D, (cf. Proposition 6.4). Then we obtain the
following formula of Avr,(Ilxs) for component-generic pointed stable curves without any
assumptions of dual semi-graphs, which is the second main theorem of the present paper
(cf. Theorem 6.6).

Theorem 1.4. Suppose that X*® is a component-generic pointed stable curve over k. Then
we have

Avry(ITxe) = gx —rx — #o(Dxe) + #VES + #ER + > #E"

vev(Iye)

Remark 1.4.1. Theorem 1.4 means that, if n >> 0, the generalized Hasse-Witt invari-
ants attain the upper bound for almost all of the Galois admissible coverings of X*® with
Galois group Z/nZ. Then Theorem 1.4 can be regarded as an averaged analogue of the
results of Nakajima, Zhang, and Ozman-Pries for admissible coverings of pointed stable
curves.

The present paper is organized as follows. In Section 2, we fix some notation and give
some definitions which will be used in the present paper. In Section 3, we analyze images
and kernels of homomorphisms between the abelianizations of admissible fundamental
groups. In Section 4, we compute the limits of p-averages of images of homomorphisms



between the abelianizations of admissible fundamental groups. In Section 5, we prove the
first main theorem of the present paper. In Section 6, we prove the second main theorem
of the present paper.
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2 Preliminaries

In this section, we recall some definitions and results which will be used in the present
paper.

Definition 2.1. Let G & (v(G), e (G) U e(G), {¢F}ece(@)) be a semi-graph (cf. [M3,

Section 1]). Here, v(G), e!(G), e®?(G), and {(F}cce(s) denote the set of vertices of G, the
set of closed edges of G, the set of open edges of G, and the set of coincidence maps of
G, respectively.

We define an one-point compactification G®* of G as follows: if e?(G) = (), we set

G°P* = G; otherwise, the set of vertices of GP* is v(GP") o v(G) [T{veo }, the set of closed

edges of Gt is ¢ (G°PY) o e’ (G) UeP(G), the set of open edges of G is empty, and each
edge e € eP(G) C e(G®") connects v, with the vertex that is abutted by e.

Let v € v(G). We shall say that G is 2-connected at v if G\ {v} is either empty or
connected. Moreover, we shall say that G is 2-connected if G is 2-connected at each v €
v(G). Note that, if G is connected, then G* is 2-connected at each v € v(G) C v(G°P")
if and only if G* is 2-connected.

Let k be an algebraically closed field and
X*=(X,Dx)

a pointed stable curve of type (gx,nx) over k. Here, X denotes the underlying curve of
X*, and Dx denotes the set of marked points of X*®. Write I'x« for the dual semi-graph
of X*, HE?E’ for the profinite completion of the topological fundamental group of I"x., and
ry & dimg(H'(T'xe,Q)) for the Betti number of the semi-graph T'x.. Let v € v(T'xe)
and e € e¥(T'xe) U e(I'xs). We shall write X, for the irreducible component of X
corresponding to v, write z, for the node corresponding to e of X if e € ¢?(I'xs), and
write z, for the marked point corresponding to e of X if e € e°P(I'x.).



Definition 2.2. Let Y* = (Y, Dy) be a pointed stable curve over k and f*:Y* — X* a
morphism of pointed stable curves over k.

We shall say f* a Galois admissible covering over k (or Galois admissible covering for
short) if the following conditions are satisfied:

(i) there exists a finite group G' C Aut,(Y®) such that Y*/G = X*, and f* is
equal to the quotient morphism Y* — Y*/G;

(ii) for each y € Y™ \ Dy, f* is étale at y, where (—)* denotes the smooth
locus of (—);

(iii) for any y € Y*"8 the image f*(y) is contained in X®"& where (—)"8
denotes the set of singular points of (—);

(iv) for each y € Y*™8_ the local morphism between two nodes induced by f*
may be described as follows:

Ox oty = k[[u,v]]fuv — Oy, = k[[s, t]] /st
U — s"
v — t",

where (n, char(k)) = 1 if char(k) > 0; moreover, write D, C G for the decom-
position group of y and #D,, for the cardinality of D,; then 7(s) = (4p,s and
T(t) = (;jljyt for each 7 € D,, where (xp, is a primitive #D,-th root of unit,
and #(—) denotes the cardinality of (—);

(v) the local morphism between two marked points induced by f® may be
described as follows:

Ox oy = klla]] = Oy, = k[[b])
a > b,

where (m, char(k)) = 1 if char(k) > 0 (i.e., a tamely ramified extension).

Moreover, we shall say f*® an admissible covering if there exists a morphism of pointed
stable curves (f*) : (Y*)" — Y*® over k such that the composite morphism f*® o (f*) :
(Y*) — X* is a Galois admissible covering over k. One can check easily that the definition
of admissible covering coincides with the definition of [M1, §3.9 Definition]| when the base
scheme is k.

Let Z* be a disjoint union of finitely many pointed stable curves over k. We shall say
a morphism f5. : Z* — X*® over k multi-admissible covering if the restriction of f. to
each connected component of Z* is admissible. For any category ¢, we write Ob(%’) for
the class of objects of €, and write Hom (%) for the class of morphisms of 4. We denote
by

Cov*™(X*®) o (Ob(Cov*™(X*)), Hom(Cov®™(X*)))

the category which consists of the following data: (i) Ob(Cov*™(X*)) consists of an
empty object and all the pairs (Z°, fg. : Z°* — X°), where Z* is a disjoint union of
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finitely many pointed stable curves over k, and f5. is a multi-admissible covering over k;
(i) for any (Z°, fg.), (Y*, fy+) € Ob(Cov®™™(X*)), we define
Hom((Z®, f3.), (Y*, f3+)) < {g" € Homy(2°,Y*) | fe 0 g° = f2.},

where Homy (Z°*,Y®) denotes the set of k-morphisms of pointed stable curves. By applying
[M1, §3.11 Proposition] and the theory of Kummer log étale coverings, we may see that
Covadm(X *) is a Galois category. Thus, by choosing a base point z € X\ Dy, we obtain
a fundamental group 734 (X*, x) which is called the admissible fundamental group of X*.
For simplicity of notation, we omit the base point and denote the admissible fundamental
group by I x.. Write I, for the étale fundamental group of the underlying curve X of
X*. Note that we have the following natural continuous surjective homomorphisms (for
suitable choices of base points)

é t

For more details on the theory of admissible coverings and admissible fundamental
groups for pointed stable curves, see [M1], [M2].

Remark 2.2.1. Let M, ., be the moduli stack of pointed stable curves of type (gx, nx)
over SpecZ and M,

the open substack of ﬂgx,nx parametrizing smooth pointed
e .
stable curves. Write ./\/lg()inx ng Mgy ny with the
natural log structure associated to the divisor with normal crossings M, n \ Mgymny C
M, ny relative to SpecZ.
The pointed stable curve X*® over k induces a morphism Speck — M, .. Write
sl)‘;g for the log scheme whose underlying scheme is Speck, and whose log structure is

the pulling-back log structure induced by the morphism Speck — M, .. We obtain
a natural morphism s'2¢ — Hfjjnx induced by the morphism Speck — M, ny

def |
a stable log curve X'°& = ¥ x

for the log stack obtained by equipping M

and

——log log .
M M n1 over sy whose underlying scheme

is X. Let Y — X! he an arbitrary Kummer log étale covering. One can prove

that there exists a Kummer log étale covering t' 28 — s'% such that Yo X o tlos

X198 X 10 %% s a log admissible covering (cf. [M1, §3.5 Definition]) over ¢%%. Then the
X

admissible fundamental group of X'* does not depend on the log structure of X'°%, and [MT1,
§3.11 Proposition| implies that the admissible fundamental group IIx. of X* is naturally
isomorphic to the geometric log étale fundamental group of X'°¢ (i.e., ker(m (X'8) —

m1(s%%))).

Remark 2.2.2. If X* is smooth over k, by the definition of admissible fundamental
groups, then the admissible fundamental group of X* is naturally isomorphic to the tame
fundamental group of X \ Dx.

In the remainder of the present paper, we suppose that the characteristic of k is p > 0.

Definition 2.3. We define the p-rank (or Hasse- Witt invariant) of X*® to be
o(X*) ¥ dimg, (5% @ F,) = dimg, (52 @ F,),

where (—)2" denotes the abelianization of (—).

11



Remark 2.3.1. For each v € v(I'x.), write X, for the smooth compactification of X, \
Xsing where X, denotes the irreducible component X corresponding to v. Then it is easy
to see that

(X)) =0(X)= Y o(X,) +rx.

vev(l'xe)

Definition 2.4. Let ¢ be an arbitrary positive natural number, n def pt — 1, and K, the
kernel of the natural surjective homomorphism ITys —» 135 ® Z/nZ. For each n, we define
the p-average of 11y« to be

av def diIIle (bi & F )
ry;;’n(]:[X') - ab % :
# (1l ® Z/n'Z)

Morever, we put
def .. av
Avry(Ilxe) = lim % (T

when the limit exists, and we shall say Avr,(Ilxe) the limit of p-averages of Il xe.

Remark 2.4.1. We do not know whether Avr,(IIx.) always exists or not in general. On
the other hand, let ¢ be a prime number distinct from p, m an arbitrary positive natural
number such that (p, m) = 1, and K,, the kernel of the natural surjective homomorphism
[xe — I3 ® Z/mZ. Then the limit of l-average

li dimw (Kslb X Fg)
1m
m—00 #(H%}). ® Z/mZ)

of Iy« always exists. In fact, to compute lim,, o 77y, (ILx+), by applying the specializa-
tion theorem of the maximal prime-to-p quotients of admissible fundamental groups (cf.
[V, Théoreme 2.2 (c)]), we may assume that X* is smooth over k. Thus, the Riemann-
Hurwitz formula implies that

. disz(Kﬁ}) & Fg)
lim o
mivo (I © Z/mL)

= 2g9x +nx — 2 = dimg, (1%, @ Fy) — 1.

Let X3 = (X, Dx,_) be a smooth pointed stable curve of type (gy,,, N, ) over k
such that g, > 2 and n, = nx. Write I', for the dual semi-graph of X7 . If nx # 0,
we fix a bijection Dy, __ = Dx. Then we may glue X*® and X, along the sets of marked
points Dx and Dy, and obtain a stable curve X’ of type (9x + gv.. +nx — 1,0) over
k. We define a stable curve X, of type (gx..,0) over k to be

. def X, ifny =0,
* | X, ifnx #0.

Write I[Ix_ for the admissible fundamental group of X, and I'x_ for the dual graph of
Xoo. Then we have a natural continuous (outer) injective homomorphism

Hxa — HXoo7

12



and that, by the construction of X, FE?E is naturally isomorphic to I'x__. Moreover,
the natural (outer) injective homomorphism above induces a homomorphism of abelian
profinite groups

g5 — 115

Let R be a complete discrete valuation ring of equal characteristic with residue field
k, K the quotient field of R, and K an algebraic closure of K. Let

LCeTx.)

be an arbitrary subset of closed edges. We claim that we may deform the pointed stable
curve X, along L to obtain a new pointed stable curve over K such that the set of edges
of the dual graph of the new stable curve may be naturally identified with e(T'x_) \ L.

Suppose that
def =

¢s: Speck — My, = Mgy,
is the classifying morphism determined by X, — Spec k. Thus the completion of the local
ring of the moduli stack at ¢, is isomorphic to R[ty,...,t35,_ 3], where t1, ..., t35, 3
are indeterminates. Furthermore, the indeterminates ¢4, ...,t,, may be chosen so as to
correspond to the deformations of the nodes of X. Suppose that {t1,...,t4} is the
subset of {ty,...,t,,} corresponding to the subset I C e?(I'x_). Now fix a morphism
Spec R — Spec R[ty, ..., t35, 3] such that t4,1,...,t35, _3+— 0 € R, but ty,...,t; map to
nonzero elements of R. Then the composite morphism

XzR

¢ : Spec R — Spec R[ty, ..., t3q, 3] — /VQXWR

determines a pointed stable curve X, — Spec R. Moreover, the special fiber X, X g k of
X 1s naturally isomorphic to X, over k. Write

X

for the geometric generic fiber X, xx K of X, over K and I' x\z for the dual graph of

XCEOL . It follows from the construction of XSOL that we have a natural bijective map
e(Cx )\ L= e(FX;oL).

Let v € v(I'xs) Cv(I'x, ) be an arbitrary vertex of I'ys and

L, {e € e?(I'x..) | e does not meet v}.

We shall denote by
Xdef déf X\LU.

Write [ xger for the admissible fundamental group of X3t and T xger for the dual graph of
e,

13



3 Images and kernels of homomorphisms of abelian-
izations of admissible fundamental groups

We maintain the notation introduced in Section 2. Let v € v(I'xe) C v(I'x,) be an

arbitrary vertex of I'ye. Write X, for the irreducible component of X corresponding to v
and X, for the smooth compactification of Uy, X, \ Xsine. We define a smooth pointed

stable curve of type (g,,n,) to be

©(DxNX,)U (X, \Ux,)).

)’Zz: - (va D X
Moreover, we denote by II, the admissible fundamental group of )Z'; and by I, the dual
semi-graph of )?; Note that there is a natural map of semi-graphs p, : I', — I'xe induced
by the natural morphism Ux, < X and the natural map of sets Dg — Dx U X sing  We
have a natural homomorphism
¢y TI> — IR

induced by the natural (outer) injective homomorphism II, < IIx.. Note that ¢, is not
an injection in general. We shall write

M,

for the image of ¢,.

Let X** = (X*, Dx+) — X* be a universal admissible covering corresponding to Ilxe.
For each e € e?(I'ye)UeP(I'xs), write x, for the marked point corresponding to e, and let
T+ be a point of the inverse image of 7, in Dx«. Write I« C IIx. for the inertia subgroup
of x.. Note that I, is isomorphic to Z(1)?', where (—)?" denotes the maximal prime-to-p
quotient of (—). Suppose that . is contained in X,. Then we have an injection

Ger @ Tpe — I3

induced by the composition of (outer) injective homomorphisms I« < II, < Ilxe. Since
the image of ¢~ depends only on e, we may write I, for the image @« (Iex).
We denote by
Qbit . Hit,ab — Hi;,.ab’ 1/Jét . H(;,.ab N Hit*ib

the homomorphisms induced by ¢, and ¥, respectively. First, we have the following two
lemmas.

: ¢ : ¢t : ¢t ét,ab
Lemma 3.1. The homomorphisms ¢ : TI5%> — TI and ¢« T8 — I are
mjections.

Proof. The lemma follows immediately from the structures of the Picard schemes Pic% Ik
and Picg(oo Jk [

Lemma 3.2. The homomorphism
¥ IR — TR
18 an injection.

14



Proof. Suppose that nx = 0. Then the lemma follows immediately from the definition of
Xoo (e, X* = X).

Suppose that nx # 0. Since each p-Galois admissible covering (i.e., a Galois admissible
covering whose Galois group is isomorphic to a p-group) is a Galois étale covering, to verify
the lemma, it is sufficient to prove that

p, . ab7p/ a‘b7p/
PP e — I

is an injection. The specialization theorem of the maximal prime-to-p quotients of ad-
missible fundamental groups implies that we only need to treat the case where X* is a
smooth pointed stable curve over k. Write I, for the subgroup 13 generated by I,
e € e?(I'y.). Note that IS is a free ZP-module with rank nx — 1. We have two exact
sequences
b ¢t,ab
0— I%, — 15 — I — 0,
b,p/ ¢t ab,p/
0— I8 = I — O — 0,

and the following commutative diagram:
/ P/ /
L
stabp YT st,ab,p
I —— O
By Lemma 3.1, to verify the lemma, we only need to prove that the composition morphism
I8 — T — T

is an injection. Write
ab,p’
Sxo C Iy

for the image of the homomorphism I < T3P — H??;f/. Then S is the subgroup
generated by I, e € e?(I'x. ). The Poincaré duality for prime-to-p étale cohomology
implies that o

Sx.. = Hom(IIPP, Z(1)7).

Then Sx_ is a free 7P -module with rank ny — 1. Thus, the homomorphism 1%, <
r — H?}l’f is an injection. This completes the proof of the lemma. O

Definition 3.3. For cach v € v(I'x.) C v(I'S%), we denote by 7o(v) the set of connected
components of T'%y \ {v}. For each v € v(I'x) C v(I'%) and each C' € mo(v), we put

Eyc ™ {e € e®(,) | pole) N C £ 0},

EY Y {C e my(v) | #E,c > 1},

—1 def

ESN={Cem(v) | #E,c = 1}.
Note that we have e (I'y) = Upero) Boc and #mo(v) = #E,1 + #E;".
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The structure of maximal prime-to-p quotients of admissible (or tame) fundamental
groups of smooth pointed stable curves implies that, there exists a generator [s.] of I, for
each e € e?(I',) for which the following holds

Z [Se] =0

ece°P (')

in 11", Write I°P for the subgroup of 112" generated by I., e € e°®(I',). Note that, if
n, # 0, then IP is a free Z¥ -module with rank n, — 1, and we have

0 — I — 120 — 18P — 0.
Next, we have the following proposition.

Proposition 3.4. Let v € v(I'xs) C v(I'x. ) be an arbitrary vertex of U'xe.. Then the
following holds:

(i) Suppose that n, = 0. We have 112> =TI, .
(i1) Suppose that n, # 0. We have that

K, = (> [se], € €mo(v)) CII

EEE.U’C

is the kernel ker(¢,) of ¢, where ((—)) denotes the subgroup generated by (—).
Moreover, MP and K, are free ZP -modules with rank

29, + Y (#Euc—1) and #mo(v) — 1,

Cemo(v)
respectively.

Proof. (i) is trivial. We only prove (ii). Note that Lemma 3.1 implies that there is a
natural surjection M, — 114", Then K, C I°%. To verify the proposition, we only need
to prove that K, is the kernel of the homomorphism

S Vi G V74
induced by ¢,, and that M?" is a free 7P -module with rank

29, + Y (#Euc—1).

Cemo(v)

On the other hand, Lemma 3.2 implies that M, and ker(¢,) coincide with Im(z o ¢,)
and ker(y o ¢,), respectively. Then we may assume that X* = X,. By applying the
specialization theorem of prime-to-p of admissible fundamental groups, we obtain that

/ /
p ~ TTP
11 I

chf -
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To verify the proposition, we may assume that X® = X = X, This means that there
is a natural injection v(I'xs) \ {v} — mo(v), and that, for each C' € v(I'xs) \ {v}, the
irreducible component X is smooth over k.

Moreover, in order to prove that K, is the kernel of qﬁ{j/, it is sufficient to prove that,
for each positive natural number n such that (p,n) = 1, K, ® Z/nZ is the kernel of the
homomorphism

v @ Z/nZ - MP @ Z/nZ
induced by ¢¥ .

Let a € Hom(Hi?.’p/ ® Z/nZ,7/nZ) be a surjection and c«, the composition of the

morphisms

/ (z)g/,n / / (e
127 @ Z/nZ - MY @ Z/nZ — ¥ & Z/nZ > Z/n.

Write f2 : Y? = (Y,, Dy,) — X* for the (connected) Galois admissible covering with
Galois group Z/nZ over k, and the restriction of f3  to a connected component of Y7,

corresponds to a.. Then by restricting f3 to )Z';, we obtain a morphism
f;,v : YOL.,’U = (Yaﬂ” DYa,v) - X’Z?

where Y, , = )Afv Xx Ya, and Dy, , is the inverse image of D;(U of the first projection

)?U Xx Yo — )N(v. Note that fg , is a Galois multi-admissible covering with Galois group
Z/nZ of smooth pointed stable curves over k corresponding to «,, and that the decompo-
sition subgroup of a connected component of Y7 under the action of Z/nZ is the image

o, (II2P7" ® 7. /nZ) C Z/nZ. On the other hand, for each C' € v(I'x+) \ {v}, by restricting
f3 to X, we obtain a morphism

faoiYeo= (Yoo, Dy, o) — Xe,

where Y, ¢ = )?c Xx Yo, and Dy, . is the inverse image of D)}C of the first projection

)N(C Xx Yy, — )N(C. The morphism f(;c is a Galois multi-admissible covering with Galois
group Z/nZ of smooth pointed stable curves over k. The restriction of f3 - to a connected
component of Y}~ corresponds to the composition morphism

ac I @ Z/nZ — T0F @ Z/nZ > Z/n.

Note that ac does not depend on the choices of the connected components of Y}, and
that the decomposition subgroup of a connected component of Y, under the action of

Z/nZ is the image aC(HzP’p, ® Z/nZ) C Z/nZ.
For each C' € v(I'x+)\ {v}, we write I} . C [P for the subgroup ([s.], e € E, ¢). Note

that 19 and I can be regarded as subgroups of I | and that 1% = I% in II%.
v,C v,C
The definition of Galois admissible fundamental coverings implies that

Oéc|18p = —OCU|I%I:}C, O - U(PX.) \ {U}
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Write [s.], e € E, ¢, for the image of [s.] in Hi}}).’p/ ® Z/nZ. Then the structure of the
maximal prime-to-p quotients of admissible (or tame) fundamental groups implies that

> a(fse]) =0, CevTxe)\ {v}.

6€Evﬁc

On the other hand, if C' € mo(v) \ {v(T'xs) \ {v}}, then C corresponds to a node of X,,.
The structure of the maximal prime-to-p quotients of admissible (or tame) fundamental
groups implies that

Y alls]) =0, Cemo(v)\ {o(lxe) \ {v}}.

e€k, o

This means that K, ® Z/nZ C ker(«) for each surjection o € Hom(Hi?.’p, QZInZ,7|nZ).
Since K,, M, TI%¥" are free Z¥-modules, we obtain that K, ® Z/nZ C ker(¢r,). Then
qﬁﬁ’n induces a surjection

(112> /K,) @ Z/nZ — M, @ Z/nZ.

Note that II2P*' /K, is also a free Z¥ -module.

To verify the proposition, we need to prove that the surjection (II**?' /K,) ® Z/nZ —»
M, ® Z/nZ above is also an injection (or, equivalently, for each surjection 3, : 127" —
Z/nZ such that K, C ker(f3,), there exists [ : Hi?.’pl — Z/nZ such that the composite
morphism

ab,p’ ¢€, / ab,p’ B

IE>P — MP — 115" — Z/nZ

is B,). We write

6 23 = (2, Dz) = X:
for the (connected) Galois admissible covering with Galois group Z/nZ over k corre-
sponding to the surjection 3,. For each C' € v(I'xs) \ {v}, we write I} =~ C I® for the
subgroup ([s.],e € E, ). Then the definition of K, and the structure of the maximal
prime-to-p quotients of admissible (or tame) fundamental groups imply that, for each
C € v(I'xe) \ {v}, we may construct a Galois multi-admissible covering

g 28 = (Zo,Dz.) — X2

with Galois group Z/nZ over k as follows. Let Sc, C' € v(I'xe) \ {v}, be a surjection
% — B,(I o) C Z/nZ such that

Belier = =Bulrer -

Write he, : Y2 — X8, C € v(I'xe) \ {v}, for the (connected) Galois admissible covering
with Galois group 8,(I5 ;) induced by S¢ and Q¢ for the quotient group (Z/nZ) /B, (I3 o)

Then we define et
Zé’ = H YC.,T7 Ce U(FX‘) \ {U}v

TEQC
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where Y5 is a copy of Y. The morphism h® induces a morphism g¢, : Z¢ — )?5
Moreover, the disjoint union of pointed stable curves Z& admits a natural action of Z/nZ
as follows. Write {7},¢q. for a complete representation system of Q¢ in Z/nZ. Then for
each o € Z/nZ, we have o = 7y for some p € B,(I o). We define o(Yo,) = p(Yeoz,),

where 7' denotes the image of 7 in Q¢. This means that ¢g& @ 28 — )NQ; is a Galois
multi-admissible coverings over k with Galois group Z/nZ.
By the definition of Galois admissible coverings, we may glue g2 : Z2 = (Z,,Dz,) —

Xt and g8 : Z8 = (Zo,Dz.) — X&, C € v(T'xs) \ {v}, along marked points that is
compatible with the gluing of {X}}icuory.) that gives rise to X°. Then we obtain a
(connected) Galois admissible covering

g5 Z5 — X*

over k with Galois group Z/nZ. Write § € Hom(IT%%” '\ Z/nZ) for the surjection corre-
sponding to g3. Then by the construction above, the composition of the morphisms

/ g, r B
[12br AN 11557 = Z/nZ

is equal to f,.
Finally, let us compute the rank of M?". Since we assume that X*® = X% the kernel
of the natural surjection MP? — I1¢2P#" is the subgroup

Sxo g Hf;?.’p/

generated by I., e € e(X®). The Poincaré duality for prime-to-p étale cohomology
implies that L
Sxe = Hom(II0P  Z(1)7).

Then we have Sye is a free ZP-module with rank ry = > Ceno(w)(#Evc — 1). Thus, we

obtain that MP' is a free Z¥ -module with rank

2g,+ » (#E.c—1).
Cemp(v)
This completes the proof of the proposition. O]
Corollary 3.5. The following conditions are all equivalent.
(i) The homomorphism ¢, : 112> — TI3% is an injection.
(i) T'%e is 2-connected at v.
(iii) T xaer is 2-connected at v.

Proof. If n, = 0, the corollary is trivial. We may assume that n, # 0. The constructions
of I'Ys and T yer imply that (ii) < (iii). We only prove that (i) < (iid).

First, let us prove “ = 7. Proposition 3.4 implies that K, = 0. Then we have
#mo(v) = 1 and #E, ¢ = n,. Thus, I'xaer is 2-connected at v.

19



[43

Next, let us prove “ < 7. Since I'yaer is 2-connected at v, we have

n, = #E, o and #m(v) = 1.

Then Proposition 3.4 implies that K, = 0. This means that the homomorphism ¢, :
12> — TI%, is an injection. This completes the proof of the corollary. ]

Remark 3.5.1. Corollary 3.4 was also obtained by Tamagawa (cf. [T2, Proposition 3.4])
by using different methods.

4 Averages of generalized Hasse-Witt invariants

In this section, we compute the limits of averages of generalized Hasse-Witt invariants.

4.1 Generalized Hasse-Witt invariants and line bundles

In this subsection, we recall some notation concerning generalized Hasse-Witt invariants

of cyclic tame coverings (see also [T'1, Section 3]).

Let X* % (X, Dx) be a pointed stable curve of type (gx,nx) over k, Il xe the admissi-

ble fundamental group of X*, and Ux ©x \ Dx. Moreover, in this subsection, we assume

that X*® is smooth over k. Let ¢t be an arbitrary positive natural number, n o pt—1,
and p, C k* the group of n'" roots of unity. Fix a primitive n'" root ¢, we may identify
pn With Z/nZ via the map ¢ +— i. For each a € H}, (Ux, i), we denote by Ux, for the
ip-torsor corresponding to «, and by X, for the normalization of X in Ux,. Write Fx
for the absolute Frobenius morphism on X,. Then there exists a decomposition (cf. [S,
Section 9))

HY(X,,0x,) = H'(X,,Ox,)* ®@ H'(X,,Ox, )",

where F, is a bijection on H'(X,, Ox,)* and is nilpotent on H'(X,, Ox,)™. Moreover,

we have
H'(X,, 0x,)" = H'(X,, Ox, )™ @s, k,

where (—)*a denotes the subspace of (—) on which F_ acts trivially. Then Artin-Schreier
theory implies that we may identify

o, % 7L (X, F,) ®r, k

with the largest subspace of H'(X,,Ox,) on which F,_ is a bijection.
The finite dimensional k-vector spaces H, is a finitely generated k[u,]-module induced
by the natural action of p,, on X,. We have the following canonical decomposition

Ha: @ Ha,ia

1€EZ/nZ
where ¢ € p,, acts on H,; as the ("-multiplication. We define

Vi déf diInk(Ha,i), 1€ Z/?’LZ
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These invariants are called generalized Hasse-Witt invariants (cf. [N]). Moreover, the
decomposition above implies that

dimy(H,) = Z Voui-

1€Z/nZ

Note that, if X, is connected, then dimy(H,) = 0(X,).

The generalized Hasse-Witt invariants can be also described in terms of line bundles
and divisors. We denote by Pic(X) the Picard group of X and by Z[Dx] the group of
divisors whose supports are contained in Dx. Note that Z[Dx] is a free Z-module with
basis Dy. Consider the following complex of abelian groups:

Z[Dx] 3 Pic(X) @ Z[Dx] 2 Pic(X),

where a,(D) = (Ox(—D),nD), and b,(([£], D)) = [L" ® Ox(—D)]. We denote by

def

Pxen = ker(b,)/Im(ay,)
the homology group of the complex. Moreover, we have the following exact sequence

def

0 — Pic(X)[n] & Pyen B 2/nZ[Dx] & Z[Dx] ® Z/nZ & 7/nZ,

where [n] means the n-torsion subgroup, and
a,([£]) = ([£],0) mod Im(ay),

b, (([£], D)) mod Im(a,)) = D mod n,
¢ (D mod n) = deg(D) mod n.

Then ker(c/,) can be regarded as a subset of (Z/nZ)~[Dx], where (Z/nZ)~ denotes the set
{0,1,...,n—1}, and (Z/nZ)~[Dx] denotes the subset of Z[Dx] consisting of the elements
whose coefficients are contained in (Z/nZ)~. We denote by Z/nZ[Dx|° the kernel of ¢,
and by (Z/nZ)~[Dx]° the subset of (Z/nZ)~[Dx] corresponding to Z/nZ[Dx]® under the
natural bijection (Z/nZ)~[Dx] = Z/nZ[Dx]. Note that, for each D € (Z/nZ)~[Dx]°,
we have n|deg(D). Then

deg(D) = s(D)n

for some integer s(D) such that

0, if ny =0,
nx—l, lfTLX21

5(D) < {

We shall define .
f@X',n

to be the inverse image of (Z/nZ)~[Dx|® C (Z/nZ)~[Dx] C Z|Dx] under the projection

ker(b,) — Z[Dx]. It is easy to see that Py., and Px., are free Z/nZ-groups with
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rank 2gy +nx — 1 if nx # 0 and with rank 2¢gx if ny = 0. Moreover, we have (cf. [T1,
Proposition 3.5])

<@/X',n = @X',n = Hé}t(UX7ﬂ’n)~
Let ([£],D) € ﬁx-m. We fix an isomorphism £" = Ox(—D). Note that D is an

effective divisor on X. We have the following composition of morphisms of line bundles

t ~
LG L =" LS Ox(—D)® L — L.
The composite morphism induces a morphism

byt HY(X, L) — H'(X, L).

We denote by 7(z),p) o dimy (), 51 Im(fz py))- Write az € H} (Ux, u,) for the element
corresponding to ([£], D) and Fy for the absolute Frobenius morphism on X. Then [S,
Section 9] implies that 7,1 is equal to the dimension over k of the largest subspace of
H'(X, L) on which Fy is a bijection. Moreover, we have

Va1 = dimy (H'(X, L) @p k),

where (—)fX denotes the subspace of (—) on which Fx acts trivially. It is easy to check
that

H' (X, £)™ @g, k = () Im(¢z).p))-

r>1

Then we obtain that vz}, p) = Vaz,1-
On the other hand, the Riemann-Roch theorem implies that

dim(H (X, L)) = gx — 1 — deg(L) + dim,(H°(X, £))

1
=gx — 1+ Edeg(D) + dimy (H°(X, £))

nx(n—1)

<gx —1+] | + dim, (H(X, L))

n .
= gx — L nx + [- ] + dimy (H°(X, £)).
Then we obtain the following rough estimate:

9x; if ([£], D) = ([0x],0),
Yar1 < dimg(H'(X, £)) < ¢ gx — 1, if ny =0,
gx—2—|—nX, ian%O.
4.2 Raynaud-Tamagawa theta divisors

In this subsection, we recall some notation and results concerning theta divisors defined
by Raynaud and Tamagawa (see also [T1, Section 2]).
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We maintain the notation introduced in Section 4.1. Let F} be the absolute Frobenius

morphism on Speck and Fy/ the relative Frobenius morphism X — X, e x Xpm, k

over k. We define
Xi X Xk, R} k,

and define a morphism

over k to be the composition of the ¢ relative Frobenius morphism F% Ik of Fx, jko---o
Fx, ko Fx/p. N

Let ([£],D) € Pxe, and L; the pull-back of £ by the natural morphism X, — X.
Note that £ and L; are line bundles of degree —s(D). We put

B, = ((Fi):0x(D))/Ox,, &p = By @ L.
Write rk(Ep) for the rank of £p. Then we have
X(Ep) = deg(det(Ep)) — (9x — 1)rk(Ep).

Moreover, x(Ep) = 0 (cf. [T1, Lemma 2.3 (ii)]). In [R], Raynaud investigated the following
property of the vector bundle £p on X.

Condition 4.1. We shall say that £p satisfies (%) if there exists a line bundle £} of degree
0 on X; such that

0 = min{dim,(H°(X;,Ep @ L})), dim, (H'(X;, Ep @ L))}

Let Jx, be the Jacobian variety of X;, and Lx, a universal line bundle on X; x Jx,.
Let pry, : Xy x Jx, — X; and Py, Xy x Jx, — Jx, be the natural projections. We
denote by F the coherent Ox,-module pr¥,(£p) ® Lx,, and by

Xr & dimy (HO(X, x5 k(y), F @ k(y))) — dimg(H'(X, x5 k(y), F  k(y)))

for each y € Jx,, where k(y) denotes the residue field of y. Note that since pr 7y, 1s flat,
X7 is independent of y € Jx,. Write (—xx)" for max{0, —xx}. We denote by

O¢, C Jx,
the closed subscheme of Jyx, defined by the (—yz)*-th Fitting ideal
Fitt(_ .+ (R (pryy, )«(F)-

The definition of ©¢, is independent of the choice of £;. Moreover, for each line bundle
L" of degree 0 on Xy, we have that [L"] € O, if and only if

0= mln{dlmk(HO(Xt, 5D & E”)), dlmk<H1<Xt, ED & /;”))},

where [£”] denotes the point of Jx, corresponding to L” (cf. [T1, Proposition 2.2 (i) (ii)]).

Suppose that &p satisfies (x). [R, Proposition 1.8.1] implies that O, is algebraically
equivalent to rk(£p)0, where © is the classical theta divisor (i.e., the image of XX~ in
Jx,). Then we have the following definition.
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Definition 4.2. We shall say Og, C Jx, the Raynaud-Tamagawa theta divisor associated
to Ep if Ep satisfies (x).

Remark 4.2.1. The definition of £p implies that the following natural exact sequence
holds
0— L — (F)tqk)*(OX(D)) ® Ly — Ep — 0.

Let [Z] € Pic(X)[n]. Write Z; for the pull-back of Z by the natural morphism X; — X.
we obtain the following exact sequence

o HY(X,, Ep @ T) — HY(X,, £, 0 T) “5™ HY(X,, (Fi).(Ox(D)) @ £ @ T,)
— H' (X, Ep L) — ...
Note that we have that
HY X, L, 0T,) 2 HY(X,LRT),
and that
HY(Xy, (F5)«(Ox (D)) @ Li © 1) = H' (X, 0x(D) @ (Fx)* (L @ L))
=~ AY(X,0x(D)® (LRT)®") = HY(X, LR T).
Moreover, it is easy to see that the homomorphism
HYX,L®TI) - H(X,LRT)

induced by ¢r,z, coincides with ¢((zgz7],py. Thus, we obtain that the Raynaud-Tamagawa
theta divisor Og, associated to p exists (i.e., there exists a line bundle Z; on X of degree
0 such that [Z;] € ©¢,) if and only if

V(ieez).py = dimp(HH (X, L ® T)).
The following theorem was proved by Raynaud and Tamagawa.

Theorem 4.3. Suppose that s(D) € {0,1}. Then the Raynaud-Tamagawa theta divisor
associated to Ep exists (i.e., Ep satisfies (x)).

Remark 4.3.1. Theorem 4.3 was proved by Raynaud if s(D) = 0 (cf. [R, Théoreme
4.1.1]), and by Tamagawa if s(D) < 1 (cf. [T1, Theorem 2.5]).

Definition 4.4. Let D be an arbitrary effective divisor on X.
(i) For each natural number m, we put

[D/m] <3 Jord, (D) /mla,

zeX

which is an effective divisor on X.
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(ii)) For uw € {0,1,...,n}, let u = Z;;é u;p’ be the p-adic expansion with u; €

{0,1,...,p—1}. We identify {0,1,...,t — 1} with Z/tZ naturally, and put
t—1
U(Z) déf Zuiﬂpj, 1€ {0, 1, cee ,t - 1}
=0

Suppose that D € (Z/nZ)~[Dx]|. Then, we put

DD N (ord, (D) Dz, i € {0,1,...,t — 1},

reX
which is an effective divisor on X.

Lemma 4.5. Let ([L],D) € é\ix.m. For each i € {0,1,...,t — 1}, we shall denote
L7 @ Ox([p~'D/n]) and p'~'D — n[p*~"D/n] by L(p"") and D(p'"™"), respectively.
Then we have

Y(£,D) = V(L(pt—1),D(pt=1))s 1€ {0, 1,...,t— 1}.

Proof. The lemma follows immediately from [T1, Claim (3.8)]. O

On the other hand, Tamagawa proved the following result (cf. [T1, Proposition 3.18]).)

Proposition 4.6. Let d > log,(nx —1) be an arbitrary positive natural number and € < 1
an arbitrary positive real number. We put

d 1 nxy — 1\, 0-«a
A:—, CLTLd)\:(l—m( d ))d ,
€ p p

where (:) denotes the binomial coefficient. Then if nx > 1, we have
#{D € (Z/nZ)~[Dx]° | s(DW) =1 for some i€ {0,1,...,t —1} >n"™x 11 = \) -1
forallt > A.

By applying [T1, Corollary 3.19] and similar arguments to the arguments given in the
proofs of [T1, Theorem 3.12 and Corollary 3.16] imply that the following result holds.

Theorem 4.7. We put

def [ 0, if gx =0,
C(gX) - { BgX_ng!7 ngX > 0.

Let ([£],D) € ﬁ/X‘,n- Suppose that the Raynaud-Tamagawa theta divisor O, associated
to Ep exists. Then the following statements hold.

(i) We have

#{[L'] € Pic(X) | deac,p) is bijective} > n*9X — C(gx)n** 1.
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(i) We have
#{[L'] € Pic(X) | Yeoc)p) > gx — 1+ s(D)} > n** — C(gx)n**~"

and
#{[L'] € Pic(X) | v(cecrp) = 9x — 1+ s(D)}

>

n?9x — C(gx)n®9x~1 —1, if s(D) =0,
n?9x — C(gx)n?9x—1 if s(D) > 1.

In particular, suppose that there exists i € {0,1,...,t—1} such that s(D®) =
1. Then we have

#{L] € Pic(X) | Yieor),p) = gx} = 0% — Clgx)n*> .

Remark 4.7.1. Let D € (Z/nZ)~[Dx]°. We may ask whether or not the Raynaud-
Tamagawa theta divisor O, exists in general. Since the existence of ©¢, implies that £p is
a semi-stable bundle, we obtain that deg(D®) > deg(D) holds for each i € {0,1,...,t—1}
(cf. [T1, Lemma 2.15]). Then we may consider the following problem.

Suppose that s(D) > 2, and that deg(D®W) > deg(D) holds for each i €
{0,1,...,t —1}. Does the Raynaud-Tamagawa theta divisor Og, exist?

In fact, the Raynaud-Tamagawa theta divisor O¢, associated to £p does not exist in
general. Here, we have an example as follows. Let X = P}, Dx = {0,1,00,w}, where
w ¢ {0,1}, and

Then we have s(D) = 2. Let ([£], D) be an arbitrary element of ﬁX',n‘ We see immedi-
ately that £p satisfies (x) if and only if the elliptic curve defined by the equation

v =x(r —1)(z - w)

is ordinary. Thus, we cannot expect that O¢, exists in general. On the other hand, we
have the following open problem posed by Tamagawa (cf. [T1, Question 2.20]).

Problem . Let Fp be the algebraic closure of F), in k and My, ., the coarse moduli space of
the moduli stack Mgy, n, %7, F,. Suppose that X* is a geometric generic curve of My, . .
Let ([L], D) be an arbitrary element of :?TX.’”. Moreover, suppose that deg(D®) > deg(D)
holds for each i € {0,1,...,t — 1}. Does the Raynaud-Tamagawa theta divisor Og,

associated to Ep exist?

In Section 6, we will prove that Problem is true under a certain assumption of D.
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4.3 Lower bounds and upper bounds of the limit of p-averages

Definition 4.8. Let G be an arbitrary cyclic group such that (#G,p) = 1 and M a
finitely generated F,[G]-module. For any given character x : G — k*, we put

(M @, k)[x] & {m € M &g, k | 7(m) = x(r)m for all T € G},

and define ~, (M) o dimy,((M ®g, k)[x]). Moreover, we define the primitive part of M to
be
M MY )
1#£7€G

where M7 {m € M | 7(m) = m} for each 7 € G. We put v*"(M) oof dimg, (M).
Remark 4.8.1. We see immediately that

MP @ k= @ (M ®r, k)[x]-

x:G—kX*

Then we have .
M) = > (M),
x:G—k*

On the other hand, we can define a F,[G]-module M"Y o Hom(M,F,) via (7

a(t7(m)) for each 7 € G, a € MY, and m € M. Then we have ~, (M)
Thus, we obtain

(a))(m) =
N1 (MY).
(M) = (L),

Let us return to the case where X* is an arbitrary pointed stable curve and maintain
the notation introduced in Section 3. Let ¢ be an arbitrary positive natural number,

def
n=p—1,

and p, C k* the group of n'! roots of unity. Fix a primitive n'® root ¢, we may identify

U, With Z/nZ via the map ' + i. Let v € v(T'xe), U, “X, \ Dz, P%. ., the abelian

group associated to )?; defined in Section 4.1, and

Ty = Hom(I1*" | 1) = HL (U, ).

The structure of maximal prime-to-p quotients of admissible (or tame) fundamental
groups of smooth pointed stable curves implies that, there exists a generator [s.| of I,
e € e?(I',), for which the following holds

Z [Se] =0

ece°P(T'y)

in I112P. Then for each a € 7,,,, we have a([s.]) = (% for each e € e°P(T,) and

I alsh=1

eceP(I'y,)
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Note that the image Im(a) = (£ o ¢"/™) is a cyclic subgroup of p, with order m for

some m|n, and I12P /ker(a) = () is isomorphic to the image Im(«) via 7+ £.

Let @, o acm/n, and let f5 : Y2, — )?; be the p,-torsor induced by a and Z°® =
(Z,Dz) a connected component of Y,*,. Then f3 induces a connected Galois admissible
covering

fo 20 =(Z,Dy) —» X°

over k with Galois group II?° /ker(a). Write f : Z — X, for the underlying morphism
induced by f°. Then we have
D <.

1E€EZ/ ML

where locally £; is the eigenspace of the natural action of 7 with eigenvalue £'. By
considering the action of 7, we obtain a morphism of O -modules L™ — O3 . Moreover,
since L7y, = O |u,, the morphism L™ — Ox is an injection. Then there is a unique

effective divisor Da on X, such that Supp(Dg) € Dy, , and the image of the injection
LY — Oz is Og (—Dg) € Og, , where Supp(—) denotes the support of (—). We fix
the isomorphism L™ = O %,(—Dg) obtained above. Then we have the following lemma.

Lemma 4.9. For each e € eP(T',), we write x, € Dg  for the marked point corresponding

to e. Then we have
Da = Z Ee:):e.
ece°P(I'y)
Proof. Let e € e°P(I,). We write I, C I1?" /ker(«) for the inertia subgroup of x., m, for

#1,,, and g, for m/m.. Let W, def Z/I,, and f; : Z — W, the quotient morphism over
k. We define a smooth pointed stable curve over k to be

we < (W., Dw & f1(Dy)).

Then f* and f; induce the following morphisms of smooth pointed stable curves
7z Lwe & X
over k such that f3o f? = f°. Write f; for the underlying morphism of f5. Moreover, we

have
(f):(02) = P Lw..

JEL/meL

where locally Ly, ; is the eigenspace of the natural action of 7% with eigenvalue &/%.

Let 7, be a uniformizer of the discrete valuation ring Og _ such that LY™ is locally

generated by w;’rd’”e(Da) at x, via the fixed isomorphism L™ = O )Z'U(_Da)7 w, a point of

[yt (ze) S = {we,T(we) oo 7w ze the pomt f5 ' (w,). We may choose the generator
[se] of I, such that the image of [s.] in Z(1)' /n = p, via the identification I, = Z(1)?'
is equal to (. Then the Kummer theory implies that, there is a uniformizer 7, of the
maximal ideal of the discrete valuation ring Oz .. such that 77 = 7, and

qu (’ﬂ-ze> = Sqere ﬂ-ze )
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where r.a./q. = 1 (mod m,). Then we obtain that
TQE (Trge/ék> — é‘(Ieﬂ-ge/(Ie.

This means that Ly, ; is locally generated by 7o/ at w,. Let Twe o (72.)" € Ow..w,
which is a uniformizer of the maximal ideal of the discrete valuation ring Oyy, ,,. Thus,
L™ is locally isomorphic to Oy, (—(ae/qe)we) at we via (nle/®)@me |y qle/de

We put
ge—1

r H H’(wi&/qe).

=0

Note that 7(7) = £%7. We obtain that £7% is locally generated by 7 at x,. Since 7™ =

le, the isomorphism L35 = Oy, (—(ae/qe)we) locally at w, obtained above induces

L™ = det(( ). (L575) ™

locally at z., where det(—) denotes the determinate of the sheaf (—). On the other hand,
by applying [H, Chapter IV Exercises 2.6], we obtain the following isomorphisms

det((fo)(L39) = det((f)o(Ow. (= D (@e/ae)T(we)))

Ti(wg)efgl(ace)

= det((f2).Ow,) @ Og, (f2)s(— Y (@/qe)T'(we)))

Ti(we)€ fy ! (we)
&= det((fg)*OWe) ® O§v<_aexe)

locally at z.. Moreover, since f, is étale over z., we have det((f2).Ow,)®% = O locally
at x.. Then we obtain
L9 Oz, (¢ Z [
ece°P(I'y,)

Since £2™ is locally generated by mor®P?s) at z, via the fixed isomorphism £&™ =

Ox.(—Dg), we obtain that
quE = (e Z AeTe.

ece°P(T'y)
Then Dy = ZGEeOP(FU) ... This completes the proof of the lemma. O
We denote by L, the line bundle £; and by D, the effective divisor zeeEop(Fv) AeTe.

Note that £L§" = Oz (—D,). Then we obtain a morphism
%777‘ —> :??}(',n

a— ([La], Da).

It is easy to check that this morphism is an isomorphism.
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We maintain the notation introduced in Section 3. Let H,, be the kernel of the
composition of surjective homomorphisms

I, — I % M, @ Z/nZ

and X3 of (Xw,,.,Dxy, ) — X? the Galois admissible covering over k corresponding

to Hy . For each C' € mo(v), we put

Dy € (2. € Dg | e € Euo).

We define a smooth pointed semi-stable curve of type (g, 1, ¢ o #FE, ) over k to be

e = def ,
Xv,C = (XU,CWD)?U’C) = (XU’D;?U,C)'

Then we have the following proposition.
Proposition 4.10. (i) Suppose that (g,, #E.") = (0,0). Then

o(X?
lim ( H”’") =0

t—o0 #(Mv X Z/NZ)

(i) Suppose that (g,, #E.') # (0,0). Then we have

o(X73,
0 < limsup ( HU’")

< gy +FH#HET -1,
S ez = T

where limsup(—) denotes the limit superior of (—). Moreover, we have

- o(Xp,.) [ go—1, if#E =0,
t-00 #(M, @ Z/nZ) 9o if #E71 =1

Proof. Frist, we prove (i). Since H,, is trivial, we have o(X3 ) = o(P;) = 0. Then we

have .
g (X HM)

Next, we prove (ii). We put

Nom et {H C I, an open normal | H,,, € H and IL,/H is cyclic}.

Note that the order of II,/H, H € .4, ,, is prime to p. Write X7, o (Xm, Dx,,) for the

pointed stable curve over k corresponding to H. Since M, ® Z/nZ is an abelian group,
we have the following canonical decomposition

Hi(Xn, . Fy) = @D (H&(Xn,,,Fy)H/Hom )t/ Hpn
HENyn
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@ Hélt (Xu, ]Fp)(Hv/H)-pri’
HeNyn

where (—)-pri means the primitive part as an F,[(—)]-module. Then we have
o(Xp,,) = dimg, (Hy (X, Fp)) = D Y n(HL(Xu Fy)).
He N x:Il, | Hk~

Moreover, we put
Dun E {(H,X) | H € Ny and x : T,/ H < k*}.

For each pair (H,x) € £,,, the composition of the homomorphisms I, — II,/H N
tn € kX induces an element
QHy) € %,n.

Moreover, [T1, 4.7] implies that v, 1 = Y (Hg(Xu, Fp)). We obtain that

O-(XI.{,LU) = Z ’Ya(H’X),l-

(H,X)G\va

We put
Ay o {a € T | Ky Cker(a)}.

Then we have #.47,,, = #M, ® Z/nZ. Moreover, Proposition 3.4 implies that

I als)) =1, € e mv).

6EEU70

Let (H,x) € 2., and am ) € Z,n induced by (H, x). The definition of .4; ,, implies that,
the homomorphism II, — II,/H factors through the natural surjective homomorphism
I, -» M, ® Z/nZ. Then we obtain a map

Qv,n — vQ{v,n

defined by (H,x) — a(u,). Moreover, it is easy to check that this map is a bijection.

Thus, we have
XHn v Z V([Lal,D

OCEJC(U n

Note that we have n|deg(D,,).

On the other hand, let v € 47, ,, such that 3<D£/i)):1 for some i € {0,1,...,t—1}. We
have the following claim.

Claim: There exists 8 € 47, , such that Dg = Dgi) (cf. Definition 4.4 (ii)).

Let us prove the claim. We see that



def

where D, (p'™)
and that

p"™"D, —n[p'™*D, /n]. Then we have that s(D,(p'™")) =1,

Supp(D,(p'™)) = Supp(D,) C Dg, (.

for a unique C, € my(v). For each e € e?(I',), we write [s.] for the image of
[s¢] under the natural surjection I, — I, ® Z/nZ. Then the structure of the
maximal prime-to-p quotients of admissible fundamental groups implies that

112> © 7/nZ =

= ((ary ooy g, b1y, 0g,) 0 ® ({[selYecemr,y | D 5] = 0) @ Z/n.

ece°P(Ty)

Write IT") for the subgroup of Hib’p/@)Z/nZ generated by a1, ..., a4,,b1,...,b

-y VYgxs

and ILY" for the subgroup IP ® Z/nZ = ({[sc]}eceor(r,))- Then we have
"7 © Z/nZ = 112 @ 17,

Note that since .7, ,, is naturally isomorphic to .7, o Hom (I12P' ®Z /nZ, j1,),

7 can be regarded as an element of .7. We define an element 3 € 7 to be

Bl <

—1

, B(5.]) = ¢ordee (D)
Y([se]) = 1 for each C' € my(v), we have 8 € 7, ,,.

t
(v |Hgfg )

Note that since []
Moreover, we have

eeEvﬂc
Supp(Dg) = Supp(D,) € Dx, ¢, Dg = D,(p'™").
This completes the proof of the claim.
Write £, (p'~") for £§pH ® Ox([p"~*D/n]). Then we observer that
(L"), D5 (7)) € Pxsns ([L6], D) = ([L4(p)], Dy (0'7)), s(Dg) = 1.
Furthermore, Lemma 4.5 implies that
N(Ls1.Dg) = V([£4],D4)
Suppose that #E-1 = 0. Since (g, #E.') # (0,0), we have g, > 0. Then
H#yn = #(M, @ Z/nZ) = n*".
Moreover, for each a € 4, ,,, we have

G, if Ea%’(’);{v,

<
V([Lal,Da) = { g, — 1, otherwise.

Thus, we obtain
o(X3,,) < (90— D™ = 1) + g,
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On the other hand, note that for each a € 4, ,, we have D, = 0. Then by applying
Theorem 4.7 (i), we obtain that

U(XI.JWJ) > (9o — 1)(n2gv - C(QU)n2gv_1)'
Thus,
Lot
U %0, @ 2/nZ)
Suppose that #E;" > 1. Let d, ¢ > log,(nx — 1), C € EJ', be an arbitrary positive
natural number and €, < 1 an arbitrary positive real number. We put

dv C 1 Ny — 1 (1—ey )

) ) d,,

Ao = ,and Ao = (1 — —————F oy 4 o ) de |
€v,C b o p

=g, — 1.

and suppose that ¢ > max{A, c}cer (). Dividing the sum

an Z Y(Lal,Da) =51+ 55 + .53

Oée.,(zfv s

into three parts, where S;, [ € {1,2, 3}, denotes the sum of v, p,) that the D, satisfies
the condition (I): (1) s(Dy) = 0; (2) s(D¥) = 1 for some i € {0,1,...,t — 1}; (3)
otherwise.

Suppose that #FE.! = 1. Then we may assume that E;! = E, ¢ for some C' € mo(v).
By applying Corollary 3.5, we have

#dy = #(M, ® Z/nZ) = %o,
Proposition 4.6 and Theorem 4.7 imply that
o(X7,,) < g+ (g0 — (™ = 1) + g (™71 = A o) — 1))

+<gv + Ny ,C — 2) 2‘%( o C_l/\f),C)‘
On the other hand, we have
J(XI}M) > S1+ 52
> (g0 — 1)(n*" = Clgo)n* ") + go(n®* — C(g,)n** 1) (n™ 711 = X o) — 1).

Thus, we obtain that

- o(X%,.)

oo F(M, © Z/nZ) "

Suppose that #E;" > 1. Let Ty, j € {1,...,#E;' =1} (vesp. T}, j' € {0,1,..., #E;'}),

denotes the sum of 7(z,),p.) that D, satisfies the following conditions:

(i) S(DS)) > 1 for each i € {0,1,...,t —1};

(i) there exists a subset F, C E-! and a set of divisors

{Doc ™ > ordy (Da)ae, C € E;'Y

EEEU,C
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such that #FE, = j (resp. #FE, = j'), that s( ) # 0 (resp. S(Déc)) =
1) for some ic € {0,1,...,t — 1} if C € E,, and that S(Dé)c) = 0 (resp.
S(DS,)C) > 1) holds for each i € {0,1,...,t =1} if C € E,.

Then we have

#E>1-1 #E>1
Z T+ > T).
7'=0

Note that since deg(L,) = —deg(D oé)/n = —5(D,), we have
fy([La}vDa) = 'Yaga,l S diﬁlk(Hl(ij, La))

= gy — 1 — deg(Ly) + dimg(H*(X,, L)) = go + 5(Da) — 1.
For each m € {0,1,..., E>'}, we put

2B C E>t subset | #E = m}.

When j € {1,...,#FE! — 1}, we have

tz} S Z (g'u + Z TLU’C — 1)(n2gv+ZCEE(TLv7C—1))'
E€E; CeE

Moreover, since S(D( )) <mn, —1for each i € {0,1,...,t — 1}, by applying Theorem 4.7
to X2, C € E2', we have and

1] < (gt = 2 e ST )

E€E; CeE;'\E

when j' € {0,1,...,#E>! —1}. When j/ = #E>! we have that, for each C € E !,
s(DS%)) =1 for some i € {0,1,...,¢t — 1}. Then there exists an element ¢ € 7, ,, such

that
- ¥ ol
CeEJ!

we have #l: I h
%&Eil < (gv - #Eil — 1)n29”+ZCeEU>1(”v,C_1)'

Then we obtain that

o(XP,,) = S+ 82+ 85 < gy + (90 = (0™ = 1) + g0 ( Y (™7 (1= N o) — 1))

Cceg!

#E; -1

+ ( Z (gv + Z Ny,c — 1)(”29U+ZCGE(nv,C—1)))

j=1  EcE, CeE

34



#E>1 -1

D DRI ViRt O D | [PYS)

3'=0 EGE]-/ CGE?I\E

+(g + #E>1 _ 1)n29“+zceEv>1(””»C_1).

Y (e—1)= > (ne—1).

cekrz?! Cemp(v)

Note that

Proposition 3.4 implies that

#%,n — #(Mv ® Z/TLZ) — n29v+ZCEWO(U)(nv,C—1)‘

Then (X3 )
o\An
0 < limsu o < g, +#E' -1
This completes the proof of the proposition. O]

Remark 4.10.1. Suppose that (g,, #E.') # (0,0) and #E.! > 1. We do not know
whether

o o(Xp)

lim

t—oo #(M, @ Z/nZ)
exists or not. Moreover, if the limit above exists, we do not know whether the limit can
attain the upper bound g, + #E_! — 1 or not in general. The main difficulty is that we
do not know whether or not the Raynaud-Tamagawa theta divisor exist if s(D,) = #E!
and ZeeEv,C ord,,(D,) =n, C € E;! (cf. Remark 4.7.1).

Remark 4.10.2. Motivated by the theory of the combinatorial anabelian geometry of
curves over algebraically closed fields of characteristic p > 0, we may expect that

lim O(X;{“’")
t=o0 #(M, ® Z/nZ)

exists and admits a better lower bounder than 0. We pose the following question.

Question . Does the limit

lim U(X;{“'">
t=o0 #(M, ® Z/nZ)

exist? Moreover, if the limit exists, does

hold?
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5 Lower bounds and upper bounds for the limits of
p-averages of admissible fundamental groups

In this section, we prove the first main theorem of the present paper. We maintain the
notation introduced in Section 3.

Let t be an arbitrary positive natural number and n = p' — 1. We denote by K, the
kernel of the natural surjective homomorphism ITxe — I13% ® Z/nZ and denote by

Xk, = (Xk,, Dxy,)

the pointed stable curve over k corresponding to K. Write I'xs for the dual semi-graph
of X% and ry, for the Betti number of I'xs .

Definition 5.1. Let v € v(I'ye) C v(I'x) and e € e (I'xs) C e(I'y. ). We shall say
that v is a tree-like vertex if I yaer is a tree (i.e., the Betti number of I'yaer is 0), and call
that e is a tree-like edge if there exists a vertex w € v(I'ye) such that E, o = {e} for
some C' € EZ'. We put

Vs o {vev(lxe) | vis tree-like},

—0 def
Viee=0E Ly e VI | g, = 0},

E%e o {e € e?(I'xe) | € is tree-like} = U U E,c.

vev(I'ye) Cemp(v) s.t. CEEST

Remark 5.1.1. Note that the definition of tree-like vertices and tree-like edges does not
depend on the choices of X .

Then we have the following formula for the limits of the p-averages of admissible
fundamental groups which generalizes Tamagawa’s results (cf. [T1, Theorem 0.5] and
[T2, Theorem 3.10]).

Theorem 5.2. We have

gx —T'x — #Vtr.e+#vtrf,g1z:0+#Etrs . Z G

vev(Cxe) s.t. #EZ1>1

dimg, (K" ® ) tre,gy=0
< limsup T <gx —rx — #v(Lxe) + #Vyd ™" + #ETS + #ET
t—o0 #(H)})' ® Z/TLZ) ( ) : v@%@)
In particular, if #E71 <1 for each v € v(['x+), then we have
AVI'p(HX-) =0gx —Tx — #Vtr.e + #V)t(r.e,gv:() + #Egg? - Z Ju

vev(Txe) s.t. #EZ1>1

= gx —rx — #o([xe) + H#VE L BN+ ) #E!

vev(T ye)

= gx —rx — #VEEH#VEOOT B
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Proof. Remark 2.3.1 implies that

Z # .®Z/TLZ) (X.

o(X
K #(M, ® Z/nZ) i) X

n

’UE’U

where X7, ;v € v(I'x+), is a pointed stable curve over k defined in Section 4.2. Moreover,
the Euler-Poincaré characteristic formula for dual semi-graphs implies that

Xk, = #GCI(FXIO(H) - #U(FX;{H) +1

#(I ® Z/nZ) #(1135 ® Z/nZ)
- X il Z A, 2 ZnZ)

ecel(I'xe) vev(T

where I, e € e?(I'x+), denotes the image of the inertia subgroup I, of e in 113 ® Z/nZ.
Moreover, the structure of the maximal prime-to-p quotients of admissible fundamental
groups implies that

: tre
Iy { 1, ifee EXS,

n, otherwise.

Then we obtain that

o(Xk,) o(Xt,.)
#(Ha.®Z/nZ Z #(M, @ Z/nZ)

VeV (F .)
R - X ez
’ (M, ® Z/nZ # (118 ® Z/nZ
e€e? (Txe \Uyeu(r o) Bt veu(Tys) #(M, ®Z/nZ)  #(Ix. ® Z/nZ)

Thus, by applying Proposition 4.10, we obtain that

gx —Tx — HVE + #VET0 + #ER - 3 Go
vev(Tye) s.t. #E71>1
= > (go +#EZE — 1)+ #E%S

vev(Txe) s.t. gu#0, #E;1<1

i ding (KR eF,) (X1,
11m su 11m su
= TP MR 9 Z/nZ) e #(I ® Z/n)

< > (9o +#E;' = 1) + #ES

vev(Tye) s.t. (gu,#E51)#(0,0)

S get D HET —Hu(Txe) + #VET0 + $E

vev(Tye) vev(Txe)
= gx —rx — #o(lxe) TV HER Y #E
vev(xe)
This completes the proof of the theorem. n
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Remark 5.2.1. Suppose that I'Ps is 2-connected. Then we have #E>1 < 1 and #Vgo9 = =
0. Then we have
Avr,(Ilxe) = gx — rx — #V¥ + #ES:.

This formula has been obtained essentially by Tamagawa (cf. [T2, Theorem 3.10]). More-
over, suppose that X* is smooth over k. Then we have

AVI"p(HXO) =(Jx — #Vtr.e.
Note that we have

we [ 1 ifnx <1
#V._{O if ny > 1.

This is the formula of Tamagawa obtained in [T1, Theorem 0.5].

Remark 5.2.2. For each v € v(I'xs), we put

b(v) = Yoo b,

eEeDP(FX. )UCCI(FX.)

where b.(v) € {0, 1,2} denotes the number of times that e meets v. Moreover, we put
o(Txe)<H € {o € u(Pxe) [ blv) < 1}

Note that if ['P. is 2-connected, then #uv(I'xs)?<t = #V¥. Then the statement of [T2,
Theorem 3.10] is as follows.

Suppose that Fg?f 18 2-connected. Then we have
AVI'p(on) =0gx —Trx — #U(FXo)bgl.

Since the computation of ry, in the proof of [T2, Theorem 3.10] has an error, the
statement of the formula for Avr,(Ilxs) of [T2, Theorem 3.10] is not correct.

6 A formula for the limits of p-averages of admissible
fundamental groups of component-generic pointed
stable curves

In this section, we prove a formula for Avr,(IIx.) when each irreducible component is
generic. We maintain the notation introduced in Section 3 and Section 4. Let ¢ be an

arbitrary positive natural number, n et p' — 1, and p, C k* the group of n*® roots of
unity. Fix a primitive n'® root ¢, we may identify y, with Z/nZ via the map ¢ + i.
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6.1 Degeneration and existence of Raynaud-Tamagawa theta di-
visors

We introduce a condition concerning degeneration.

Condition 6.1. Let v € v(I'ys). We shall say that the pair (X, m(v)) admits a (DEG)
if there exist a complete discrete valuation ring R, with an algebraically closed residue
field kg, and a pointed stable curve X3 = (X, Dx,) of type (g, n,) over R, satisfying
the following conditions:

(i) There is an algebraically closed field &' O k such that &’ contains the
quotient field K, of R,, and that, by replacing k by k" and X? by X* x; K/,
)?; is k-isomorphic to X xp, k. Moreover, the k-isomorphism induces a
bijection ¢, : Dy, = Dg. . For each C € m(v), write Dy ¢ for o' ({e}een, o).
Then we have
Dx,= |J Duc
Cemp(v)

(ii) By replacing k and )Afv‘ by k' and )Af; X k', respectively, we may assume
that k' = k. We write Ky, for the algebraic closure of Kp, in k. Write
Xyn = (Xyz, D, ;) for the geometric generic fiber X xg, Kpg, of X, and
Xy, = (Xys, D, ) for the special fiber X X g, kg, of X7. For each C' € mo(v),

write DZ’C for D, ¢ Xr, Kg, and D; . for D, ¢ Xg, kg,. Then we have

D‘XUV’TI = U DZC7 DXU,S = U Dls),C’
Cemo(v) Cemo(v)

Moreover, we have

such that the following conditions hold: (1) D} is contained in P, ¢ for each
C e EY (2) Poe = Py, 5 (3) the dual semi-graph of A7, is a tree; (4) if
#E>! = 0, then Z, is either a smooth projective curve over kg, of genus g,
when g, # 0 or an empty set when g, = 0; (5) if #E! = 0, then Z, is a
smooth projective curve over kg, of genus g,.

Let F, be an algebraic closure of F,, in k. For each v € v(I'xe), write M,, ., for the
moduli stack M, . 7 Xz F,. For each 0 <o < g,, we denote by

revid

Gu;Nv

the p-rank strata of M,,,, with p-rank o (i.e., the locally closed reduced substack of
My, n, whose geometric points corresponding to pointed stable curves with p-rank o).

Note that ﬂ;,nv is not irreducible in general.
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Definition 6.2. For each v € v(I'x.), write M;ﬂnv for the coarse moduli space of the
substack M;v ny- Let g7 be a generic point of M;’nv and k(q7%") the residue field of
q7#". Suppose that k(g7 #") C k for each v € v(I'x.). Let k,o-zn be the algebraic closure
of the residue field of k(¢ #") in k and X qo-gen the geometric generic curve corresponding to
the geometric generic point Spec k g-sen — Spec k(gg8") — M;’nv. We shall say that X*®
is a component-generic pointed stable curve over k if )?; is k-isomorphic to X;g.gen Xk g-gen k
for each v € v(I'xe).

We have the following proposition.

Proposition 6.3. Suppose that X*® is a component-generic pointed stable curve over k.
Then (X2, m(v)) admits a (DEG) for each v € v(I'xe).

Proof. If E7' = (), then the proposition is trivial. We may assume that E! # (), and let
E! = {Cy,...,C,}. Then we have n, > 2. For each C; € E’!, we put

EU:Ci = {6(2j<i nv,Cj)""l’ Tt 7€Zj§i nv,Cj }

Moreover, we put

U EU,C - {e(zc‘eEil Ny, o)+l 6%11}‘
CeE;!

Then the order of e°?(T',) defined above induces an order of the set of marked points Dz .

Suppose that g, = 0. Then the definition of component-generic pointed stable curves
implies that X is a geometric generic curve of My ,,. Then (X3, my(v)) admits a (DEG).

Suppose that g, > 1, and let 0 < a()z;). Write 7y, no1 @ Mgy, — My, 1 for the
morphism induced by forgetting the marked points except the first marked point and
¢y 1 Speck — My, . for the classifying morphism determined by X7 — Spec k. Then the
composite morphism

Tgy.me,1 O Cy - OpPeCk — My 4

determines a smooth pointed stable curve
Zy*t =2y, Dzy = {z})

over k. Note that o(Z}*) = 0. Let P, ¢, = P} for eachi € {1,...,q}, Dp, . aset of dis-
tinct closed points {.xl’.ci’ $27Ci}u{x€2j<inv’cj)+1, e a$2j9nu,cj} of P, if i e{l,...,q—
1}, Dp, ., aset of distinct closed points {z1,¢, } U{zx nuo )+ T nv,C‘j} of P, ¢,
Then we obtain a pointed stable curve

Jj<q

'U.,CZ‘ = (PU,CN DPu,ci)a (AS {17 e 7Q}7
and a pointed stable curve

. def s def
ZU = (ZU = Zv,DZU = {Zv} U {$(ZCEE51 o)1y - - - ,Z‘nv})
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identifying z,, x2.c,, @ € {1,...,q¢—1}, with 21 ¢, 21¢,,,, © € {1,...,q¢— 1}, respectively.
Thus, we obtain a pointed stable curve

XU‘,S = (X'U,SJ DX’U,S)

of type (gy,ny) over k which determines a classifying morphism ¢, s : Speck — ﬂgmnv.
Moreover, we write g, s for the image of the composite morphism

Spec k iy Mgy, ny — My, .
The construction of X, implies that the curve corresponding to the composite morphism
Tgyme,1 © Cys 1 SPeCck — Mgv,l

is k-isomorphic to Z¢. This means that g, s is contained in the closure of ¢2#" in Mgmn,u.
This completes the proof of the proposition. O

In the remainder of the present paper, we assume that X°® is a component-generic
pointed stable curve over k. Then Proposition 6.3 implies that, for each v € v(I'xs),
(X2, m(v)) admits a (DEG). Moreover, we denote by II, 7 and II, s the admissible fun-
damental groups of X, - and X, respectively. Then II, 7 is naturally isomorphic to II,.

,87

By Remark 2.2.1 and [V, Théoréme 2.2 (b)], there is a specialization map
spg, : oz = 1.
Moreover, we obtain a continuous surjective homomorphism of maximal pro-p quotients
SPg, oy = 1,
where (—)? denotes the maximal pro-p quotient of (—). On the other hand, the special-
ization theorem of maximal prime-to-p quotients of admissible fundamental groups (cf.
[V, Théoreme 2.2 (c)]) implies that
sp’]’év : Hﬁ:ﬁ S
Let @, be an effective divisor on X, of degree (#FE.!)n such that Supp(Q,) C Dy,
and

Z ord,(Q,) =

zeD, ¢

n, if C € EZY
0, if CeE"

Write Q7 for Q, xg, Kg,, Q% for Q, xp, kg,, and @y, C € E>, for Q5N P,c. Then
we have deg(Q; o) =n, C € E7'. This means that

8( Z,C) = 17 Ce EU>1
Let £, 5 be a line bundle on X, 5 such that Q% = Oy, (—Q7). We put

def
EQE é BtQLT ® Ev,ﬁ-

Then we have the following proposition.

41



Proposition 6.4. The scheme @gcﬁ 15 the Raynaud-Tamagawa theta divisor associated
to SQ?

Proof. If #E>' < 1, then the proposition follows immediately from Theorem 4.3. We
may assume that #E>1 > 2. By Remark 4.2.1, @g _ is the Raynaud-Tamagawa theta

divisor associated to Eqyr (or &y satisfies (x)) if and only if there exists a line bundle Z,
on X, 5 of degree 0 such that [ v € @g _. This is equivalent to prove that there exists

a line bundle Z, 5 on X, 7 of degree 0 such that
Viesroz,.qn = dimg, (H' (Xog, Log ® Log)) = g + #E;" — 1

For each C' € EJ', let L, ¢ be a line bundle on P, ¢ such that L7 = Op, .(=Q} o),
and let
fz’,C : Yv.,C = (KJ,C?DYv,c*) — PU.,C = (P%C?DPI;,C)’

be the connected Galois admissible covering corresponding to the pair ([£,c], Q; ) over

kg, with Galois group Z/nZ, where Dp, . dof Dy, , N P,c. Then the kg, [4,]-module

H (Y, c,F,) ® kg, admits the following canonical decomp081t10n

Hé1t<Y;1,C7Fp) ® kg, = @ MU,C(i)a

where ¢ € p, acts on M, (i) as the ("-multiplication. By applying Theorem 4.3 and
Theorem 4.7, we may choose £, ¢, C € EJ!, such that

dimy,, (M, (1)) = 0.

If g, # 0, let Lz, be a non-trivial line bundle on Z, of degree 0 such that E?f = Oy,.
We denote by
12, Yz, = (Yz,, Dy,,) = 2 = (Zy, Dg,)

the connected Galois étale covering corresponding to the pair ([Lz,],0) over kg, with

Galois group Z/nZ, where D, o Dy, ,NZ,. Then the kg, [p,]-module H} (Yz,,F,)® kg,
admits the following canonical decomposition

]ii(}g%v @)kRu €£> A4Zv

1E€EZ/NL

where ( € u, acts on My, (i) as the (*-multiplication. By applying Theorem 4.3 and
Theorem 4.7, we may choose Lz, such that

dimkRv (sz(l)) =gy — L.

We denote Sp, . by P, c N X5 for each C € E;', and Sz, by Z, N A%, Then f3 .,
C e EZ' and [z, induce the following Galois admissible coverings

%0 *,0 — *,0 def
foe Yo = Yoo, f,6(Dp: ) = Pré = (Poo, Dp: . = Sp, o UDp, (), C€ B,
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and

f50 Yt = (Yo, [, (Dz:)) = Z2% = (Z,, Dz: = Sz, U Dy,)

over kg, with Galois group Z/nZ, respectively, where f, and fz, denote the under-
lying morphism induced by fy - and f3 , respectively. Note that the actions of Z/nZ
on f, 4(Sp,.), C € E7Y, and f;'(Sz,) are transitive, respectively. Then we may glue

v

{Y;,g}CEEil along {va( P.o)}oeps! that is compatible with the gluing of {P;,E*}CGEEI
that gives rise to Xy, if g, = 0, and glue {Y, 2} por and Y'* along {f, &(Sp, o) }oeps
and fZ (Sz,) that is compatible with the gluing of { P\ }ccpz1 U {Z;°} that gives rise
to X7 if g, # 0. Then we obtain a connected Galois adrms&ble covering

f;,s : y’;,s = (yv757 Dyv,s) — X'L).,S

over kg, with Galois group Z/nZ. Write I'ys = for the dual semi-graph of Y} and 7y,
for the Betti number of I'ys . The construction of Vy ; implies that

— (#Eil_l)(n_1)7 ifgv:O,
s T #E (n - 1), if g, # 0.

The k[w,)-module H} (Y, s, F,) ® kg, admits the following canonical decomposition

Hélt(yv,& ® kRv @ Mvs

1E€EZ/NZ

where ¢ € p, acts on M, (i) as the (*-multiplication. Moreover, we have a natural
k[p,]-submodule
H'(Tys,,Fy) @ kg, C Hy (Vo Fp) @ kg,

which admits a canonical decomposition

Hl(Fyv.’ ) ® kg, = @ Mryu RO

1E€EL/NZ

where ¢ € p, acts on Mr,, (i) as the ("-multiplication. Then we have
M, (1) = My, (1) @ Mpy;’s(l).

We see immediately that

0, if i =0,
dimy,, Mp,, (i) = #E;' =1, ifi#0and g, =0,
’ #E if i #£ 0 and g, # 0.

Thus, we obtain that
dimkRv (MU,S(I)) = Gv + #Ev>1 -1

On the other hand, since (p,n) = 1, the isomorphism sp’}’év : Hijﬁ = Hﬁis implies that,
by replacing R, by a finite extension of R,, there exists a finite morphism of pointed
stable curves

fq; : y; = (wayv) - Xv.
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over R, such that the restriction of f} on the special fibers is kg,-isomorphic to f; ., and
that the restriction of f; on the geometric generic fibers is a connected Galois admissible
covering

. ef .
f OR7EN : y (yv,m ‘Dyv 7;) d y XRU KRU - Xv,ﬁ

withe Galois group Z/nZ over Kg,. The kg, [u,]-module HY (Y, 7, F,) ® kg, admits the
following canonical decomposition

Hé1t<yv,ﬁu ® kRv @ M ’77

1€Z/NZ

where ¢ € pu, acts on M, () as the ¢*-multiplication. Write Hy;ﬁ C 5 and Hys  CII,
for the open normal subgroups corresponding to V; and Yy, respectively. Then the
surjection sp, : IT, 7 — II, s induces a surjection sp, y, : Ilys = Ilys .. Thus, we obtain a
surjection

Sy H};z;ﬁ - H&:S'

Since H3(Vor, Fp) ® kp, and HY (Y5, F,) ® kg, are semi-simple kg, [1t,]-modules, the
surjection spy 5, induces an injection M, (1) <> M, z(1). This implies that

dimy,, (My7(1)) > go + #E; ' — 1.

Write £, ; for the line bundle on &, 5 corresponding to J, 7. Then Lemma 4.9 implies
that (L£,;)®" = Ou, . (—Q7). Moreover, we have

dimy,, (M,5(1)) = Ve 1.0 < dimg, (HY (Xom, L, 7)) = g + #E;' — 1.
Then we obtain that
dimy,, (My57(1)) = e, 1@ dimz, (H' (X5, L7) = 9o+ #E; —

def

Let 7,5 = E 7 ® E’ . Note that Z, 5 is a line bundle on X, 5 of degree 0. Then we

have
NievmeToal@D ~ L, QD
= dimg, (H'(X, 5, L, ;) = dimg, (H'(X,5, Loy @ Lp5)) = go + #E;1 — 1
This completes the proof of the proposition. O]
Remark 6.4.1. Proposition 6.4 gives a positive answer of Problem of Remark 4.7.1 under

certain assumptions of divisors. On the other hand, we may pose a generalized version of
Tamagawa’s problem as follows.

Problem . We maintain the notation introduced in Remark 4.7.1. Suppose that X* is
a component-generic smooth pointed stable curve over k. Let ([L],D) be an arbitrary

element of Pxe . Suppose that deg(DW) > deg(D) holds for each i € {0,1,...,t —1}.
Does the Raynaud-Tamagawa theta divisor O, associated to Ep exist?
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6.2 A formula for the limits of p-averages

In this subsection, we prove the second main theorem of the present paper. First, we have
the following proposition.

Proposition 6.5. Suppose that X*® is a component-generic pointed stable curve over k.
Then we have

1. (X;—Iv n) 07 Zf vE Vtre gU—O
B FOL O Z/Z) ~ \ go+#E — 1, ifv e o(lxe) \ VESS=,

Proof. We maintain the notation introduced in the proof of Proposition 4.10. Moreover,
Proposition 4.10 implies that we may assume that #FE>! > 2. Then

#(M, ® Z/nZ) =29, + > (npc—1).
Cemp(v)

Suppose that v € Vys#=". Then the proposition follows from Proposition 4.10 (i).
Suppose that v € v(I'xe) \ Va®=". Theorem 4.7 and Proposition 6.4 imply that

o(X},,) = (90 +#E = D)0 = Clg)n* ) T] (e (1 =N ) = 1)

CeE;!
> (go + #E>! — 1)(n2gu+ZC€Ev>1(m,c—1) _ C(gv)n%v—i—zcwgl(m,c—l)—l)
= (gy + #EU>1 _ 1)(n2gv+20@0(v)(nv,071) _ C(gv)n2gv+2c€ﬂo(v)(nv,Cfl)*l)_
Then Proposition 4.10 (ii) implies that

o(Xt,.)
lim

=g, +#E ' -1
M B0 w2z~ T

This completes the proof of the proposition. O

The second main theorem of the present paper is as follows, which is a formula of the
limits of p-averages without any assumptions of dual semi-graphs.

Theorem 6.6. Suppose that X*® is a component-generic pointed stable curve over k. Then
we have

Avip(Ilxe) = gx —rx — #o(Dxe) +#VEP T+ #ER + ) #E]

vev(Tye)

Proof. We denote by K, the kernel of the natural surjective homomorphism Ilyx. —»
113% @ Z/nZ. By applying similar arguments to the arguments given in the proof of
Theorem 5.2 imply that

dimg (K2> @ F,) Z dimg (H2> @ F,)
#(I13 @ Z/nZ) # (M, ®Z/nZ)
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tre ! :
+#EY + Z Z #(M, ® Z/nZ) #(1%. @ Z/nZ)

eeecl(FX.)\UUEH(FX.)E vEV FX.

Thus, Proposition 6.5 implies that

Avr,(Txe) = > (9o + #EZ' — 1) + #E%

vev(Pxe) s.t. (g, #E71)#(0,0)

S get D HET —Hu(Txe) + #VET0 + B

vev(Tye) vev(Tye)
=gx —rx — #v(l'xe) + HV =0 L g ptre | Z #E7T
vev(Txe)
This completes the proof of the theorem. n

Remark 6.6.1. We can also prove Theorem 6.6 by applying Theorem 5.2 directly (i.e.,
without using the existence of Raynaud-Tamagawa theta divisors). Let us explain the
arguments in this remark.

Suppose that X*® is a component-generic pointed stable curve over k. Then there
exists a complete discrete valuation ring R with algebraically closed residue field kg of
characteristic p > 0 and a pointed stable curve X* = (X, Dy) over R such that the
following conditions are satisfied:

(i) Write A = (X;, Dx,) for the generic fiber X* xz K. Then each point of
Xsine is K p-rational.

(ii) There is an algebraically closed field &' O k such that k£’ contains the
quotient field K of R, and that, by replacing k by &' and X*® by X*® x; ¥/,
X* is k-isomorphic to X7 X, k.

(iii) By replacing k by k' and X*® by X* x; k', we assume that &' = k. Write
Lxs for the dual semi-graph of X;. Note that I xs can be naturally identified
with ['xe via the k-isomorphism X*® 2, X% X, k. For each v € U(FX?;), write
X, for the irreducible component of &, corresponding to v and ')?v,n for the

smooth compactification of Uy, &of v\ XSf;;g. We define a smooth pointed

stable curve of type (g,,n,) to be
Aoy = (X, Dz, < (D, N X)) U (X \ Uk, )

over K. Then we have that )?v.,n X i k 1s k-isomorphic to )?;, and that the
reduction of ./'Ej'n over R satisfies the (DEG) (iii) defined in Section 6.1.

(iv) Write K for the algebraic closure of Kg in k and X3 = (X, Da,) for
the geometric generic fiber X* xp K of X*. Then X*® is k-isomorphic to

X*® X, k. Moreover, we write I'ye for the dual semi-graph of A7. Note that
r xs can be naturally identified w1th r X
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Write Il and II; for the admissible fundamental groups of A7 and X7, respectively. Let
us compute Avr,(Il;). Note that the construction of X implies that, for each w € v(I'xs),
we have #FE>! < 1. Thus, by applying Theorem 5.2, we obtain that

Avr,(ILy) = gx —rx — #v(Lxs) + #V}Ee,gvzo + #ERE; + Z HE>L.

wev(lxe)

Moreover, the construction of X implies that

BoTas) = > (HEI+1)+ 3 HE; '+ >

va(FX%) s.t. gu#0 vEV(Tyo) s.t. gp=0,4E1#0 vEV(Tye) s.t. go=0,#E;1=0
n n
>1 >1
’UE’U(FX%) s.t. gu#0 vEV(L yo) s.t. gu=0,#E71#0
7

tre,g,=0 tre,g,=0
#VXSO v — #VX% v ’

Z #E>1 Z #E>1,

wev(l ye) WGW(FX%)
tre __ tre >1 >l
#E: = #E5s + > #ET 4 > (H#EZ'—1).
vEV(e) st g0 vEu(T ) s:t. gu=0,#E7 !0

Thus, we have

Avry(ILy) = gx —rx — #v(Lxs) + #V;{.e,gvzo + #EB;; + Z $E>!

wev(lxe)
= 9x _TX_#U(FX%) - Z #Eil - Z (#Eil -1)
vev(Fx:) s.t. gu7#0 vEU(I‘X%) st. gu=0,#EZ1#£0

+#vtre,gv—0+#Etre

+ Y #EN!+ > HE' -1+ Y #E

vev(lxe) st go70 vev(Tye) s.t. go=0,#E7 10 wev(lye)
n

=gx —rx — #v(las) + #V;tc;:e’gvfo + #Etre + Z H#E]!

vEV FX‘)

=gx —rx — #v(Dxe) + HVESO L #$EV + Y H#ET

vev(Ixe)

On the other hand, since Il is naturally (outer) isomorphic to ITx., we obtain 75 (Ilxs) =
Yo (1), Moreover, Since e and X? are same types, we have a specialization map

spg : 1z — 1L,.
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Then we have
Yoo (Hxe) = v, () > 57 (1),
This means that

lim inf 2% (1) > gx — rx — #v(Cxe) + HVTO9=0 L A phe 4 Z #E7

t—00
vev(Ixe)

where liminf(—) denotes the limit infimum of (—). Thus, Theorem 5.2 implies that
Avr,(Ilx.) exists, and that

Avry(Ixe) = gx —rx — #o(Dxe) + #VESO + #ER + > #E

vev(Iye)

This completes the proof of Theorem 6.6.
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