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Abstract

In the present paper, we study fundamental groups of curves in positive char-
acteristic. Let X• be a pointed stable curve of type (gX , nX) over an algebraically
closed field of characteristic p > 0, ΓX• the dual semi-graph of X•, and ΠX• the
admissible fundamental group of X•. In the present paper, we study a kind of
group-theoretical invariant Avrp(ΠX•) associated to the isomorphism class of ΠX•

called the limit of p-averages of ΠX• , which plays a central role in the theory of
anabelian geometry of curves over algebraically closed fields of positive characteris-
tic. Without any assumptions concerning ΓX• , we give a lower bound and a upper
bound of Avrp(ΠX•). In particular, we prove an explicit formula for Avrp(ΠX•) un-
der a certain assumption concerning ΓX• which generalizes a formula for Avrp(ΠX•)
obtained by A. Tamagawa. Moreover, if X• is a component-generic pointed stable
curve, we prove an explicit formula for Avrp(ΠX•) without any assumptions con-
cerning ΓX• , which can be regarded as an averaged analogue of the results of S.
Nakajima, B. Zhang, and E. Ozman-R. Pries concerning p-rank of abelian étale
coverings of projective generic curves for admissible coverings of component-generic
pointed stable curves.
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1 Introduction

In the present paper, we study admissible fundamental groups of pointed stable curves
over algebraically closed fields of positive characteristic. Let

X• = (X,DX)

be a pointed stable curve of type (gX , nX) over an algebraically closed field k. Here X
denotes the underlying curve of X•, and DX denotes the set of marked points of X•.
Write UX for X \DX , ΓX• for the dual semi-graph of X•, v(ΓX•) for the set of vertices
of ΓX• , and rX for the Betti number of ΓX• . Moreover, by choosing a suitable base point
of X•, we obtain the admissible fundamental group

ΠX•

of X• (cf. Definition 2.2). In particular, ΠX• is naturally (outer) isomorphic to the tame
fundamental group πt

1(UX) if X
• is smooth over k.

Write Πp′

X• for the maximal prime-to-p quotient of Πp′

X• if the characteristic char(k) of
k is p > 0. We denote by

Π
def
=

{
ΠX• , if char(k) = 0,

Πp′

X• , if char(k) = p > 0.

Then the structures of Π are well-known, which are isomorphic to the profinite completion
and the maximal prime-to-p quotient of the profinite completion of the following free group
(cf. [G, XIII.2.12], [V, Théorème 2.2 (c)])

⟨a1, . . . , agX , b1, . . . , bgX , c1, . . . , cnX
|

gX∏
i=1

[ai, bi]

nX∏
j=1

cj = 1⟩

if char(k) = 0 and char(k) = p, respectively. In particular, ΠX• and Πp′

X• are free
profinite groups with 2gX + nX − 1 generators if nX > 0 and with 2gX generators if
nX = 0. Note that we cannot determine whether UX is affine (i.e., nX ̸= 0) or not group-
theoretically from the isomorphism class of Π. Moreover, (gX , nX) cannot be determined
group-theoretically from the isomorphism class of Π.

If char(k) = p > 0, ΠX• is very mysterious, and the structure of ΠX• is no longer
known. In the remainder of the introduction, we assume that char(k) = p > 0. First,
since all the admissible coverings in positive characteristic can be lifted to characteristic
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0 (cf. [V, Théorème 2.2 (a)]), we obtain that ΠX• is topologically finitely generated.
Then the isomorphism class of ΠX• is determined by the set of finite quotients of ΠX•

(cf. [FJ, Proposition 16.10.6]). Moreover, the theory developed in [T1] and [Y1] implies
that the isomorphism class of X• as a scheme can possibly be determined by not only
the isomorphism class of ΠX• as a profinite group but also the isomorphism class of the
maximal pro-solvable quotient of ΠX• as a profinite group. Then we may ask the following
question.

Which finite solvable group can appear as a quotient of ΠX•?

Let H ⊆ ΠX• be an arbitrary open normal subgroup and X•
H = (XH , DXH

) the pointed
stable curve of type (gXH

, nXH
) over k corresponding to H. We have an important invari-

ant associated to X•
H (or H) called p-rank (or Hasse-Witt invariant) which is defined to

be
σ(X•

H)
def
= dimFp(H

ab ⊗ Fp),

where (−)ab denotes the abelianization of (−). Note that we have σ(X•
H) ≤ gXH

. Roughly
speaking, σ(X•

H) controls the finite quotients of ΠX• which are extensions of the group
ΠX•/H by p-groups. Since the structures of maximal prime-to-p quotients of admissible
fundamental groups have been known, in order to solve the question mentioned above,
we need compute the p-rank σ(X•

H) when ΠX•/H is abelian. If ΠX•/H is a p-group,
then σ(X•

H) can be computed by applying the Deuring-Shafarevich formula (cf. [C]).
If ΠX•/H is not a p-group, the situation of σ(X•

H) is very complicated. The Deuring-
Shafarevich formula implies that, to compute σ(X•

H), we only need to assume that ΠX•/H
is a prime-to-p group.

Suppose that nX = 0 (i.e., X• = X), and that X• is smooth over k. If X• is a curve
corresponding to a geometric generic point of moduli space (i.e., a geometric generic
curve), S. Nakajima (cf. [N]) proved that, if ΠX•/H is a cyclic group with a prime-to-p
order, then σ(X•

H) attains the maximum gXH
(i.e., X•

H is ordinary). Moreover, B. Zhang
(cf. [Z]) extended Nakajima’s result to the case where ΠX•/H is an arbitrary abelian
group. Recently, E. Ozman and R. Pries (cf. [OP]) generalized Nakajima’s result to the
case where ΠX•/H is a cyclic group with a prime order distinct from p, and X• is a curve
corresponding to an arbitrary geometric point of p-rank stratas of moduli space. Let n ∈ N
such that (n, p) = 1. In other words, the results of Nakajima, Zhang, and Ozman-Pries
show that, for each connected Galois étale covering of X• with Galois group Z/nZ, the
generalized Hasse-Witt invariants (cf. [N]) associated to non-trivial characters of Z/nZ
attain the maximum gX − 1 except for the eigenspaces associated with eigenvalue 1. In
particular, every cyclic connected Galois étale covering with a prime order distinct from
p is new-ordinary. However, if X• is not geometric generic, σ(X•

H) cannot be computed
explicitly in general. On the other hand, M. Raynaud (cf. [R]) developed his theory of
theta divisors and proved that, if n >> 0, then the generalized Hasse-Witt invariants
attain the maximum gX − 1 for almost all of the connected Galois étale coverings of X•

with Galois group Z/nZ. This means that

lim
n→∞

#Revétn,gX−1(X
•)

#Revétn (X
•)

= 1 and lim
n→∞

#(Revétn (X
•) \ Revétn,gX−1(X

•))

#Revétn (X
•)

= 0
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hold, where Revétn (X
•) denotes the set of connected Galois étale coverings of X• with

Galois group Z/nZ, and Revétn,gX−1(X
•) ⊆ Revétn (X

•) denotes the set of connected Galois
étale coverings of X• with Galois group Z/nZ whose generalized Hasse-Witt invariants
corresponding to the eigenspaces associated with eigenvalue ζn attain the maximum gX−1,
where ζn is a primitive nth root. In particular, when n = ℓ ̸= p is a prime number, there
exists a new-ordinary connected Galois étale covering of X• with Galois group Z/ℓZ
(cf. [R, Théorème 4.3.1]). Moreover, as a consequence, Raynaud obtained that ΠX•

is not a prime-to-p profinite group. This is the first deep result concerning the global
structures of étale fundamental groups of projective curves over algebraically closed fields
of characteristic p > 0.

Suppose that nX ≥ 0, and that X• is smooth over k. The computations of generalized
Hasse-invariants of admissible coverings of X• (i.e., tame coverings of X•) are much more
difficult than the case where nX = 0. Note that the results of Nakajima, Zhang, and
Ozman-Pries do not hold for tame coverings in general, and that the generalized Hasse-
Witt invariants of each Galois admissible coverings of X• with Galois group Z/nZ are
less than gX +nX − 1. In the remainder of the introduction, let t be an arbitrary positive
natural number and n = pt−1. For each Galois admissible covering Y • → X• with Galois
group Z/nZ, the Kummer theory implies that there exists a line bundle L on X such that
L⊗n ∼= OX(−D), where D is an effective divisor on X whose support is contained in DX ,
and whose degree is deg(D) = s(D)n. Here we have

0 ≤ s(D) ≤
{

0, if nX = 0,
nX − 1, if nX ≥ 1.

A. Tamagawa observed that Raynaud’s theory of theta divisors can be generalized to the
case of tame coverings, and established a theory of ramified version of Raynaud’s theta
divisors when s(D) ≤ 1. By applying the theory of theta divisors, Tamagawa proved that,
if n >> 0, nX > 1, and s(D) = 1, then the generalized Hasse-Witt invariants are equal
to gX for almost all of the Galois admissible coverings of X• with Galois group Z/nZ.
Furthermore, he introduced a kind of group-theoretical invariant associated to ΠX• called
the limit of p-averages (see also Definition 2.4)

Avrp(ΠX•)
def
= lim

t→∞

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

,

where Kn denotes the kernel of the natural continuous surjective homomorphism ΠX• ↠
Πab
X• ⊗ Z/nZ, and proved the following formula (cf. [T1, Theorem 0.5]).

Theorem 1.1. Suppose that X• is smooth over k. Then we have

Avrp(ΠX•) =

{
gX − 1, if nX ≤ 1,
gX , if nX > 1.

Remark 1.1.1. Theorem 1.1 implies immediately that (gX , nX) can be reconstructed
group-theoretically from the isomorphism class of ΠX (cf. [T1, Theorem 0.1]). Moreover,
as an application, Tamagawa proved that the weak Isom-version of the Grothendieck
conjecture for curves over algebraically closed fields of characteristic p > 0 (=Weak Isom-
version Conjecture) holds when g = 0 and X• is smooth over an algebraic closure of Fp
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(cf. [T1, Theorem 0.2]). This means that the isomorphism class of UX as a scheme can be
determined group-theoretically from the isomorphism class of ΠX• as a profinite group.
The original anabelian conjectures of A. Grothendieck require the using of the highly
non-trivial outer Galois actions induced by the fundamental exact sequences of étale (or
tame) fundamental groups. Weak Isom-version Conjecture shows evidence for very strong
anabelian phenomena for curves over algebraically closed fields of characteristic p > 0. In
this situation, the Galois group of the base field is trivial, and étale (or tame) fundamental
group coincides with the geometric fundamental group, thus in a total absence of a Galois
action of the base field. This kind of anabelian phenomena go beyond Grothendieck’s
anabelian geometry, and shows that the tame fundamental group of a smooth pointed
stable curve over an algebraically closed field must encode moduli of the curve. On the
other hand, in the case of algebraically closed fields of characteristic 0, since the geometric
fundamental groups of curves depend only on the types of curves, (gX , nX) cannot be
reconstructed group-theoretically from the isomorphism class of ΠX , and the anabelian
geometry of curves does not exist in this situation.

Let us return to the case where X• is an arbitrary pointed stable curve over k. Fur-
thermore, the following theorem was proved essentially by Tamagawa (cf. [T2, Theorem
3.10], Remark 5.2.1 and Remark 5.2.2 of the present paper), which is a generalized version
of Theorem 1.1 to the case of pointed stable curves under certain assumptions of dual
semi-graphs (see Definition 5.1 for the definitions of V tre

X• and Etre
X•). This theorem is a

key step toward proving a theorem concerning resolution of non-singularities (cf. [T2,
Theorem 0.2]).

Theorem 1.2. Suppose that Γcpt
X• is 2-connected (cf. Definition 2.1). Then we have

Avrp(ΠX•) = gX − rX −#V tre
X• +#Etre

X• .

Remark 1.2.1. Theorem 1.2 means that, if n >> 0, the generalized Hasse-Witt invari-
ants are equal to gX−rX−#V tre

X• +#Etre
X• for almost all of the Galois admissible coverings

of X• with Galois group Z/nZ. This means that

lim
n→∞

#Revadmn,Avrp(ΠX• )(X
•)

#Revadmn (X•)
= 1 and lim

n→∞

#(Revadmn (X•) \ Revadmn,Avrp(ΠX• )(X
•))

#Revadmn (X•)
= 0

hold, where Revadmn (X•) denotes the set of Galois admissible coverings of X• with Galois
group Z/nZ, and Revadmn,Avrp(ΠX• )(X

•) ⊆ Revadmn (X•) denotes the set of Galois admissible
coverings of X• with Galois group Z/nZ whose generalized Hasse-Witt invariants corre-
sponding to the eigenspaces associated with eigenvalue ζn are equal to Avrp(ΠX•), where
ζn is a primitive nth root.

Remark 1.2.2. Let v ∈ v(ΓX•). Write Xv for the irreducible component of X corre-

sponding to v and X̃v for the smooth compactification of UXv

def
= Xv \Xsing

v , where (−)sing

denotes the singular locus of (−). We define a smooth pointed stable curve of type (gv, nv)
to be

X̃•
v = (X̃v, DX̃v

def
= (DX ∩Xv) ∪ (X̃v \ UXv)).
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We denote by Πv the admissible fundamental group of X̃•
v . Then we have a homomorphism

ϕv : Π
ab
v → Πab

X• induced by the natural (outer) injective homomorphism Πv ↪→ ΠX• . Note
that ϕv is not an injection in general. The key of the proof of Theorem 1.2 is to prove that
ϕv is an injection for each v ∈ v(ΓX•) when Γcpt

X• is 2-connected (cf. [T2, Proposition 3.4]
or Corollary 3.5 of the present paper). This means that each Galois admissible covering

of X̃•
v with Galois group Z/nZ can be extended to a Galois admissible covering of X•

with Galois group Z/nZ. Then Theorem 1.2 follows immediately from Theorem 1.1.

Remark 1.2.3. Let H ⊆ ΠX• be an open normal subgroup. When the base field is an
arithmetic field (e.g. a finite field, a p-adic field, and a number field among other things),
the monodromy filtration (or the weight filtration) associated to Hab can be reconstructed
by using the theory of weight (e.g. Weil conjecture for abelian varieties, Hodge-Tate
theory, weight-monodromy conjecture for curves). The reconstructions of monodromy
filtrations plays a central role in the proofs of the main conjectures (=combinatorial
Grothendieck conjectures) of the theory of combinatorial anabelian geometry introduced
by S. Mochizuki. When the base field is an algebraically closed field of characteristic
p > 0, the author observed that the following.

The set of limits of p-averages

{Avrp(H) | H ⊆ ΠX• is an open normal subgroup

for which Avrp(H) exists}
plays a role of (outer) Galois actions in the theory of the anabelian geometry
of curves over algebraically closed fields of characteristic p > 0 (i.e., we can
reconstruct the monodromy filtration (or the weight filtration) associated to
Hab by using the limit of p-average Avrp(H)).

Moreove, by applying Theorem 1.2, the author proved the combinatorial Grothendieck
conjecture for curves over algebraically closed fields of characteristic p > 0 (cf. [Y1,
Theorem 1.2], [Y3, Theorem 0.5]), and generalized Tamagawa’s result concerning Weak
Isom-version Conjecture to the case of (possibly singular) pointed stable curves (cf. [Y1,
Theorem 1.3], [Y3, Corollary 0.6]).

Next, let us explain another motivation of the theory developed in the present paper.
Since (gX , nX) can be reconstructed group-theoretically from the isomorphism class of
ΠX• , Weak Isom-version Conjecture can be reformulated from the point of view of mod-
uli spaces (cf. [Y2]). Then Weak Isom-version Conjecture means that the moduli spaces
of curves can be reconstructed group-theoretically as sets from the isomorphism classes
of admissible fundamental groups of curves. However, Weak Isom-version Conjecture
cannot tell us any further information about moduli spaces (e.g. topological structure).
In [Y2], the author posed a new conjecture which is called the weak Hom-version of the
Grothendieck conjecture for curves over algebraically closed fields of characteristic p > 0
(=Weak Hom-version Conjecture). Roughly speaking, Weak Hom-version Conjecture
means that the moduli spaces of curves can be reconstructed group-theoretically as topo-
logical spaces from the sets of continuous open homomorphisms of admissible fundamental
groups of curves with a fixed type.
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Let X•
i , i ∈ {1, 2}, be a pointed stable curve of type (gX , nX) over an algebraically

closed field ki of characteristic p > 0 and ΠX•
i
the admissible fundamental group of

X•
i . The first step toward proving Weak Hom-version Conjecture is to prove that each

continuous open surjective homomorphism ϕ : ΠX1 → ΠX2 induces a morphism of semi-
graphs of anabelioids (cf. [M3] for the definition of semi-graphs of anabelioids) associated
to X•

i . In order to prove this, we have the following key observation.

The set of inequalities of the limit of p-averages

{Avrp(ϕ−1(H2)) ≥ Avrp(H2) | H2 ⊆ ΠX•
2
is an open normal subgroup

for which the inequality is satisfied}

induced by the surjection ϕ plays a role of the comparability of (outer) Galois
actions in the theory of the anabelian geometry of curves over algebraically
closed fields of characteristic p > 0.

Let H2 be an arbitrary open normal subgroup of ΠX•
2
, H1

def
= ϕ−1(H2), X

•
Hi
, i ∈ {1, 2},

the pointed stable curve over ki corresponding to Hi, and ΓX•
Hi

the dual semi-graph of

X•
Hi
. Since Γcpt

X•
Hi

, i ∈ {1, 2}, is not 2-connected in general even in the case where Γcpt
X•

i
is 2-

connected, we cannot use Theorem 1.2 to compute Avrp(Hi). Thus, we need a generalized
version of Theorem 1.2.

For each v ∈ v(ΓX•), we introduce two sets E>1
v and E=1

v associated to v which only
depend on ΓX• and v (cf. Definition 3.3). The first main theorem of the present paper
is the following (cf. Theorem 5.2), which gives a lower bound and a upper bound of the
generalized Hasse-Witt invariants for almost all of the Galois admissible coverings of an
arbitrary pointed stable curve X• with Galois group Z/nZ when n >> 0 (see Definition
5.1 for the definition of V tre,gv=0

X• ).

Theorem 1.3. We have

gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• −

∑
v∈v(ΓX• ) s.t. #E>1

v >1

gv

≤ lim sup
t→∞

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

≤ gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v ,

where lim sup(−) denotes the limit superior of (−). In particular, if #E>1
v ≤ 1 for each

v ∈ v(ΓX•), then we have

Avrp(ΠX•) = gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• −

∑
v∈v(ΓX• ) s.t. #E>1

v >1

gv

= gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v

= gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• .
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Remark 1.3.1. Since the condition that #E>1
v ≤ 1 for each v ∈ v(ΓX•) is weaker than

the condition that Γcpt
X• is 2-connected, Theorem 1.3 is a generalized version of Theorem

1.2 (cf. Remark 5.2.1).

To verify Theorem 1.3, first, we give an explicit description of the image ϕv : Π
ab
v →

Πab
X• for each v ∈ v(ΓX•) (cf. Proposition 3.4). Then we obtain an explicit description

of the set of the Galois admissible coverings of X̃•
v , v ∈ v(ΓX•), with Galois group Z/nZ

which can be extended to a Galois admissible covering of X• with Galois group Z/nZ.
Moreover, we can compute the generalized Hasse-Witt invariants of the Galois admissible
coverings contained in the set, and obtain the lower bound and the upper bound of
Theorem 1.3. On the other hand, we do not know whether Avrp(ΠX•) can attain the
upper bound or not in general. The main difficulty is as follows. Let v ∈ v(ΓX•) and Lv
a line bundle on X̃v such that L⊗n

v
∼= OX̃v

(−Dv), where Dv is an effective divisor on X̃v

of degree
deg(Dv) = s(Dv)n

whose support is contained in DX̃v
. We do not know whether or not the Raynaud-

Tamagawa theta divisor concerning Dv exists in general (if s(Dv) = 0 or s(Dv) = 1,
the existence was proved by Raynaud and Tamagawa, respectively). In fact, there is an
example that the Raynaud-Tamagawa theta divisor concerning to Dv does not exist when
s(Dv) ≥ 2 (cf. Remark 4.7.1). Thus, we cannot use the theory of theta divisors to compute

the cardinality of the set of the Galois admissible coverings of X̃•
v , v ∈ v(ΓX•), with Galois

group Z/nZ whose generalized Hasse-Witt invariants are equal to gX +#E>1
v − 1.

On the other hand, if X• is a component-generic pointed stable curve over k (i.e.,

X̃•
v , v ∈ v(ΓX•), is a geometric generic curve of p-rank stratas of moduli space (cf.

Definition 6.2)), we prove that the Raynaud-Tamagawa theta divisor concerning Dv exists
under a certain assumption concerning Dv (cf. Proposition 6.4). Then we obtain the
following formula of Avrp(ΠX•) for component-generic pointed stable curves without any
assumptions of dual semi-graphs, which is the second main theorem of the present paper
(cf. Theorem 6.6).

Theorem 1.4. Suppose that X• is a component-generic pointed stable curve over k. Then
we have

Avrp(ΠX•) = gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

Remark 1.4.1. Theorem 1.4 means that, if n >> 0, the generalized Hasse-Witt invari-
ants attain the upper bound for almost all of the Galois admissible coverings of X• with
Galois group Z/nZ. Then Theorem 1.4 can be regarded as an averaged analogue of the
results of Nakajima, Zhang, and Ozman-Pries for admissible coverings of pointed stable
curves.

The present paper is organized as follows. In Section 2, we fix some notation and give
some definitions which will be used in the present paper. In Section 3, we analyze images
and kernels of homomorphisms between the abelianizations of admissible fundamental
groups. In Section 4, we compute the limits of p-averages of images of homomorphisms
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between the abelianizations of admissible fundamental groups. In Section 5, we prove the
first main theorem of the present paper. In Section 6, we prove the second main theorem
of the present paper.
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2 Preliminaries

In this section, we recall some definitions and results which will be used in the present
paper.

Definition 2.1. Let G def
= (v(G), ecl(G) ∪ eop(G), {ζGe }e∈e(G)) be a semi-graph (cf. [M3,

Section 1]). Here, v(G), ecl(G), eop(G), and {ζGe }e∈e(G) denote the set of vertices of G, the
set of closed edges of G, the set of open edges of G, and the set of coincidence maps of
G, respectively.

We define an one-point compactification Gcpt of G as follows: if eop(G) = ∅, we set

Gcpt = G; otherwise, the set of vertices of Gcpt is v(Gcpt)
def
= v(G)

⨿
{v∞}, the set of closed

edges of Gcpt is ecl(Gcpt)
def
= ecl(G)∪ eop(G), the set of open edges of G is empty, and each

edge e ∈ eop(G) ⊆ e(Gcpt) connects v∞ with the vertex that is abutted by e.
Let v ∈ v(G). We shall say that G is 2-connected at v if G \ {v} is either empty or

connected. Moreover, we shall say that G is 2-connected if G is 2-connected at each v ∈
v(G). Note that, if G is connected, then Gcpt is 2-connected at each v ∈ v(G) ⊆ v(Gcpt)
if and only if Gcpt is 2-connected.

Let k be an algebraically closed field and

X• = (X,DX)

a pointed stable curve of type (gX , nX) over k. Here, X denotes the underlying curve of
X•, and DX denotes the set of marked points of X•. Write ΓX• for the dual semi-graph
of X•, Πtop

X• for the profinite completion of the topological fundamental group of ΓX• , and

rX
def
= dimQ(H

1(ΓX• ,Q)) for the Betti number of the semi-graph ΓX• . Let v ∈ v(ΓX•)
and e ∈ ecl(ΓX•) ∪ eop(ΓX•). We shall write Xv for the irreducible component of X
corresponding to v, write xe for the node corresponding to e of X if e ∈ ecl(ΓX•), and
write xe for the marked point corresponding to e of X if e ∈ eop(ΓX•).
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Definition 2.2. Let Y • = (Y,DY ) be a pointed stable curve over k and f • : Y • → X• a
morphism of pointed stable curves over k.

We shall say f • a Galois admissible covering over k (or Galois admissible covering for
short) if the following conditions are satisfied:

(i) there exists a finite group G ⊆ Autk(Y
•) such that Y •/G = X•, and f • is

equal to the quotient morphism Y • → Y •/G;

(ii) for each y ∈ Y sm \DY , f
• is étale at y, where (−)sm denotes the smooth

locus of (−);

(iii) for any y ∈ Y sing, the image f •(y) is contained in Xsing, where (−)sing

denotes the set of singular points of (−);

(iv) for each y ∈ Y sing, the local morphism between two nodes induced by f •

may be described as follows:

ÔX,f•(y)
∼= k[[u, v]]/uv → ÔY,y

∼= k[[s, t]]/st
u 7→ sn

v 7→ tn,

where (n, char(k)) = 1 if char(k) > 0; moreover, write Dy ⊆ G for the decom-
position group of y and #Dy for the cardinality of Dy; then τ(s) = ζ#Dys and
τ(t) = ζ−1

#Dy
t for each τ ∈ Dy, where ζ#Dy is a primitive #Dy-th root of unit,

and #(−) denotes the cardinality of (−);

(v) the local morphism between two marked points induced by f • may be
described as follows:

ÔX,f•(y)
∼= k[[a]] → ÔY,y

∼= k[[b]]
a 7→ bm,

where (m, char(k)) = 1 if char(k) > 0 (i.e., a tamely ramified extension).

Moreover, we shall say f • an admissible covering if there exists a morphism of pointed
stable curves (f •)′ : (Y •)′ → Y • over k such that the composite morphism f • ◦ (f •)′ :
(Y •)′ → X• is a Galois admissible covering over k. One can check easily that the definition
of admissible covering coincides with the definition of [M1, §3.9 Definition] when the base
scheme is k.

Let Z• be a disjoint union of finitely many pointed stable curves over k. We shall say
a morphism f •

Z• : Z• → X• over k multi-admissible covering if the restriction of f •
Z• to

each connected component of Z• is admissible. For any category C , we write Ob(C ) for
the class of objects of C , and write Hom(C ) for the class of morphisms of C . We denote
by

Covadm(X•)
def
= (Ob(Covadm(X•)),Hom(Covadm(X•)))

the category which consists of the following data: (i) Ob(Covadm(X•)) consists of an
empty object and all the pairs (Z•, f •

Z• : Z• → X•), where Z• is a disjoint union of
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finitely many pointed stable curves over k, and f •
Z• is a multi-admissible covering over k;

(ii) for any (Z•, f •
Z•), (Y •, f •

Y •) ∈ Ob(Covadm(X•)), we define

Hom((Z•, f •
Z•), (Y •, f •

Y •))
def
= {g• ∈ Homk(Z

•, Y •) | f •
Y • ◦ g• = f •

Z•},

where Homk(Z
•, Y •) denotes the set of k-morphisms of pointed stable curves. By applying

[M1, §3.11 Proposition] and the theory of Kummer log étale coverings, we may see that
Covadm(X•) is a Galois category. Thus, by choosing a base point x ∈ Xsm\DX , we obtain
a fundamental group πadm

1 (X•, x) which is called the admissible fundamental group of X•.
For simplicity of notation, we omit the base point and denote the admissible fundamental
group by ΠX• . Write Πét

X• for the étale fundamental group of the underlying curve X of
X•. Note that we have the following natural continuous surjective homomorphisms (for
suitable choices of base points)

ΠX• ↠ Πét
X• ↠ Πtop

X• .

For more details on the theory of admissible coverings and admissible fundamental
groups for pointed stable curves, see [M1], [M2].

Remark 2.2.1. Let MgX ,nX
be the moduli stack of pointed stable curves of type (gX , nX)

over SpecZ and MgX ,nX
the open substack of MgX ,nX

parametrizing smooth pointed

stable curves. Write Mlog

gX ,nX
for the log stack obtained by equipping MgX ,nX

with the

natural log structure associated to the divisor with normal crossings MgX ,nX
\MgX ,nX

⊂
MgX ,nX

relative to SpecZ.
The pointed stable curve X• over k induces a morphism Spec k → MgX ,nX

. Write

slogX for the log scheme whose underlying scheme is Spec k, and whose log structure is
the pulling-back log structure induced by the morphism Spec k → MgX ,nX

. We obtain

a natural morphism slogX → Mlog

gX ,nX
induced by the morphism Spec k → MgX ,nX

and

a stable log curve X log def
= slogX ×Mlog

gX,nX

Mlog

gX ,nX+1 over slogX whose underlying scheme

is X. Let Y log → X log be an arbitrary Kummer log étale covering. One can prove
that there exists a Kummer log étale covering tlogX → slogX such that Y log ×slogX

tlogX →
X log ×slogX

tlogX is a log admissible covering (cf. [M1, §3.5 Definition]) over tlogX . Then the

admissible fundamental group ofX• does not depend on the log structure ofX log, and [M1,
§3.11 Proposition] implies that the admissible fundamental group ΠX• of X• is naturally
isomorphic to the geometric log étale fundamental group of X log (i.e., ker(π1(X

log) →
π1(s

log
X ))).

Remark 2.2.2. If X• is smooth over k, by the definition of admissible fundamental
groups, then the admissible fundamental group of X• is naturally isomorphic to the tame
fundamental group of X \DX .

In the remainder of the present paper, we suppose that the characteristic of k is p > 0.

Definition 2.3. We define the p-rank (or Hasse-Witt invariant) of X• to be

σ(X•)
def
= dimFp(Π

ab
X• ⊗ Fp) = dimFp(Π

ét,ab
X• ⊗ Fp),

where (−)ab denotes the abelianization of (−).
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Remark 2.3.1. For each v ∈ v(ΓX•), write X̃v for the smooth compactification of Xv \
Xsing
v , where Xv denotes the irreducible component X corresponding to v. Then it is easy

to see that
σ(X•) = σ(X) =

∑
v∈v(ΓX• )

σ(X̃v) + rX .

Definition 2.4. Let t be an arbitrary positive natural number, n
def
= pt − 1, and Kn the

kernel of the natural surjective homomorphism ΠX• ↠ Πab
X•⊗Z/nZ. For each n, we define

the p-average of ΠX• to be

γavp,n(ΠX•)
def
=

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

.

Morever, we put

Avrp(ΠX•)
def
= lim

t→∞
γavp,n(ΠX•)

when the limit exists, and we shall say Avrp(ΠX•) the limit of p-averages of ΠX• .

Remark 2.4.1. We do not know whether Avrp(ΠX•) always exists or not in general. On
the other hand, let ℓ be a prime number distinct from p, m an arbitrary positive natural
number such that (p,m) = 1, and Km the kernel of the natural surjective homomorphism
ΠX• ↠ Πab

X• ⊗ Z/mZ. Then the limit of ℓ-average

lim
m→∞

dimFℓ
(Kab

m ⊗ Fℓ)
#(Πab

X• ⊗ Z/mZ)

of ΠX• always exists. In fact, to compute limm→∞ γavℓ,m(ΠX•), by applying the specializa-
tion theorem of the maximal prime-to-p quotients of admissible fundamental groups (cf.
[V, Théorème 2.2 (c)]), we may assume that X• is smooth over k. Thus, the Riemann-
Hurwitz formula implies that

lim
m→∞

dimFℓ
(Kab

m ⊗ Fℓ)
#(Πab

X• ⊗ Z/mZ)
= 2gX + nX − 2 = dimFℓ

(Πab
X• ⊗ Fℓ)− 1.

Let X•
v∞ = (Xv∞ , DXv∞ ) be a smooth pointed stable curve of type (gv∞ , nv∞) over k

such that gv∞ ≥ 2 and nv∞ = nX . Write Γv∞ for the dual semi-graph of X•
v∞ . If nX ̸= 0,

we fix a bijection DXv∞

∼→ DX . Then we may glue X• and X•
v∞ along the sets of marked

points DX and DXv∞ and obtain a stable curve X ′
∞ of type (gX + gv∞ + nX − 1, 0) over

k. We define a stable curve X∞ of type (gX∞ , 0) over k to be

X∞
def
=

{
X, if nX = 0,
X ′

∞, if nX ̸= 0.

Write ΠX∞ for the admissible fundamental group of X∞ and ΓX∞ for the dual graph of
X∞. Then we have a natural continuous (outer) injective homomorphism

ΠX• ↪→ ΠX∞ ,
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and that, by the construction of X∞, Γcpt
X• is naturally isomorphic to ΓX∞ . Moreover,

the natural (outer) injective homomorphism above induces a homomorphism of abelian
profinite groups

ψ : Πab
X• → Πab

X∞ .

Let R be a complete discrete valuation ring of equal characteristic with residue field
k, K the quotient field of R, and K an algebraic closure of K. Let

L ⊆ ecl(ΓX∞)

be an arbitrary subset of closed edges. We claim that we may deform the pointed stable
curve X∞ along L to obtain a new pointed stable curve over K such that the set of edges
of the dual graph of the new stable curve may be naturally identified with e(ΓX∞) \ L.
Suppose that

ϕs : Spec k → MgX∞R
def
= MgX∞

×Z R

is the classifying morphism determined byX∞ → Spec k. Thus the completion of the local
ring of the moduli stack at ϕs is isomorphic to RJt1, ..., t3gX∞−3K, where t1, ..., t3gX∞−3

are indeterminates. Furthermore, the indeterminates t1, ..., tm may be chosen so as to
correspond to the deformations of the nodes of X∞. Suppose that {t1, ..., td} is the
subset of {t1, ..., tm} corresponding to the subset L ⊆ ecl(ΓX∞). Now fix a morphism
SpecR → SpecRJt1, ..., t3gX∞−3K such that td+1, ..., t3gX∞−3 7→ 0 ∈ R, but t1, ..., td map to
nonzero elements of R. Then the composite morphism

ϕ : SpecR → SpecRJt1, ..., t3gX∞−3K → MgX∞ ,R

determines a pointed stable curve X∞ → SpecR. Moreover, the special fiber X∞ ×R k of
X∞ is naturally isomorphic to X∞ over k. Write

X\L
∞

for the geometric generic fiber X∞ ×K K of X∞ over K and Γ
X

\L
∞

for the dual graph of

X
\L
∞ . It follows from the construction of X

\L
∞ that we have a natural bijective map

e(ΓX∞) \ L ∼→ e(Γ
X

\L
∞
).

Let v ∈ v(ΓX•) ⊆ v(ΓX∞) be an arbitrary vertex of ΓX• and

Lv
def
= {e ∈ ecl(ΓX∞) | e does not meet v}.

We shall denote by

Xdef
v

def
= X\Lv

∞ .

Write ΠXdef
v

for the admissible fundamental group of Xdef
v and ΓXdef

v
for the dual graph of

Xdef
v .
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3 Images and kernels of homomorphisms of abelian-

izations of admissible fundamental groups

We maintain the notation introduced in Section 2. Let v ∈ v(ΓX•) ⊆ v(ΓX∞) be an
arbitrary vertex of ΓX• . Write Xv for the irreducible component of X corresponding to v

and X̃v for the smooth compactification of UXv

def
= Xv \Xsing

v . We define a smooth pointed
stable curve of type (gv, nv) to be

X̃•
v = (X̃v, DX̃v

def
= (DX ∩Xv) ∪ (X̃v \ UXv)).

Moreover, we denote by Πv the admissible fundamental group of X̃•
v and by Γv the dual

semi-graph of X̃•
v . Note that there is a natural map of semi-graphs ρv : Γv → ΓX• induced

by the natural morphism UXv ↪→ X and the natural map of sets DX̃v
→ DX ∪Xsing. We

have a natural homomorphism
ϕv : Π

ab
v → Πab

X•

induced by the natural (outer) injective homomorphism Πv ↪→ ΠX• . Note that ϕv is not
an injection in general. We shall write

Mv

for the image of ϕv.
Let X•,∗ = (X∗, DX∗) → X• be a universal admissible covering corresponding to ΠX• .

For each e ∈ ecl(ΓX•)∪eop(ΓX•), write xe for the marked point corresponding to e, and let
xe∗ be a point of the inverse image of xe in DX∗ . Write Ie∗ ⊆ ΠX• for the inertia subgroup
of xe∗ . Note that Ie∗ is isomorphic to Ẑ(1)p′ , where (−)p

′
denotes the maximal prime-to-p

quotient of (−). Suppose that xe is contained in Xv. Then we have an injection

ϕe∗ : Ie∗ ↪→ Πab
X•

induced by the composition of (outer) injective homomorphisms Ie∗ ↪→ Πv ↪→ ΠX• . Since
the image of ϕe∗ depends only on e, we may write Ie for the image ϕe∗(Ie∗).

We denote by
ϕét
v : Πét,ab

v → Πét,ab
X• , ψét : Πét,ab

X• → Πét,ab
X∞

the homomorphisms induced by ϕv and ψ, respectively. First, we have the following two
lemmas.

Lemma 3.1. The homomorphisms ϕét
v : Πét,ab

v → Πét,ab
X• and ψét : Πét,ab

X• → Πét,ab
X∞

are
injections.

Proof. The lemma follows immediately from the structures of the Picard schemes Pic0X/k
and Pic0X∞/k.

Lemma 3.2. The homomorphism

ψ : Πab
X• → Πab

X∞

is an injection.
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Proof. Suppose that nX = 0. Then the lemma follows immediately from the definition of
X∞ (i.e., X• = X∞).

Suppose that nX ̸= 0. Since each p-Galois admissible covering (i.e., a Galois admissible
covering whose Galois group is isomorphic to a p-group) is a Galois étale covering, to verify
the lemma, it is sufficient to prove that

ψp
′
: Πab,p′

X• → Πab,p′

X∞

is an injection. The specialization theorem of the maximal prime-to-p quotients of ad-
missible fundamental groups implies that we only need to treat the case where X• is a
smooth pointed stable curve over k. Write IopX• for the subgroup Πab

X• generated by Ie,

e ∈ eop(ΓX•). Note that IopX• is a free Ẑp′-module with rank nX − 1. We have two exact
sequences

0 → IopX• → Πab
X• → Πét,ab

X• → 0,

0 → IopX• → Πab,p′

X• → Πét,ab,p′

X• → 0,

and the following commutative diagram:

Πab,p′

X•
ψp′

−−−→ Πab,p′

X∞y y
Πét,ab,p′

X•
ψét,p′

−−−→ Πét,ab,p′

X∞
.

By Lemma 3.1, to verify the lemma, we only need to prove that the composition morphism

IopX• ↪→ Πab,p′

X• → Πab,p′

X∞

is an injection. Write
SX∞ ⊆ Πab,p′

X∞

for the image of the homomorphism IopX• ↪→ Πab,p′

X• → Πab,p′

X∞
. Then SX∞ is the subgroup

generated by Ie, e ∈ ecl(ΓX∞). The Poincaré duality for prime-to-p étale cohomology
implies that

SX∞
∼= Hom(Πtop,p′

X∞
, Ẑ(1)p′).

Then SX∞ is a free Ẑp′-module with rank nX − 1. Thus, the homomorphism IopX• ↪→
Πab,p′

X• → Πab,p′

X∞
is an injection. This completes the proof of the lemma.

Definition 3.3. For each v ∈ v(ΓX•) ⊆ v(Γcpt
X•), we denote by π0(v) the set of connected

components of Γcpt
X• \ {v}. For each v ∈ v(ΓX•) ⊆ v(Γcpt

X•) and each C ∈ π0(v), we put

Ev,C
def
= {e ∈ eop(Γv) | ρv(e) ∩ C ̸= ∅},

E>1
v

def
= {C ∈ π0(v) | #Ev,C > 1},

E=1
v

def
= {C ∈ π0(v) | #Ev,C = 1}.

Note that we have eop(Γv) =
∪
C∈π0(v)Ev,C and #π0(v) = #E=1

v +#E>1
v .
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The structure of maximal prime-to-p quotients of admissible (or tame) fundamental
groups of smooth pointed stable curves implies that, there exists a generator [se] of Ie for
each e ∈ eop(Γv) for which the following holds∑

e∈eop(Γv)

[se] = 0

in Πab
v . Write Iopv for the subgroup of Πab

v generated by Ie, e ∈ eop(Γv). Note that, if

nv ̸= 0, then Iopv is a free Ẑp′-module with rank nv − 1, and we have

0 → Iopv → Πab
v → Πét,ab

v → 0.

Next, we have the following proposition.

Proposition 3.4. Let v ∈ v(ΓX•) ⊆ v(ΓX∞) be an arbitrary vertex of ΓX•. Then the
following holds:

(i) Suppose that nv = 0. We have Πab
v = Πab

X•.

(ii) Suppose that nv ̸= 0. We have that

Kv
def
= ⟨

∑
e∈Ev,C

[se], C ∈ π0(v)⟩ ⊆ Πab
v

is the kernel ker(ϕv) of ϕv, where ⟨(−)⟩ denotes the subgroup generated by (−).

Moreover, Mp′
v and Kv are free Ẑp′-modules with rank

2gv +
∑

C∈π0(v)

(#Ev,C − 1) and #π0(v)− 1,

respectively.

Proof. (i) is trivial. We only prove (ii). Note that Lemma 3.1 implies that there is a
natural surjection Mv ↠ Πét,ab

v . Then Kv ⊆ Iopv . To verify the proposition, we only need
to prove that Kv is the kernel of the homomorphism

ϕp
′

v : Πab,p′

v ↠Mp′

v

induced by ϕv, and that Mp′
v is a free Ẑp′-module with rank

2gv +
∑

C∈π0(v)

(#Ev,C − 1).

On the other hand, Lemma 3.2 implies that Mv and ker(ϕv) coincide with Im(ψ ◦ ϕv)
and ker(ψ ◦ ϕv), respectively. Then we may assume that X• = X∞. By applying the
specialization theorem of prime-to-p of admissible fundamental groups, we obtain that

Πp′

Xdef
v

∼= Πp′

X∞
.
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To verify the proposition, we may assume that X• = X∞ = Xdef
v . This means that there

is a natural injection v(ΓX•) \ {v} ↪→ π0(v), and that, for each C ∈ v(ΓX•) \ {v}, the
irreducible component XC is smooth over k.

Moreover, in order to prove that Kv is the kernel of ϕp
′
v , it is sufficient to prove that,

for each positive natural number n such that (p, n) = 1, Kv ⊗ Z/nZ is the kernel of the
homomorphism

ϕp
′

v,n : Πab,p′

v ⊗ Z/nZ ↠Mp′

v ⊗ Z/nZ

induced by ϕp
′
v .

Let α ∈ Hom(Πab,p′

X• ⊗ Z/nZ,Z/nZ) be a surjection and αv the composition of the
morphisms

Πab,p′

v ⊗ Z/nZ
ϕp

′
v,n↠ Mp′

v ⊗ Z/nZ ↪→ Πab,p′

X• ⊗ Z/nZ
α↠ Z/nZ.

Write f •
α : Y •

α = (Yα, DYα) → X• for the (connected) Galois admissible covering with
Galois group Z/nZ over k, and the restriction of f •

α,v to a connected component of Y •
α,v

corresponds to α. Then by restricting f •
α to X̃•

v , we obtain a morphism

f •
α,v : Y

•
α,v = (Yα,v, DYα,v) → X̃•

v ,

where Yα,v = X̃v ×X Yα, and DYα,v is the inverse image of DX̃v
of the first projection

X̃v ×X Yα → X̃v. Note that f •
α,v is a Galois multi-admissible covering with Galois group

Z/nZ of smooth pointed stable curves over k corresponding to αv, and that the decompo-
sition subgroup of a connected component of Y •

α,v under the action of Z/nZ is the image

αv(Π
ab,p′
v ⊗Z/nZ) ⊆ Z/nZ. On the other hand, for each C ∈ v(ΓX•) \ {v}, by restricting

f •
α to X̃•

C , we obtain a morphism

f •
α,C : Y •

α,C = (Yα,C , DYα,C
) → X̃•

C ,

where Yα,C = X̃C ×X Yα, and DYα,C
is the inverse image of DX̃C

of the first projection

X̃C ×X Yα → X̃C . The morphism f •
α,C is a Galois multi-admissible covering with Galois

group Z/nZ of smooth pointed stable curves over k. The restriction of f •
α,C to a connected

component of Y •
α,C corresponds to the composition morphism

αC : Πab,p′

C ⊗ Z/nZ → Πab,p′

X• ⊗ Z/nZ
α↠ Z/nZ.

Note that αC does not depend on the choices of the connected components of Y •
α,C , and

that the decomposition subgroup of a connected component of Y •
α,C under the action of

Z/nZ is the image αC(Π
ab,p′

C ⊗ Z/nZ) ⊆ Z/nZ.
For each C ∈ v(ΓX•)\{v}, we write IopEv,C

⊆ Iopv for the subgroup ⟨[se], e ∈ Ev,C⟩. Note
that IopEv,C

and IopC can be regarded as subgroups of Πab,p′

X• , and that IopEv,C
= IopC in Πab,p′

X• .
The definition of Galois admissible fundamental coverings implies that

αC |IopC = −αv|IopEv,C
, C ∈ v(ΓX•) \ {v}.
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Write [se], e ∈ Ev,C , for the image of [se] in Πab,p′

X• ⊗ Z/nZ. Then the structure of the
maximal prime-to-p quotients of admissible (or tame) fundamental groups implies that∑

e∈Ev,C

α([se]) = 0, C ∈ v(ΓX•) \ {v}.

On the other hand, if C ∈ π0(v) \ {v(ΓX•) \ {v}}, then C corresponds to a node of Xv.
The structure of the maximal prime-to-p quotients of admissible (or tame) fundamental
groups implies that ∑

e∈Ev,C

α([se]) = 0, C ∈ π0(v) \ {v(ΓX•) \ {v}}.

This means that Kv⊗Z/nZ ⊆ ker(α) for each surjection α ∈ Hom(Πab,p′

X• ⊗Z/nZ,Z/nZ).
Since Kv, M

p′
v , Π

ab,p′

X• are free Ẑp′-modules, we obtain that Kv ⊗ Z/nZ ⊆ ker(ϕp
′
v,n). Then

ϕp
′
v,n induces a surjection

(Πab,p′

v /Kv)⊗ Z/nZ ↠Mv ⊗ Z/nZ.

Note that Πab,p′
v /Kv is also a free Ẑp′-module.

To verify the proposition, we need to prove that the surjection (Πab,p′
v /Kv)⊗Z/nZ ↠

Mv ⊗ Z/nZ above is also an injection (or, equivalently, for each surjection βv : Π
ab,p′
v ↠

Z/nZ such that Kv ⊆ ker(βv), there exists β : Πab,p′

X• ↠ Z/nZ such that the composite
morphism

Πab,p′

v

ϕp
′

v↠Mp′

v ↪→ Πab,p′

X•
β
↠ Z/nZ

is βv). We write

g•v : Z
•
v = (Zv, DZv) → X̃•

v

for the (connected) Galois admissible covering with Galois group Z/nZ over k corre-
sponding to the surjection βv. For each C ∈ v(ΓX•) \ {v}, we write IopEv,C

⊆ Iopv for the

subgroup ⟨[se], e ∈ Ev,C⟩. Then the definition of Kv and the structure of the maximal
prime-to-p quotients of admissible (or tame) fundamental groups imply that, for each
C ∈ v(ΓX•) \ {v}, we may construct a Galois multi-admissible covering

g•C : Z•
C = (ZC , DZC

) → X̃•
C

with Galois group Z/nZ over k as follows. Let βC , C ∈ v(ΓX•) \ {v}, be a surjection

Πab,p′

C ↠ βv(I
op
Ev ,C

) ⊆ Z/nZ such that

βC |IopC = −βv|IopEv,C
.

Write h•C : Y •
C → X̃•

C , C ∈ v(ΓX•) \ {v}, for the (connected) Galois admissible covering
with Galois group βv(I

op
Ev ,C

) induced by βC andQC for the quotient group (Z/nZ)/βv(IopEv ,C
).

Then we define
Z•
C

def
=

⨿
τ∈QC

Y •
C,τ , C ∈ v(ΓX•) \ {v},

18



where Y •
C,τ is a copy of Y •

C . The morphism h• induces a morphism g•C : Z•
C → X̃•

C .
Moreover, the disjoint union of pointed stable curves Z•

C admits a natural action of Z/nZ
as follows. Write {τ̃}τ∈QC

for a complete representation system of QC in Z/nZ. Then for
each σ ∈ Z/nZ, we have σ = τ̃µ for some µ ∈ βv(I

op
Ev ,C

). We define σ(YC,τ ) = µ(YC,τ̃ ′τ ),

where τ̃ ′ denotes the image of τ̃ in QC . This means that g•C : Z•
C → X̃•

C is a Galois
multi-admissible coverings over k with Galois group Z/nZ.

By the definition of Galois admissible coverings, we may glue g•v : Z•
v = (Zv, DZv) →

X̃•
v and g•C : Z•

C = (ZC , DZC
) → X̃•

C , C ∈ v(ΓX•) \ {v}, along marked points that is

compatible with the gluing of {X̃•
v}v∈v(ΓX• ) that gives rise to X•. Then we obtain a

(connected) Galois admissible covering

g•β : Z•
β → X•

over k with Galois group Z/nZ. Write β ∈ Hom(Πab,p′

X• ,Z/nZ) for the surjection corre-
sponding to g•β. Then by the construction above, the composition of the morphisms

Πab,p′

v

ϕp
′

v→ Πab,p′

X•
β
↠ Z/nZ

is equal to βv.
Finally, let us compute the rank of Mp′

v . Since we assume that X• = Xdef
v , the kernel

of the natural surjection Mp′
v ↠ Πét,ab,p′

v is the subgroup

SX• ⊆ Πab,p′

X•

generated by Ie, e ∈ ecl(X•). The Poincaré duality for prime-to-p étale cohomology
implies that

SX• ∼= Hom(Πtop,p′

X• , Ẑ(1)p′).

Then we have SX• is a free Ẑp′-module with rank rX =
∑

C∈π0(v)(#Ev,C − 1). Thus, we

obtain that Mp′
v is a free Ẑp′-module with rank

2gv +
∑

C∈π0(v)

(#Ev,C − 1).

This completes the proof of the proposition.

Corollary 3.5. The following conditions are all equivalent.

(i) The homomorphism ϕv : Π
ab
v → Πab

X• is an injection.

(ii) Γcpt
X• is 2-connected at v.

(iii) ΓXdef
v

is 2-connected at v.

Proof. If nv = 0, the corollary is trivial. We may assume that nv ̸= 0. The constructions
of Γcpt

X• and ΓXdef
v

imply that (ii) ⇔ (iii). We only prove that (i) ⇔ (iii).
First, let us prove “ ⇒ ”. Proposition 3.4 implies that Kv = 0. Then we have

#π0(v) = 1 and #Ev,C = nv. Thus, ΓXdef
v

is 2-connected at v.
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Next, let us prove “ ⇐ ”. Since ΓXdef
v

is 2-connected at v, we have

nv = #Ev,C and #π0(v) = 1.

Then Proposition 3.4 implies that Kv = 0. This means that the homomorphism ϕv :
Πab
v → Πab

X• is an injection. This completes the proof of the corollary.

Remark 3.5.1. Corollary 3.4 was also obtained by Tamagawa (cf. [T2, Proposition 3.4])
by using different methods.

4 Averages of generalized Hasse-Witt invariants

In this section, we compute the limits of averages of generalized Hasse-Witt invariants.

4.1 Generalized Hasse-Witt invariants and line bundles

In this subsection, we recall some notation concerning generalized Hasse-Witt invariants
of cyclic tame coverings (see also [T1, Section 3]).

Let X• def
= (X,DX) be a pointed stable curve of type (gX , nX) over k, ΠX• the admissi-

ble fundamental group of X•, and UX
def
= X \DX . Moreover, in this subsection, we assume

that X• is smooth over k. Let t be an arbitrary positive natural number, n
def
= pt − 1,

and µn ⊆ k× the group of nth roots of unity. Fix a primitive nth root ζ, we may identify
µn with Z/nZ via the map ζ i 7→ i. For each α ∈ H1

ét(UX , µn), we denote by UXα for the
µn-torsor corresponding to α, and by Xα for the normalization of X in UXα . Write FXα

for the absolute Frobenius morphism on Xα. Then there exists a decomposition (cf. [S,
Section 9])

H1(Xα,OXα) = H1(Xα,OXα)
st ⊕H1(Xα,OXα)

ni,

where FXα is a bijection on H1(Xα,OXα)
st and is nilpotent on H1(Xα,OXα)

ni. Moreover,
we have

H1(Xα,OXα)
st = H1(Xα,OXα)

FXα ⊗Fp k,

where (−)FXα denotes the subspace of (−) on which FXα acts trivially. Then Artin-Schreier
theory implies that we may identify

Hα
def
= H1

ét(Xα,Fp)⊗Fp k

with the largest subspace of H1(Xα,OXα) on which FXα is a bijection.
The finite dimensional k-vector spaces Hα is a finitely generated k[µn]-module induced

by the natural action of µn on Xα. We have the following canonical decomposition

Hα =
⊕
i∈Z/nZ

Hα,i,

where ζ ∈ µn acts on Hα,i as the ζ
i-multiplication. We define

γα,i
def
= dimk(Hα,i), i ∈ Z/nZ.
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These invariants are called generalized Hasse-Witt invariants (cf. [N]). Moreover, the
decomposition above implies that

dimk(Hα) =
∑

i∈Z/nZ

γα,i.

Note that, if Xα is connected, then dimk(Hα) = σ(Xα).
The generalized Hasse-Witt invariants can be also described in terms of line bundles

and divisors. We denote by Pic(X) the Picard group of X and by Z[DX ] the group of
divisors whose supports are contained in DX . Note that Z[DX ] is a free Z-module with
basis DX . Consider the following complex of abelian groups:

Z[DX ]
an→ Pic(X)⊕ Z[DX ]

bn→ Pic(X),

where an(D) = (OX(−D), nD), and bn(([L], D)) = [Ln ⊗OX(−D)]. We denote by

PX•,n
def
= ker(bn)/Im(an)

the homology group of the complex. Moreover, we have the following exact sequence

0 → Pic(X)[n]
a′n→ PX•,n

b′n→ Z/nZ[DX ]
def
= Z[DX ]⊗ Z/nZ c′n→ Z/nZ,

where [n] means the n-torsion subgroup, and

a′n([L]) = ([L], 0) mod Im(an),

b′n(([L], D)) mod Im(an)) = D mod n,

c′n(D mod n) = deg(D) mod n.

Then ker(c′n) can be regarded as a subset of (Z/nZ)∼[DX ], where (Z/nZ)∼ denotes the set
{0, 1, . . . , n−1}, and (Z/nZ)∼[DX ] denotes the subset of Z[DX ] consisting of the elements
whose coefficients are contained in (Z/nZ)∼. We denote by Z/nZ[DX ]

0 the kernel of c′n
and by (Z/nZ)∼[DX ]

0 the subset of (Z/nZ)∼[DX ] corresponding to Z/nZ[DX ]
0 under the

natural bijection (Z/nZ)∼[DX ]
∼→ Z/nZ[DX ]. Note that, for each D ∈ (Z/nZ)∼[DX ]

0,
we have n|deg(D). Then

deg(D) = s(D)n

for some integer s(D) such that

s(D) ≤
{

0, if nX = 0,
nX − 1, if nX ≥ 1.

We shall define
P̃X•,n

to be the inverse image of (Z/nZ)∼[DX ]
0 ⊆ (Z/nZ)∼[DX ] ⊆ Z[DX ] under the projection

ker(bn) → Z[DX ]. It is easy to see that PX•,n and P̃X•,n are free Z/nZ-groups with
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rank 2gX + nX − 1 if nX ̸= 0 and with rank 2gX if nX = 0. Moreover, we have (cf. [T1,
Proposition 3.5])

P̃X•,n
∼= PX•,n

∼= H1
ét(UX , µn).

Let ([L], D) ∈ P̃X•,n. We fix an isomorphism Ln ∼= OX(−D). Note that D is an
effective divisor on X. We have the following composition of morphisms of line bundles

L pt→ L⊗pt = L⊗n ⊗ L ∼→ OX(−D)⊗ L ↪→ L.

The composite morphism induces a morphism

ϕ([L],D) : H
1(X,L) → H1(X,L).

We denote by γ([L],D)
def
= dimk(

∩
r≥1 Im(ϕr([L],D))). Write αL ∈ H1

ét(UX , µn) for the element

corresponding to ([L], D) and FX for the absolute Frobenius morphism on X. Then [S,
Section 9] implies that γαL,1 is equal to the dimension over k of the largest subspace of
H1(X,L) on which FX is a bijection. Moreover, we have

γαL,1 = dimk(H
1(X,L)FX ⊗Fp k),

where (−)FX denotes the subspace of (−) on which FX acts trivially. It is easy to check
that

H1(X,L)FX ⊗Fp k =
∩
r≥1

Im(ϕr([L],D)).

Then we obtain that γ([L],D) = γαL,1.
On the other hand, the Riemann-Roch theorem implies that

dimk(H
1(X,L)) = gX − 1− deg(L) + dimk(H

0(X,L))

= gX − 1 +
1

n
deg(D) + dimk(H

0(X,L))

≤ gX − 1 + [
nX(n− 1)

n
] + dimk(H

0(X,L))

= gX − 1 + nX + [−nX
n

] + dimk(H
0(X,L)).

Then we obtain the following rough estimate:

γαL,1 ≤ dimk(H
1(X,L)) ≤


gX , if ([L], D) = ([OX ], 0),
gX − 1, if nX = 0,
gX − 2 + nX , if nX ̸= 0.

4.2 Raynaud-Tamagawa theta divisors

In this subsection, we recall some notation and results concerning theta divisors defined
by Raynaud and Tamagawa (see also [T1, Section 2]).
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We maintain the notation introduced in Section 4.1. Let Fk be the absolute Frobenius

morphism on Spec k and FX/k the relative Frobenius morphism X → X1
def
= X ×k,Fk

k
over k. We define

Xt
def
= X ×k,F t

k
k,

and define a morphism
F t
X/k : X → Xt

over k to be the composition of the t relative Frobenius morphism F t
X/k

def
= FXt−1/k ◦ · · · ◦

FX1/k ◦ FX/k.
Let ([L], D) ∈ P̃X•,n and Lt the pull-back of L by the natural morphism Xt → X.

Note that L and Lt are line bundles of degree −s(D). We put

BtD
def
= ((F t

X/k)∗OX(D))/OXt , ED
def
= BtD ⊗ Lt.

Write rk(ED) for the rank of ED. Then we have

χ(ED) = deg(det(ED))− (gX − 1)rk(ED).

Moreover, χ(ED) = 0 (cf. [T1, Lemma 2.3 (ii)]). In [R], Raynaud investigated the following
property of the vector bundle ED on X.

Condition 4.1. We shall say that ED satisfies (⋆) if there exists a line bundle L′
t of degree

0 on Xt such that

0 = min{dimk(H
0(Xt, ED ⊗ L′

t)), dimk(H
1(Xt, ED ⊗ L′

t))}.

Let JXt be the Jacobian variety of Xt, and LXt a universal line bundle on Xt × JXt .
Let prXt

: Xt × JXt → Xt and prJXt
: Xt × JXt → JXt be the natural projections. We

denote by F the coherent OXt-module pr∗Xt
(ED)⊗ LXt , and by

χF
def
= dimk(H

0(Xt ×k k(y),F ⊗ k(y)))− dimk(H
1(Xt ×k k(y),F ⊗ k(y)))

for each y ∈ JXt , where k(y) denotes the residue field of y. Note that since prJXt
is flat,

χF is independent of y ∈ JXt . Write (−χF)
+ for max{0,−χF}. We denote by

ΘED ⊆ JXt

the closed subscheme of JXt defined by the (−χF)
+-th Fitting ideal

Fitt(−χF )+(R
1(prJXt

)∗(F).

The definition of ΘED is independent of the choice of Lt. Moreover, for each line bundle
L′′ of degree 0 on Xt, we have that [L′′] ̸∈ ΘED if and only if

0 = min{dimk(H
0(Xt, ED ⊗ L′′)), dimk(H

1(Xt, ED ⊗ L′′))},

where [L′′] denotes the point of JXt corresponding to L′′ (cf. [T1, Proposition 2.2 (i) (ii)]).
Suppose that ED satisfies (⋆). [R, Proposition 1.8.1] implies that ΘED is algebraically

equivalent to rk(ED)Θ, where Θ is the classical theta divisor (i.e., the image of XgX−1
t in

JXt). Then we have the following definition.
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Definition 4.2. We shall say ΘED ⊆ JXt the Raynaud-Tamagawa theta divisor associated
to ED if ED satisfies (⋆).

Remark 4.2.1. The definition of ED implies that the following natural exact sequence
holds

0 → Lt → (F t
X/k)∗(OX(D))⊗ Lt → ED → 0.

Let [I] ∈ Pic(X)[n]. Write It for the pull-back of I by the natural morphism Xt → X.
we obtain the following exact sequence

. . .→ H0(Xt, ED ⊗ It) → H1(Xt,Lt ⊗ It)
ϕLt⊗It→ H1(Xt, (F

t
X/k)∗(OX(D))⊗ Lt ⊗ It)

→ H1(Xt, ED ⊗ It) → . . . .

Note that we have that

H1(Xt,Lt ⊗ It) ∼= H1(X,L ⊗ I),

and that

H1(Xt, (F
t
X/k)∗(OX(D))⊗ Lt ⊗ It) ∼= H1(X,OX(D)⊗ (F t

X/k)
∗(Lt ⊗ It))

∼= H1(X,OX(D)⊗ (L ⊗ I)⊗pt) ∼= H1(X,L ⊗ I).

Moreover, it is easy to see that the homomorphism

H1(X,L ⊗ I) → H1(X,L ⊗ I)

induced by ϕLt⊗It coincides with ϕ([L⊗I],D). Thus, we obtain that the Raynaud-Tamagawa
theta divisor ΘED associated to ED exists (i.e., there exists a line bundle It on Xt of degree
0 such that [It] ̸∈ ΘED) if and only if

γ(([L⊗I],D)) = dimk(H
1(X,L ⊗ I)).

The following theorem was proved by Raynaud and Tamagawa.

Theorem 4.3. Suppose that s(D) ∈ {0, 1}. Then the Raynaud-Tamagawa theta divisor
associated to ED exists (i.e., ED satisfies (⋆)).

Remark 4.3.1. Theorem 4.3 was proved by Raynaud if s(D) = 0 (cf. [R, Théorème
4.1.1]), and by Tamagawa if s(D) ≤ 1 (cf. [T1, Theorem 2.5]).

Definition 4.4. Let D be an arbitrary effective divisor on X.
(i) For each natural number m, we put

[D/m]
def
=

∑
x∈X

[ordx(D)/m]x,

which is an effective divisor on X.
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(ii) For u ∈ {0, 1, . . . , n}, let u =
∑t−1

j=0 ujp
j be the p-adic expansion with uj ∈

{0, 1, . . . , p− 1}. We identify {0, 1, . . . , t− 1} with Z/tZ naturally, and put

u(i)
def
=

t−1∑
j=0

ui+jp
j, i ∈ {0, 1, . . . , t− 1}.

Suppose that D ∈ (Z/nZ)∼[DX ]. Then, we put

D(i) def
=

∑
x∈X

(ordx(D))(i)x, i ∈ {0, 1, . . . , t− 1},

which is an effective divisor on X.

Lemma 4.5. Let ([L], D) ∈ P̃X•,n. For each i ∈ {0, 1, . . . , t − 1}, we shall denote

L⊗pt−i ⊗ OX([p
t−iD/n]) and pt−iD − n[pt−iD/n] by L(pt−i) and D(pt−i), respectively.

Then we have
γ(L,D) = γ(L(pt−i),D(pt−i)), i ∈ {0, 1, . . . , t− 1}.

Proof. The lemma follows immediately from [T1, Claim (3.8)].

On the other hand, Tamagawa proved the following result (cf. [T1, Proposition 3.18]).)

Proposition 4.6. Let d ≥ logp(nX−1) be an arbitrary positive natural number and ϵ < 1
an arbitrary positive real number. We put

Λ =
d

ϵ
, and λ = (1− 1

pd(nX−1)

(
nX − 1

pd

)
)
(1−ϵ)

d ,

where
(−
−

)
denotes the binomial coefficient. Then if nX > 1, we have

#{D ∈ (Z/nZ)∼[DX ]
0 | s(D(i)) = 1 for some i ∈ {0, 1, . . . , t− 1} ≥ nnX−1(1− λt)− 1

for all t ≥ Λ.

By applying [T1, Corollary 3.19] and similar arguments to the arguments given in the
proofs of [T1, Theorem 3.12 and Corollary 3.16] imply that the following result holds.

Theorem 4.7. We put

C(gX)
def
=

{
0, if gX = 0,
3gX−1gX !, if gX > 0.

Let ([L], D) ∈ P̃X•,n. Suppose that the Raynaud-Tamagawa theta divisor ΘED associated
to ED exists. Then the following statements hold.

(i) We have

#{[L′] ∈ Pic(X) | ϕ([L⊗L′],D) is bijective} ≥ n2gX − C(gX)n
2gX−1.
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(ii) We have

#{[L′] ∈ Pic(X) | γ([L⊗L′],D) ≥ gX − 1 + s(D)} ≥ n2gX − C(gX)n
2gX−1

and
#{[L′] ∈ Pic(X) | γ([L⊗L′],D) = gX − 1 + s(D)}

≥
{
n2gX − C(gX)n

2gX−1 − 1, if s(D) = 0,
n2gX − C(gX)n

2gX−1, if s(D) ≥ 1.

In particular, suppose that there exists i ∈ {0, 1, . . . , t− 1} such that s(D(i)) =
1. Then we have

#{[L′] ∈ Pic(X) | γ([L⊗L′],D) = gX} ≥ n2gX − C(gX)n
2gX−1.

Remark 4.7.1. Let D ∈ (Z/nZ)∼[DX ]
0. We may ask whether or not the Raynaud-

Tamagawa theta divisor ΘED exists in general. Since the existence of ΘED implies that ED is
a semi-stable bundle, we obtain that deg(D(i)) ≥ deg(D) holds for each i ∈ {0, 1, . . . , t−1}
(cf. [T1, Lemma 2.15]). Then we may consider the following problem.

Suppose that s(D) ≥ 2, and that deg(D(i)) ≥ deg(D) holds for each i ∈
{0, 1, . . . , t− 1}. Does the Raynaud-Tamagawa theta divisor ΘED exist?

In fact, the Raynaud-Tamagawa theta divisor ΘED associated to ED does not exist in
general. Here, we have an example as follows. Let X = P1

k, DX = {0, 1,∞, ω}, where
w ̸∈ {0, 1}, and

D =
∑
x∈DX

p− 1

2
x.

Then we have s(D) = 2. Let ([L], D) be an arbitrary element of P̃X•,n. We see immedi-
ately that ED satisfies (⋆) if and only if the elliptic curve defined by the equation

y2 = x(x− 1)(x− ω)

is ordinary. Thus, we cannot expect that ΘED exists in general. On the other hand, we
have the following open problem posed by Tamagawa (cf. [T1, Question 2.20]).

Problem . Let Fp be the algebraic closure of Fp in k andMgX ,nX
the coarse moduli space of

the moduli stack MgX ,nX
×Z Fp. Suppose that X• is a geometric generic curve of MgX ,nX

.

Let ([L], D) be an arbitrary element of P̃X•,n. Moreover, suppose that deg(D(i)) ≥ deg(D)
holds for each i ∈ {0, 1, . . . , t − 1}. Does the Raynaud-Tamagawa theta divisor ΘED
associated to ED exist?

In Section 6, we will prove that Problem is true under a certain assumption of D.
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4.3 Lower bounds and upper bounds of the limit of p-averages

Definition 4.8. Let G be an arbitrary cyclic group such that (#G, p) = 1 and M a
finitely generated Fp[G]-module. For any given character χ : G→ k×, we put

(M ⊗Fp k)[χ]
def
= {m ∈M ⊗Fp k | τ(m) = χ(τ)m for all τ ∈ G},

and define γχ(M)
def
= dimk((M ⊗Fp k)[χ]). Moreover, we define the primitive part of M to

be
Mpri def

= M/(
∑

1̸=τ∈G

M τ ),

where M τ def
= {m ∈M | τ(m) = m} for each τ ∈ G. We put γpri(M)

def
= dimFp(M).

Remark 4.8.1. We see immediately that

Mpri ⊗Fp k =
⊕

χ:G↪→k×

(M ⊗Fp k)[χ].

Then we have
γpri(M) =

∑
χ:G↪→k×

γχ(M).

On the other hand, we can define a Fp[G]-module M∨ def
= Hom(M,Fp) via (τ(a))(m) =

a(τ−1(m)) for each τ ∈ G, a ∈ M∨, and m ∈ M . Then we have γχ(M) = γχ−1(M∨).
Thus, we obtain

γpri(M) = γpri(M∨).

Let us return to the case where X• is an arbitrary pointed stable curve and maintain
the notation introduced in Section 3. Let t be an arbitrary positive natural number,

n
def
= pt − 1,

and µn ⊆ k× the group of nth roots of unity. Fix a primitive nth root ζ, we may identify

µn with Z/nZ via the map ζ i 7→ i. Let v ∈ v(ΓX•), Uv
def
= X̃v \DX̃v

, P̃X̃•
v ,n

the abelian

group associated to X̃•
v defined in Section 4.1, and

Tv,n = Hom(Πab
v , µn)

∼= H1
ét(Uv, µn).

The structure of maximal prime-to-p quotients of admissible (or tame) fundamental
groups of smooth pointed stable curves implies that, there exists a generator [se] of Ie,
e ∈ eop(Γv), for which the following holds∑

e∈eop(Γv)

[se] = 0

in Πab
v . Then for each α ∈ Tv,n, we have α([se]) = ζae for each e ∈ eop(Γv) and∏

e∈eop(Γv)

α([se]) = 1.
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Note that the image Im(α) = ⟨ξ def
= ζn/m⟩ is a cyclic subgroup of µn with order m for

some m|n, and Πab
v /ker(α) = ⟨τ⟩ is isomorphic to the image Im(α) via τ 7→ ξ.

Let ae
def
= aem/n, and let f •

α : Y •
v,α → X̃•

v be the µn-torsor induced by α and Z• =
(Z,DZ) a connected component of Y •

v,α. Then f •
α induces a connected Galois admissible

covering
f • : Z• = (Z,DZ) → X̃•

v

over k with Galois group Πab
v /ker(α). Write f : Z → X̃v for the underlying morphism

induced by f •. Then we have

f∗(OZ) =
⊕

i∈Z/mZ

Li,

where locally Li is the eigenspace of the natural action of τ with eigenvalue ξi. By
considering the action of τ , we obtain a morphism ofOX̃v

-modules L⊗m
1 → OX̃v

.Moreover,
since L⊗m

1 |Uv
∼= OX̃v

|Uv , the morphism L⊗m
1 ↪→ OX̃v

is an injection. Then there is a unique

effective divisor Dα on X̃v such that Supp(Dα) ⊆ DX̃v
, and the image of the injection

L⊗m
1 ↪→ OX̃v

is OX̃v
(−Dα) ⊆ OX̃v

, where Supp(−) denotes the support of (−). We fix

the isomorphism L⊗m
1

∼→ OX̃v
(−Dα) obtained above. Then we have the following lemma.

Lemma 4.9. For each e ∈ eop(Γv), we write xe ∈ DX̃v
for the marked point corresponding

to e. Then we have
Dα =

∑
e∈eop(Γv)

aexe.

Proof. Let e ∈ eop(Γv). We write Ixe ⊆ Πab
v /ker(α) for the inertia subgroup of xe, me for

#Ixe , and qe for m/me. Let We
def
= Z/Ixe and f1 : Z → We the quotient morphism over

k. We define a smooth pointed stable curve over k to be

W •
e

def
= (We, DW

def
= f1(DZ)).

Then f • and f1 induce the following morphisms of smooth pointed stable curves

Z• f•1→ W •
e

f•2→ X̃•
v

over k such that f •
2 ◦ f •

1 = f •. Write f2 for the underlying morphism of f •
2 . Moreover, we

have
(f1)∗(OZ) =

⊕
j∈Z/meZ

LWe,j,

where locally LWe,j is the eigenspace of the natural action of τ qe with eigenvalue ξjqe .
Let πxe be a uniformizer of the discrete valuation ring OX̃v ,xe

such that L⊗m
1 is locally

generated by π
ordxe (Dα)
xe at xe via the fixed isomorphism L⊗m

1
∼→ OX̃v

(−Dα), we a point of

f−1
2 (xe)

def
= {we, τ(we), . . . , τ qe−1(we)}, ze the point f−1

2 (we). We may choose the generator

[se] of Ie such that the image of [se] in Ẑ(1)p′/n = µn via the identification Ie
∼→ Ẑ(1)p′

is equal to ζ. Then the Kummer theory implies that, there is a uniformizer πze of the
maximal ideal of the discrete valuation ring OZ,ze such that πme

ze = πxe and

τ qe(πze) = ξqereπze ,
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where reae/qe ≡ 1 (mod me). Then we obtain that

τ qe(πae/qeze ) = ξqeπae/qeze .

This means that LWe,1 is locally generated by π
ae/qe
ze at we. Let πwe

def
= (πze)

me ∈ OWe,we

which is a uniformizer of the maximal ideal of the discrete valuation ring OWe,we . Thus,

L⊗me
We,1

is locally isomorphic to OWe(−(ae/qe)we) at we via (π
ae/qe
ze )⊗me 7→ π

ae/qe
we .

We put

π
def
=

qe−1∏
i=0

τ i(πae/qeze ).

Note that τ(π) = ξqeπ. We obtain that L⊗qe
1 is locally generated by π at xe. Since π

m =
πaeze , the isomorphism L⊗me

We,1
∼= OWe(−(ae/qe)we) locally at we obtained above induces

L⊗qem
1

∼= det((f2)∗(L⊗me
We,1

))⊗qe

locally at xe, where det(−) denotes the determinate of the sheaf (−). On the other hand,
by applying [H, Chapter IV Exercises 2.6], we obtain the following isomorphisms

det((f2)∗(L⊗me
We,1

)) ∼= det((f2)∗(OWe(−
∑

τ i(we)∈f−1
2 (xe)

(ae/qe)τ
i(we)))

∼= det((f2)∗OWe)⊗OX̃v
((f2)∗(−

∑
τ i(we)∈f−1

2 (xe)

(ae/qe)τ
i(we)))

∼= det((f2)∗OWe)⊗OX̃v
(−aexe)

locally at xe. Moreover, since f2 is étale over xe, we have det((f2)∗OWe)
⊗qe ∼= OX̃v

locally
at xe. Then we obtain

L⊗qem
1

∼= OX̃v
(−qe

∑
e∈eop(Γv)

aexe).

Since L⊗m
1 is locally generated by π

ordxe (Dα)
xe at xe via the fixed isomorphism L⊗m

1
∼→

OX̃v
(−Dα), we obtain that

qeDα = qe
∑

e∈eop(Γv)

aexe.

Then Dα =
∑

e∈eop(Γv)
aexe. This completes the proof of the lemma.

We denote by Lα the line bundle L1 and by Dα the effective divisor
∑

e∈eop(Γv)
aexe.

Note that L⊗n
α

∼= OX̃v
(−Dα). Then we obtain a morphism

Tv,n → P̃X̃•
v ,n

α 7→ ([Lα], Dα).

It is easy to check that this morphism is an isomorphism.

29



We maintain the notation introduced in Section 3. Let Hv,n be the kernel of the
composition of surjective homomorphisms

Πv ↠ Πab
v

ϕv↠Mv ⊗ Z/nZ

and X•
Hv,n

def
= (XHv,n , DXHv,n

) → X̃•
v the Galois admissible covering over k corresponding

to Hv,n. For each C ∈ π0(v), we put

D′
X̃v,C

def
= {xe ∈ DX̃v

| e ∈ Ev,C}.

We define a smooth pointed semi-stable curve of type (gv, nv,C
def
= #Ev,C) over k to be

X̃•
v,C = (X̃v,C , DX̃v,C

)
def
= (X̃v, D

′
X̃v,C

).

Then we have the following proposition.

Proposition 4.10. (i) Suppose that (gv,#E
>1
v ) = (0, 0). Then

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
= 0.

(ii) Suppose that (gv,#E
>1
v ) ̸= (0, 0). Then we have

0 ≤ lim sup
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
≤ gv +#E>1

v − 1,

where lim sup(−) denotes the limit superior of (−). Moreover, we have

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
=

{
gv − 1, if #E>1

v = 0,
gv, if #E>1

v = 1.

Proof. Frist, we prove (i). Since Hv,n is trivial, we have σ(X•
Hv,n

) = σ(P1
k) = 0. Then we

have

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
= 0.

Next, we prove (ii). We put

Nv,n
def
= {H ⊆ Πv an open normal | Hv,n ⊆ H and Πv/H is cyclic}.

Note that the order of Πv/H, H ∈ Nv,n, is prime to p. Write X•
H

def
= (XH , DXH

) for the
pointed stable curve over k corresponding to H. Since Mv ⊗ Z/nZ is an abelian group,
we have the following canonical decomposition

H1
ét(XHv,n ,Fp) =

⊕
H∈Nv,n

(H1
ét(XHv,n ,Fp)H/Hv,n)(Πv/H)-pri
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=
⊕

H∈Nv,n

H1
ét(XH ,Fp)(Πv/H)-pri,

where (−)-pri means the primitive part as an Fp[(−)]-module. Then we have

σ(X•
Hn,v

) = dimFp(H
1
ét(XHv,n ,Fp)∨) =

∑
H∈Nv

∑
χ:Πv/H↪→k×

γχ(H
1
ét(XH ,Fp)).

Moreover, we put

Qv,n
def
= {(H,χ) | H ∈ Nv,n and χ : Πv/H ↪→ k×}.

For each pair (H,χ) ∈ Qv,n, the composition of the homomorphisms Πv ↠ Πv/H
χ
↪→

µn ⊆ k× induces an element
α(H,χ) ∈ Tv,n.

Moreover, [T1, 4.7] implies that γα(H,χ),1 = γχ(H
1
ét(XH ,Fp)). We obtain that

σ(X•
Hn,v

) =
∑

(H,χ)∈Qv,n

γα(H,χ),1.

We put

Av,n
def
= {α ∈ Tv,n | Kv ⊆ ker(α)}.

Then we have #Av,n = #Mv ⊗ Z/nZ. Moreover, Proposition 3.4 implies that∏
e∈Ev,C

α([se]) = 1, C ∈ π0(v).

Let (H,χ) ∈ Qv,n and α(H,χ) ∈ Tv,n induced by (H,χ). The definition of Nv,n implies that,
the homomorphism Πv ↠ Πv/H factors through the natural surjective homomorphism
Πv ↠Mv ⊗ Z/nZ. Then we obtain a map

Qv,n → Av,n

defined by (H,χ) 7→ α(H,χ). Moreover, it is easy to check that this map is a bijection.
Thus, we have

σ(X•
Hn,v

) =
∑

α∈Av,n

γ([Lα],Dα).

Note that we have n|deg(Dα).

On the other hand, let γ ∈ Av,n such that s(D
(i)
γ )=1 for some i ∈ {0, 1, . . . , t− 1}. We

have the following claim.

Claim: There exists β ∈ Av,n such that Dβ = D
(i)
γ (cf. Definition 4.4 (ii)).

Let us prove the claim. We see that

D(i)
γ = Dγ(p

t−i),
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where Dγ(p
t−i)

def
= pt−iDγ − n[pt−iDγ/n]. Then we have that s(Dγ(p

t−i)) = 1,
and that

Supp(Dγ(p
t−i)) = Supp(Dγ) ⊆ DX̃v ,Cγ

for a unique Cγ ∈ π0(v). For each e ∈ eop(Γv), we write [se] for the image of
[se] under the natural surjection Ie ↠ Ie ⊗ Z/nZ. Then the structure of the
maximal prime-to-p quotients of admissible fundamental groups implies that

Πab,p′

v ⊗ Z/nZ ∼=

∼= (⟨a1, . . . , agv , b1, . . . , bgv⟩ab ⊕ ⟨{[se]}e∈eop(Γv) |
∑

e∈eop(Γv)

[se] = 0⟩)⊗ Z/nZ.

Write Πunr
v,n for the subgroup of Πab,p′

v ⊗Z/nZ generated by a1, . . . , agX , b1, . . . , bgX ,

and Πram
v,n for the subgroup Iopv ⊗ Z/nZ = ⟨{[se]}e∈eop(Γv)⟩. Then we have

Πab,p′

v ⊗ Z/nZ ∼= Πunr
v,n ⊕ Πram

v,n .

Note that since Tv,n is naturally isomorphic to T ′
v,n

def
= Hom(Πab,p′

v ⊗Z/nZ, µn),
γ can be regarded as an element of T ′

v,n. We define an element β ∈ T ′
v,n to be

β|Πunr
v,n

def
= (γ|Πunr

v,n
)p

t−i

, β([se]) = ζordxe (D
(i)
γ ).

Note that since
∏

e∈Ev,C
γ([se]) = 1 for each C ∈ π0(v), we have β ∈ Av,n.

Moreover, we have

Supp(Dβ) = Supp(Dγ) ⊆ DX̃v ,Cγ
, Dβ = Dγ(p

t−i).

This completes the proof of the claim.

Write Lγ(pt−i) for L⊗pt−i

γ ⊗OX([p
t−iD/n]). Then we observer that

([Lγ(pt−i)], Dγ(p
t−i)) ∈ P̃X•

v ,n, ([Lβ], Dβ) = ([Lγ(pt−i)], Dγ(p
t−i)), s(Dβ) = 1.

Furthermore, Lemma 4.5 implies that

γ([Lβ ],Dβ) = γ([Lγ ],Dγ).

Suppose that #E>1
v = 0. Since (gv,#E

>1
v ) ̸= (0, 0), we have gv > 0. Then

#Av,n = #(Mv ⊗ Z/nZ) = n2gv .

Moreover, for each α ∈ Av,n, we have

γ([Lα],Dα) ≤
{
gv, if La ∼= OX̃v

,
gv − 1, otherwise.

Thus, we obtain
σ(X•

Hn,v
) ≤ (gv − 1)(n2gv − 1) + gv.
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On the other hand, note that for each α ∈ Av,n, we have Dα = 0. Then by applying
Theorem 4.7 (i), we obtain that

σ(X•
Hn,v

) ≥ (gv − 1)(n2gv − C(gv)n
2gv−1).

Thus,

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
= gv − 1.

Suppose that #E>1
v ≥ 1. Let dv,C ≥ logp(nX − 1), C ∈ E>1

v , be an arbitrary positive
natural number and ϵv,C < 1 an arbitrary positive real number. We put

Λv,C =
dv,C
ϵv,C

, and λv,C = (1− 1

pdv,C(nv,C−1)

(
nv,C − 1

pdv,C

)
)
(1−ϵv,C )

dv,C ,

and suppose that t ≥ max{Λv,C}C∈π0(v). Dividing the sum

σ(X•
Hn,v

) =
∑

α∈Av,n

γ([Lα],Dα) = S1 + S2 + S3

into three parts, where Sl, l ∈ {1, 2, 3}, denotes the sum of γ([Lα],Dα) that the Dα satisfies

the condition (l): (1) s(Dα) = 0; (2) s(D
(i)
α ) = 1 for some i ∈ {0, 1, . . . , t − 1}; (3)

otherwise.
Suppose that #E>1

v = 1. Then we may assume that E>1
v = Ev,C for some C ∈ π0(v).

By applying Corollary 3.5, we have

#Av = #(Mv ⊗ Z/nZ) = n2gv+nv,C−1.

Proposition 4.6 and Theorem 4.7 imply that

σ(X•
Hn,v

) ≤ gv + (gv − 1)(n2gv − 1) + gvn
2gv(nnv,C−1(1− λtv,C)− 1))

+(gv + nv,C − 2)n2gv(nnv,C−1λtv,C).

On the other hand, we have
σ(X•

Hn,v
) ≥ S1 + S2

≥ (gv − 1)(n2gv − C(gv)n
2gv−1) + gv(n

2gv − C(gv)n
2gv−1)(nnv,C−1(1− λtv,C)− 1).

Thus, we obtain that

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
= gv.

Suppose that #E>1
v > 1. Let Tj, j ∈ {1, . . . ,#E>1

v −1} (resp. T ′
j′ , j

′ ∈ {0, 1, . . . ,#E>1
v }),

denotes the sum of γ([Lα],Dα) that Dα satisfies the following conditions:

(i) s(D
(i)
α ) > 1 for each i ∈ {0, 1, . . . , t− 1};

(ii) there exists a subset Eα ⊆ E>1
v and a set of divisors

{Dα,C
def
=

∑
e∈Ev,C

ordxe(Dα)xe, C ∈ E>1
v }
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such that #Eα = j (resp. #Eα = j′), that s(D
(iC)
α,C ) ̸= 0 (resp. s(D

(iC)
α,C ) =

1) for some iC ∈ {0, 1, . . . , t − 1} if C ∈ Eα, and that s(D
(i)
α,C) = 0 (resp.

s(D
(i)
α,C) > 1) holds for each i ∈ {0, 1, . . . , t− 1} if C ̸∈ Eα.

Then we have

S3 =

#E>1
v −1∑
j=1

Tj +

#E>1
v∑

j′=0

T ′
j′ .

Note that since deg(Lα) = −deg(Dα)/n = −s(Dα), we have

γ([Lα],Dα) = γαLα ,1
≤ dimk(H

1(X̃v,Lα))

= gv − 1− deg(Lα) + dimk(H
0(X̃v,Lα)) = gv + s(Dα)− 1.

For each m ∈ {0, 1, . . . , E>1
v }, we put

Em
def
= {E ⊆ E>1

v subset | #E = m}.

When j ∈ {1, . . . ,#E>1
v − 1}, we have

Tj ≤
∑
E∈Ej

(gv +
∑
C∈E

nv,C − 1)(n2gv+
∑

C∈E(nv,C−1)).

Moreover, since s(D
(i)
α ) ≤ nv − 1 for each i ∈ {0, 1, . . . , t − 1}, by applying Theorem 4.7

to X̃•
v,C , C ∈ E>1

v , we have and

T ′
j′ ≤ (gv + nv − 2)n

2gv+
∑

C∈E>1
v

(nv,C−1)
(
∑
E∈Ej′

∏
C∈E>1

v \E

λtv,C)

when j′ ∈ {0, 1, . . . ,#E>1
v − 1}. When j′ = #E>1

v , we have that, for each C ∈ E>1
v ,

s(D
(iC)
α,C ) = 1 for some iC ∈ {0, 1, . . . , t − 1}. Then there exists an element δ ∈ Av,n such

that
Dδ =

∑
C∈E>1

v

D
(iC)
α,C .

Note that s(Dδ) = #E>1
v . Then γ([Lδ],Dδ) ≤ dimk(H

1(X̃v,Lδ)) = gv + #E>1
v − 1. Thus,

we have
T ′
#E>1

v
≤ (gv +#E>1

v − 1)n
2gv+

∑
C∈E>1

v
(nv,C−1)

.

Then we obtain that

σ(X•
Hn,v

) = S1 + S2 + S3 ≤ gv + (gv − 1)(n2gv − 1) + gvn
2gv(

∑
C∈E>1

v

(nnv,C−1(1− λtv,C)− 1))

+

#E>1
v −1∑
j=1

(
∑
E∈Ej

(gv +
∑
C∈E

nv,C − 1)(n2gv+
∑

C∈E(nv,C−1)))
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+

#E>1
v −1∑
j′=0

((gv + nv − 1)n
2gv+

∑
C∈E>1

v
(nv,C−1)

(
∑
E∈Ej′

∏
C∈E>1

v \E

λtv,C))

+(gv +#E>1
v − 1)n

2gv+
∑

C∈E>1
v

(nv,C−1)
.

Note that ∑
C∈E>1

v

(nv,C − 1) =
∑

C∈π0(v)

(nv,C − 1).

Proposition 3.4 implies that

#Av,n = #(Mv ⊗ Z/nZ) = n2gv+
∑

C∈π0(v)
(nv,C−1).

Then

0 ≤ lim sup
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
≤ gv +#E>1

v − 1.

This completes the proof of the proposition.

Remark 4.10.1. Suppose that (gv,#E
>1
v ) ̸= (0, 0) and #E>1

v > 1. We do not know
whether

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
exists or not. Moreover, if the limit above exists, we do not know whether the limit can
attain the upper bound gv +#E>1

v − 1 or not in general. The main difficulty is that we
do not know whether or not the Raynaud-Tamagawa theta divisor exist if s(Dα) = #E>1

v

and
∑

e∈Ev,C
ordxe(Dα) = n, C ∈ E>1

v (cf. Remark 4.7.1).

Remark 4.10.2. Motivated by the theory of the combinatorial anabelian geometry of
curves over algebraically closed fields of characteristic p > 0, we may expect that

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)

exists and admits a better lower bounder than 0. We pose the following question.

Question . Does the limit

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
exist? Moreover, if the limit exists, does

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
≥ gv − 1

hold?
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5 Lower bounds and upper bounds for the limits of

p-averages of admissible fundamental groups

In this section, we prove the first main theorem of the present paper. We maintain the
notation introduced in Section 3.

Let t be an arbitrary positive natural number and n
def
= pt − 1. We denote by Kn the

kernel of the natural surjective homomorphism ΠX• ↠ Πab
X• ⊗ Z/nZ and denote by

X•
Kn

= (XKn , DXKn
)

the pointed stable curve over k corresponding to Kn. Write ΓX•
Kn

for the dual semi-graph
of X•

Kn
and rXKn

for the Betti number of ΓX•
Kn

.

Definition 5.1. Let v ∈ v(ΓX•) ⊆ v(ΓX∞) and e ∈ ecl(ΓX•) ⊆ ecl(ΓX∞). We shall say
that v is a tree-like vertex if ΓXdef

v
is a tree (i.e., the Betti number of ΓXdef

v
is 0), and call

that e is a tree-like edge if there exists a vertex w ∈ v(ΓX•) such that Ew,C = {e} for
some C ∈ E=1

w . We put

V tre
X•

def
= {v ∈ v(ΓX•) | v is tree-like},

V tre,gv=0
X•

def
= {v ∈ V tre

X• | gv = 0},

Etre
X•

def
= {e ∈ ecl(ΓX•) | e is tree-like} =

∪
v∈v(ΓX• )

∪
C∈π0(v) s.t. C∈E=1

v

Ev,C .

Remark 5.1.1. Note that the definition of tree-like vertices and tree-like edges does not
depend on the choices of X•

v∞ .

Then we have the following formula for the limits of the p-averages of admissible
fundamental groups which generalizes Tamagawa’s results (cf. [T1, Theorem 0.5] and
[T2, Theorem 3.10]).

Theorem 5.2. We have

gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• −

∑
v∈v(ΓX• ) s.t. #E>1

v >1

gv

≤ lim sup
t→∞

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

≤ gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

In particular, if #E>1
v ≤ 1 for each v ∈ v(ΓX•), then we have

Avrp(ΠX•) = gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• −

∑
v∈v(ΓX• ) s.t. #E>1

v >1

gv

= gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v

= gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• .
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Proof. Remark 2.3.1 implies that

σ(X•
Kn

) =
∑

v∈v(ΓX• )

#(Πab
X• ⊗ Z/nZ)

#(Mv ⊗ Z/nZ)
σ(X•

Hv,n
) + rXKn

,

where X•
Hv,n

, v ∈ v(ΓX•), is a pointed stable curve over k defined in Section 4.2. Moreover,
the Euler-Poincaré characteristic formula for dual semi-graphs implies that

rXKn
= #ecl(ΓX•

Kn
)−#v(ΓX•

Kn
) + 1

=
∑

e∈ecl(ΓX• )

#(Πab
X• ⊗ Z/nZ)
#Ie,n

−
∑

v∈v(ΓX• )

#(Πab
X• ⊗ Z/nZ)

#(Mv ⊗ Z/nZ)
+ 1,

where Ie,n, e ∈ ecl(ΓX•), denotes the image of the inertia subgroup Ie of e in Πab
X• ⊗Z/nZ.

Moreover, the structure of the maximal prime-to-p quotients of admissible fundamental
groups implies that

#Ie,n =

{
1, if e ∈ Etre

X• ,
n, otherwise.

Then we obtain that

σ(X•
Kn

)

#(Πab
X• ⊗ Z/nZ)

=
∑

v∈v(ΓX• )

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)

+#Etre
X• +

∑
e∈ecl(ΓX• )\

∪
v∈v(ΓX• ) E

=1
v

1

n
−

∑
v∈v(ΓX• )

1

#(Mv ⊗ Z/nZ)
+

1

#(Πab
X• ⊗ Z/nZ)

.

Thus, by applying Proposition 4.10, we obtain that

gX − rX −#V tre
X• +#V tre,gv=0

X• +#Etre
X• −

∑
v∈v(ΓX• ) s.t. #E>1

v >1

gv

=
∑

v∈v(ΓX• ) s.t. gv ̸=0, #E>1
v ≤1

(gv +#E>1
v − 1) + #Etre

X•

≤ lim sup
t→∞

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

= lim sup
t→∞

σ(X•
Kn

)

#(Πab
X• ⊗ Z/nZ)

≤
∑

v∈v(ΓX• ) s.t. (gv ,#E
>1
v ) ̸=(0,0)

(gv +#E>1
v − 1) + #Etre

X•

=
∑

v∈v(ΓX• )

gv +
∑

v∈v(ΓX• )

#E>1
v −#v(ΓX•) + #V tre,gv=0

X• +#Etre
X•

= gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

This completes the proof of the theorem.
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Remark 5.2.1. Suppose that Γcpt
X• is 2-connected. Then we have #E>1

v ≤ 1 and #V tre,gv=0
X• =

0. Then we have
Avrp(ΠX•) = gX − rX −#V tre

X• +#Etre
X• .

This formula has been obtained essentially by Tamagawa (cf. [T2, Theorem 3.10]). More-
over, suppose that X• is smooth over k. Then we have

Avrp(ΠX•) = gX −#V tre
X• .

Note that we have

#V tre
X• =

{
1 if nX ≤ 1
0 if nX > 1.

This is the formula of Tamagawa obtained in [T1, Theorem 0.5].

Remark 5.2.2. For each v ∈ v(ΓX•), we put

b(v)
def
=

∑
e∈eop(ΓX• )∪ecl(ΓX• )

be(v),

where be(v) ∈ {0, 1, 2} denotes the number of times that e meets v. Moreover, we put

v(ΓX•)b≤1 def
= {v ∈ v(ΓX•) | b(v) ≤ 1}.

Note that if Γcpt
X• is 2-connected, then #v(ΓX•)b≤1 = #V tre

X• . Then the statement of [T2,
Theorem 3.10] is as follows.

Suppose that Γcpt
X• is 2-connected. Then we have

Avrp(ΠX•) = gX − rX −#v(ΓX•)b≤1.

Since the computation of rXKn
in the proof of [T2, Theorem 3.10] has an error, the

statement of the formula for Avrp(ΠX•) of [T2, Theorem 3.10] is not correct.

6 A formula for the limits of p-averages of admissible

fundamental groups of component-generic pointed

stable curves

In this section, we prove a formula for Avrp(ΠX•) when each irreducible component is
generic. We maintain the notation introduced in Section 3 and Section 4. Let t be an

arbitrary positive natural number, n
def
= pt − 1, and µn ⊆ k× the group of nth roots of

unity. Fix a primitive nth root ζ, we may identify µn with Z/nZ via the map ζ i 7→ i.
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6.1 Degeneration and existence of Raynaud-Tamagawa theta di-
visors

We introduce a condition concerning degeneration.

Condition 6.1. Let v ∈ v(ΓX•). We shall say that the pair (X̃•
v , π0(v)) admits a (DEG)

if there exist a complete discrete valuation ring Rv with an algebraically closed residue
field kRv and a pointed stable curve X •

v = (Xv, DXv) of type (gv, nv) over Rv satisfying
the following conditions:

(i) There is an algebraically closed field k′ ⊇ k such that k′ contains the

quotient field KRv of Rv, and that, by replacing k by k′ and X̃•
v by X̃•

v ×k k
′,

X̃•
v is k-isomorphic to X •

v ×Rv k. Moreover, the k-isomorphism induces a
bijection ιv : DXv

∼→ DX̃v
. For each C ∈ π0(v), write Dv,C for ι−1

v ({xe}e∈Ev,C
).

Then we have
DXv =

∪
C∈π0(v)

Dv,C .

(ii) By replacing k and X̃•
v by k′ and X̃•

v ×k k
′, respectively, we may assume

that k′ = k. We write KRv for the algebraic closure of KRv in k. Write
X •
v,η = (Xv,η, DXv,η

) for the geometric generic fiber X •
v ×Rv KRv of Xv and

X •
v,s = (Xv,s, DXv,s) for the special fiber X •

v ×Rv kRv of X •
v . For each C ∈ π0(v),

write Dη
v,C for Dv,C ×Rv KRv and Ds

v,C for Dv,C ×Rv kRv . Then we have

DXv,η
=

∪
C∈π0(v)

Dη
v,C , DXv,s =

∪
C∈π0(v)

Ds
v,C .

Moreover, we have

Xv,s = (
∪

C∈E>1
v

Pv,C) ∪ Zv

such that the following conditions hold: (1) Ds
v,C is contained in Pv,C for each

C ∈ E>1
v ; (2) Pv,C ∼= P1

kRv
; (3) the dual semi-graph of X •

v,s is a tree; (4) if

#E>1
v ̸= 0, then Zv is either a smooth projective curve over kRv of genus gv

when gv ̸= 0 or an empty set when gv = 0; (5) if #E>1
v = 0, then Zv is a

smooth projective curve over kRv of genus gv.

Let Fp be an algebraic closure of Fp in k. For each v ∈ v(ΓX•), write Mgv ,nv for the
moduli stack Mgv ,nv ,Z ×Z Fp. For each 0 ≤ σ ≤ gv, we denote by

Mσ

gv ,nv

the p-rank strata of Mgv ,nv with p-rank σ (i.e., the locally closed reduced substack of
Mgv ,nv whose geometric points corresponding to pointed stable curves with p-rank σ).
Note that Mσ

gv ,nv
is not irreducible in general.
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Definition 6.2. For each v ∈ v(ΓX•), write M
σ

gv ,nv
for the coarse moduli space of the

substack Mσ

gv ,nv
. Let qσ-genv be a generic point of M

σ

gv ,nv
and k(qσ-genv ) the residue field of

qσ-genv . Suppose that k(qσ-genv ) ⊆ k for each v ∈ v(ΓX•). Let kqσ-gen
v

be the algebraic closure
of the residue field of k(qσ-genv ) in k andX•

qσ-gen
v

the geometric generic curve corresponding to

the geometric generic point Spec kqσ-gen
v

→ Spec k(qσ-genv ) →M
σ

gv ,nv
. We shall say that X•

is a component-generic pointed stable curve over k if X̃•
v is k-isomorphic to X•

qσ-gen
v

×k
q
σ-gen
v

k

for each v ∈ v(ΓX•).

We have the following proposition.

Proposition 6.3. Suppose that X• is a component-generic pointed stable curve over k.
Then (X̃•

v , π0(v)) admits a (DEG) for each v ∈ v(ΓX•).

Proof. If E>1
v = ∅, then the proposition is trivial. We may assume that E>1

v ̸= ∅, and let

E>1
v

def
= {C1, . . . , Cq}. Then we have nv ≥ 2. For each Ci ∈ E>1

v , we put

Ev,Ci
= {e(∑j<i nv,Cj

)+1, . . . , e
∑

j≤i nv,Cj
}.

Moreover, we put ∪
C∈E=1

v

Ev,C = {e(∑
C∈E>1

v
nv,C)+1, . . . , env}.

Then the order of eop(Γv) defined above induces an order of the set of marked points DX̃v
.

Suppose that gv = 0. Then the definition of component-generic pointed stable curves
implies that X̃•

v is a geometric generic curve of M0,nv . Then (X̃•
v , π0(v)) admits a (DEG).

Suppose that gv ≥ 1, and let σ
def
= σ(X̃•

v ). Write πgv ,nv ,1 : Mgv ,nv → Mgv ,1 for the
morphism induced by forgetting the marked points except the first marked point and
cv : Spec k → Mgv ,nv for the classifying morphism determined by X̃•

v → Spec k. Then the
composite morphism

πgv ,nv ,1 ◦ cv : Spec k → Mgv ,1

determines a smooth pointed stable curve

Z∗,•
v = (Z∗

v , DZ∗
v
= {zv})

over k. Note that σ(Z∗,•
v ) = σ. Let Pv,Ci

∼= P1
k for each i ∈ {1, . . . , q}, DPv,Ci

a set of dis-
tinct closed points {x1,Ci

, x2,Ci
}∪{x(∑j<i nv,Cj

)+1, . . . , x
∑

j≤i nv,Cj
} of Pv,Ci

if i ∈ {1, . . . , q−
1}, DPv,Cq

a set of distinct closed points {x1,C1}∪{x(∑j<q nv,Cj
)+1, . . . , x

∑
j≤q nv,Cj

} of Pv,Cq .

Then we obtain a pointed stable curve

P •
v,Ci

= (Pv,Ci
, DPv,Ci

), i ∈ {1, . . . , q},

and a pointed stable curve

Z•
v = (Zv

def
= Z∗

v , DZv

def
= {zv} ∪ {x(∑

C∈E>1
v

nv,C)+1, . . . , xnv})
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over k. Note that zv ̸∈ {x(∑
C∈E>1

v
nv,C)+1, . . . , xnv}. We glue {P •

v,Ci
}i∈{1,...,q} and Z•

v by

identifying zv, x2,Ci
, i ∈ {1, . . . , q−1}, with x1,C1 , x1,Ci+1

, i ∈ {1, . . . , q−1}, respectively.
Thus, we obtain a pointed stable curve

X •
v,s = (Xv,s, DXv,s)

of type (gv, nv) over k which determines a classifying morphism cv,s : Spec k → Mgv ,nv .
Moreover, we write qv,s for the image of the composite morphism

Spec k
cv,s→ Mgv ,nv →M gv ,nv .

The construction of X •
v,s implies that the curve corresponding to the composite morphism

πgv ,nv ,1 ◦ cv,s : Spec k → Mgv ,1

is k-isomorphic to Z•
v . This means that qv,s is contained in the closure of q0-genv in M gv ,nv .

This completes the proof of the proposition.

In the remainder of the present paper, we assume that X• is a component-generic
pointed stable curve over k. Then Proposition 6.3 implies that, for each v ∈ v(ΓX•),

(X̃•
v , π0(v)) admits a (DEG). Moreover, we denote by Πv,η and Πv,s the admissible fun-

damental groups of X •
v,η and X •

v,s, respectively. Then Πv,η is naturally isomorphic to Πv.
By Remark 2.2.1 and [V, Théorème 2.2 (b)], there is a specialization map

spRv
: Πv,η ↠ Πv,s.

Moreover, we obtain a continuous surjective homomorphism of maximal pro-p quotients

sppRv
: Πp

v,η ↠ Πp
v,s,

where (−)p denotes the maximal pro-p quotient of (−). On the other hand, the special-
ization theorem of maximal prime-to-p quotients of admissible fundamental groups (cf.
[V, Théorème 2.2 (c)]) implies that

spp
′

Rv
: Πp′

v,η
∼→ Πp′

v,s.

Let Qv be an effective divisor on Xv of degree (#E>1
v )n such that Supp(Qv) ⊆ DXv

and ∑
x∈Dv,C

ordx(Qv) =

{
n, if C ∈ E>1

v ,
0, if C ∈ E=1

v .

Write Qη
v for Qv ×Rv KRv , Q

s
v for Qv ×Rv kRv , and Q

s
v,C , C ∈ E>1

v , for Qs
v ∩ Pv,C . Then

we have deg(Qs
v,C) = n, C ∈ E>1

v . This means that

s(Qs
v,C) = 1, C ∈ E>1

v .

Let Lv,η be a line bundle on Xv,η such that L⊗n
v,η

∼= OXv,η
(−Qη

v). We put

EQη
v

def
= Bt

Qη
v
⊗ Lv,η.

Then we have the following proposition.
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Proposition 6.4. The scheme ΘE
Q
η
v

is the Raynaud-Tamagawa theta divisor associated

to EQη
v
.

Proof. If #E>1
v ≤ 1, then the proposition follows immediately from Theorem 4.3. We

may assume that #E>1
v ≥ 2. By Remark 4.2.1, ΘE

Q
η
v

is the Raynaud-Tamagawa theta

divisor associated to EQη
v
(or EQη

v
satisfies (⋆)) if and only if there exists a line bundle Iv,η

on Xv,η of degree 0 such that [Iv,η] ̸∈ ΘE
Q
η
v

. This is equivalent to prove that there exists

a line bundle Iv,η on Xv,η of degree 0 such that

γ([Lv,η⊗Iv,η ],Qη
v)
= dimKRv

(H1(Xv,η,Lv,η ⊗ Iv,η)) = gv +#E>1
v − 1.

For each C ∈ E>1
v , let Lv,C be a line bundle on Pv,C such that L⊗n

v,C
∼= OPv,C

(−Qs
v,C),

and let
f •
v,C : Y •

v,C = (Yv,C , DYv,C ) → P •
v,C = (Pv,C , DPv,C

),

be the connected Galois admissible covering corresponding to the pair ([Lv,C ], Qs
v,C) over

kRv with Galois group Z/nZ, where DPv,C

def
= DXv,s ∩ Pv,C . Then the kRv [µn]-module

H1
ét(Yv,C ,Fp)⊗ kRv admits the following canonical decomposition

H1
ét(Yv,C ,Fp)⊗ kRv =

⊕
i∈Z/nZ

Mv,C(i),

where ζ ∈ µn acts on Mv,C(i) as the ζ i-multiplication. By applying Theorem 4.3 and
Theorem 4.7, we may choose Lv,C , C ∈ E>1

v , such that

dimkRv
(Mv,C(1)) = 0.

If gv ̸= 0, let LZv be a non-trivial line bundle on Zv of degree 0 such that L⊗n
Zv

∼= OZv .
We denote by

f •
Zv

: Y •
Zv

= (YZv , DYZv
) → Z•

v = (Zv, DZv)

the connected Galois étale covering corresponding to the pair ([LZv ], 0) over kRv with

Galois group Z/nZ, where DZv

def
= DXv,s∩Zv. Then the kRv [µn]-module H1

ét(YZv ,Fp)⊗kRv

admits the following canonical decomposition

H1
ét(YZv ,Fp)⊗ kRv =

⊕
i∈Z/nZ

MZv(i),

where ζ ∈ µn acts on MZv(i) as the ζ i-multiplication. By applying Theorem 4.3 and
Theorem 4.7, we may choose LZv such that

dimkRv
(MZv(1)) = gv − 1.

We denote SPv,C
by Pv,C ∩X sing

v,s for each C ∈ E>1
v , and SZv by Zv ∩X sing

v,s . Then f •
v,C ,

C ∈ E>1
v , and f •

Zv
induce the following Galois admissible coverings

f ∗,•
v,C : Y ∗,•

v,C = (Yv,C , f
−1
v,C(DP ∗

v,C
)) → P ∗,•

v,C = (Pv,C , DP ∗
v,C

def
= SPv,C

∪DPv,C
), C ∈ E>1

v ,
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and
f ∗,•
Zv

: Y ∗,•
Zv

= (YZv , f
−1
Zv

(DZ∗
v
)) → Z∗,•

v = (Zv, DZ∗
v

def
= SZv ∪DZv)

over kRv with Galois group Z/nZ, respectively, where fv,C and fZv denote the under-
lying morphism induced by f •

v,C and f •
Zv
, respectively. Note that the actions of Z/nZ

on f−1
v,C(SPv,C

), C ∈ E>1
v , and f−1

Zv
(SZv) are transitive, respectively. Then we may glue

{Y ∗,•
v,C}C∈E>1

v
along {f−1

v,C(SPv,C
)}C∈E>1

v
that is compatible with the gluing of {P ∗,•

v,C}C∈E>1
v

that gives rise to X •
v,s if gv = 0, and glue {Y ∗,•

v,C}C∈E>1
v

and Y ∗,•
Zv

along {f−1
v,C(SPv,C

)}C∈E>1
v

and f−1
Zv

(SZv) that is compatible with the gluing of {P ∗,•
v,C}C∈E>1

v
∪ {Z∗,•

v } that gives rise
to X •

v,s if gv ̸= 0. Then we obtain a connected Galois admissible covering

f •
v,s : Y•

v,s = (Yv,s, DYv,s) → X •
v,s

over kRv with Galois group Z/nZ. Write ΓY•
v,s

for the dual semi-graph of Y•
v,s and rYv,s

for the Betti number of ΓY•
v,s
. The construction of Y•

v,s implies that

rYv,s =

{
(#E>1

v − 1)(n− 1), if gv = 0,
#E>1

v (n− 1), if gv ̸= 0.

The k[µn]-module H1
ét(Yv,s,Fp)⊗ kRv admits the following canonical decomposition

H1
ét(Yv,s,Fp)⊗ kRv =

⊕
i∈Z/nZ

Mv,s(i),

where ζ ∈ µn acts on Mv,s(i) as the ζ i-multiplication. Moreover, we have a natural
k[µn]-submodule

H1(ΓY•
v,s
,Fp)⊗ kRv ⊆ H1

ét(Yv,s,Fp)⊗ kRv

which admits a canonical decomposition

H1(ΓY•
v,s
,Fp)⊗ kRv =

⊕
i∈Z/nZ

MΓY•
v,s
(i),

where ζ ∈ µn acts on MΓY•
v,s
(i) as the ζ i-multiplication. Then we have

Mv,s(1) =MZv(1)⊕MΓY•
v,s
(1).

We see immediately that

dimkRv
MΓY•

v,s
(i) =


0, if i = 0,
#E>1

v − 1, if i ̸= 0 and gv = 0,
#E>1

v , if i ̸= 0 and gv ̸= 0.

Thus, we obtain that
dimkRv

(Mv,s(1)) = gv +#E>1
v − 1.

On the other hand, since (p, n) = 1, the isomorphism spp
′

Rv
: Πp′

v,η
∼→ Πp′

v,s implies that,
by replacing Rv by a finite extension of Rv, there exists a finite morphism of pointed
stable curves

f •
v : Y•

v = (Yv, DYv) → X •
v
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over Rv such that the restriction of f •
v on the special fibers is kRv -isomorphic to f •

v,s, and
that the restriction of f •

v on the geometric generic fibers is a connected Galois admissible
covering

f •
v,η : Y•

v,η = (Yv,η, DYv,η
)
def
= Y•

v ×Rv KRv → X •
v,η

withe Galois group Z/nZ over KRv . The kRv [µn]-module H1
ét(Yv,η,Fp) ⊗ kRv admits the

following canonical decomposition

H1
ét(Yv,η,Fp)⊗ kRv =

⊕
i∈Z/nZ

Mv,η(i),

where ζ ∈ µn acts onMv,η(i) as the ζ
i-multiplication. Write ΠY•

v,η
⊆ Πv,η and ΠY•

v,s
⊆ Πv,s

for the open normal subgroups corresponding to Y•
v,η and Y•

v,s, respectively. Then the
surjection spv : Πv,η ↠ Πv,s induces a surjection spv,Y : ΠY•

v,η
↠ ΠY•

v,s
. Thus, we obtain a

surjection
sppv,Y : Πp

Y•
v,η

↠ Πp
Y•
v,s
.

Since H1
ét(Yv,η,Fp) ⊗ kRv and H1

ét(Yv,s,Fp) ⊗ kRv are semi-simple kRv [µn]-modules, the
surjection sppv,Y induces an injection Mv,s(1) ↪→Mv,η(1). This implies that

dimkRv
(Mv,η(1)) ≥ gv +#E>1

v − 1.

Write L′
v,η for the line bundle on Xv,η corresponding to Yv,η. Then Lemma 4.9 implies

that (L′
v,η)

⊗n ∼= OXv,η
(−Qη

v). Moreover, we have

dimkRv
(Mv,η(1)) = γ([L′

v,η ],Q
η
v)
≤ dimKRv

(H1(Xv,η,L′
v,η)) = gv +#E>1

v − 1.

Then we obtain that

dimkRv
(Mv,η(1)) = γ([L′

v,η ],Q
η
v)
= dimKRv

(H1(Xv,η,L′
v,η)) = gv +#E>1

v − 1.

Let Iv,η
def
= L−1

v,η ⊗ L′
v,η. Note that Iv,η is a line bundle on Xv,η of degree 0. Then we

have
γ([Lv,η⊗Iv,η ],Qη

v)
= γ([L′

v,η ],Q
η
v)

= dimKRv
(H1(Xv,η,L′

v,η)) = dimKRv
(H1(Xv,η,Lv,η ⊗ Iv,η)) = gv +#E>1

v − 1.

This completes the proof of the proposition.

Remark 6.4.1. Proposition 6.4 gives a positive answer of Problem of Remark 4.7.1 under
certain assumptions of divisors. On the other hand, we may pose a generalized version of
Tamagawa’s problem as follows.

Problem . We maintain the notation introduced in Remark 4.7.1. Suppose that X• is
a component-generic smooth pointed stable curve over k. Let ([L], D) be an arbitrary

element of P̃X•,n. Suppose that deg(D(i)) ≥ deg(D) holds for each i ∈ {0, 1, . . . , t − 1}.
Does the Raynaud-Tamagawa theta divisor ΘED associated to ED exist?
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6.2 A formula for the limits of p-averages

In this subsection, we prove the second main theorem of the present paper. First, we have
the following proposition.

Proposition 6.5. Suppose that X• is a component-generic pointed stable curve over k.
Then we have

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
=

{
0, if v ∈ V tre,gv=0

X• ,

gv +#E>1
v − 1, if v ∈ v(ΓX•) \ V tre,gv=0

X• .

Proof. We maintain the notation introduced in the proof of Proposition 4.10. Moreover,
Proposition 4.10 implies that we may assume that #E>1

v ≥ 2. Then

#(Mv ⊗ Z/nZ) = 2gv +
∑

C∈π0(v)

(nv,C − 1).

Suppose that v ∈ V tre,gv=0
X• . Then the proposition follows from Proposition 4.10 (i).

Suppose that v ∈ v(ΓX•) \ V tre,gv=0
X• . Theorem 4.7 and Proposition 6.4 imply that

σ(X•
Hn,v

) ≥ (gv +#E>1
v − 1)(n2gv − C(gv)n

2gv−1)
∏

C∈E>1
v

(nnv,C−1(1− λtv,C)− 1)

≥ (gv +#E>1
v − 1)(n

2gv+
∑

C∈E>1
v

(nv,C−1) − C(gv)n
2gv+

∑
C∈E>1

v
(nv,C−1)−1

)

= (gv +#E>1
v − 1)(n2gv+

∑
C∈π0(v)

(nv,C−1) − C(gv)n
2gv+

∑
C∈π0(v)

(nv,C−1)−1).

Then Proposition 4.10 (ii) implies that

lim
t→∞

σ(X•
Hv,n

)

#(Mv ⊗ Z/nZ)
= gv +#E>1

v − 1.

This completes the proof of the proposition.

The second main theorem of the present paper is as follows, which is a formula of the
limits of p-averages without any assumptions of dual semi-graphs.

Theorem 6.6. Suppose that X• is a component-generic pointed stable curve over k. Then
we have

Avrp(ΠX•) = gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

Proof. We denote by Kn the kernel of the natural surjective homomorphism ΠX• ↠
Πab
X• ⊗ Z/nZ. By applying similar arguments to the arguments given in the proof of

Theorem 5.2 imply that

dimFp(K
ab
n ⊗ Fp)

#(Πab
X• ⊗ Z/nZ)

=
∑

v∈v(ΓX• )

dimFp(H
ab
v,n ⊗ Fp)

#(Mv ⊗ Z/nZ)
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+#Etre
X• +

∑
e∈ecl(ΓX• )\

∪
v∈v(ΓX• ) E

=1
v

1

n
−

∑
v∈v(ΓX• )

1

#(Mv ⊗ Z/nZ)
+

1

#(Πab
X• ⊗ Z/nZ)

.

Thus, Proposition 6.5 implies that

Avrp(ΠX•) =
∑

v∈v(ΓX• ) s.t. (gv ,#E
>1
v ) ̸=(0,0)

(gv +#E>1
v − 1) + #Etre

X•

=
∑

v∈v(ΓX• )

gv +
∑

v∈v(ΓX• )

#E>1
v −#v(ΓX•) + #V tre,gv=0

X• +#Etre
X•

= gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

This completes the proof of the theorem.

Remark 6.6.1. We can also prove Theorem 6.6 by applying Theorem 5.2 directly (i.e.,
without using the existence of Raynaud-Tamagawa theta divisors). Let us explain the
arguments in this remark.

Suppose that X• is a component-generic pointed stable curve over k. Then there
exists a complete discrete valuation ring R with algebraically closed residue field kR of
characteristic p > 0 and a pointed stable curve X • = (X , DX ) over R such that the
following conditions are satisfied:

(i) Write X •
η = (Xη, DXη) for the generic fiber X • ×R KR. Then each point of

X sing is KR-rational.

(ii) There is an algebraically closed field k′ ⊇ k such that k′ contains the
quotient field KR of R, and that, by replacing k by k′ and X• by X• ×k k

′,
X• is k-isomorphic to X •

η ×KR
k.

(iii) By replacing k by k′ and X• by X• ×k k
′, we assume that k′ = k. Write

ΓX •
η
for the dual semi-graph of X •

η . Note that ΓX •
η
can be naturally identified

with ΓX• via the k-isomorphism X• ∼=k X •
η ×KR

k. For each v ∈ v(ΓX •
η
), write

Xv,η for the irreducible component of Xη corresponding to v and X̃v,η for the

smooth compactification of UXv,η

def
= Xv,η \ X sing

v,η . We define a smooth pointed
stable curve of type (gv, nv) to be

X̃ •
v,η = (X̃v,η, DX̃v,η

def
= (DXη ∩ Xv,η) ∪ (X̃v,η \ UXv,η))

over KR. Then we have that X̃ •
v,η ×KR

k is k-isomorphic to X̃•
v , and that the

reduction of X̃ •
v,η over R satisfies the (DEG) (iii) defined in Section 6.1.

(iv) Write KR for the algebraic closure of KR in k and X •
η = (Xη, DXη

) for

the geometric generic fiber X • ×R KR of X •. Then X• is k-isomorphic to
X • ×KR

k. Moreover, we write ΓX •
η
for the dual semi-graph of X •

η . Note that
ΓX •

η
can be naturally identified with ΓX •

η
.
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Write Πη and Πs for the admissible fundamental groups of X •
η and X •

s , respectively. Let
us compute Avrp(Πs). Note that the construction of X •

s implies that, for each w ∈ v(ΓX •
s
),

we have #E>1
w ≤ 1. Thus, by applying Theorem 5.2, we obtain that

Avrp(Πs) = gX − rX −#v(ΓX •
s
) + #V tre,gv=0

X •
s

+#Etre
X •

s
+

∑
w∈v(ΓX•

s
)

#E>1
w .

Moreover, the construction of X •
s implies that

#v(ΓX •
s
) =

∑
v∈v(ΓX•

η
) s.t. gv ̸=0

(#E>1
v +1)+

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v ̸=0

#E>1
v +

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v =0

1

= #v(ΓX •
η
) +

∑
v∈v(ΓX•

η
) s.t. gv ̸=0

#E>1
v +

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v ̸=0

(#E>1
v − 1),

#V tre,gv=0
X •

s
= #V tre,gv=0

X •
η

,

∑
w∈v(ΓX•

s
)

#E>1
w =

∑
v∈v(ΓX•

η
)

#E>1
v ,

#Etre
X •

s
= #Etre

X •
η
+

∑
v∈v(ΓX•

η
) s.t. gv ̸=0

#E>1
v +

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v ̸=0

(#E>1
v − 1).

Thus, we have

Avrp(Πs) = gX − rX −#v(ΓX •
s
) + #V tre,gv=0

X •
s

+#Etre
X •

s
+

∑
w∈v(ΓX•

s
)

#E>1
w

= gX − rX −#v(ΓX •
η
)−

∑
v∈v(ΓX•

η
) s.t. gv ̸=0

#E>1
v −

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v ̸=0

(#E>1
v − 1)

+#V tre,gv=0
X •

η
+#Etre

X •
η

+
∑

v∈v(ΓX•
η
) s.t. gv ̸=0

#E>1
v +

∑
v∈v(ΓX•

η
) s.t. gv=0,#E>1

v ̸=0

(#E>1
v − 1) +

∑
w∈v(ΓX•

η
)

#E>1
w

= gX − rX −#v(ΓX •
η
) + #V tre,gv=0

X •
η

+#Etre
X •

η
+

∑
v∈v(ΓX•

η
)

#E>1
v

= gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

On the other hand, since Πη is naturally (outer) isomorphic to ΠX• , we obtain γavp,n(ΠX•) =
γavp,n(Πη). Moreover, Since X •

η and X •
s are same types, we have a specialization map

spR : Πη ↠ Πs.
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Then we have
γavp,n(ΠX•) = γavp,n(Πη) ≥ γavp,n(Πs).

This means that

lim inf
t→∞

γavp,n(Πη) ≥ gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v ,

where lim inf(−) denotes the limit infimum of (−). Thus, Theorem 5.2 implies that
Avrp(ΠX•) exists, and that

Avrp(ΠX•) = gX − rX −#v(ΓX•) + #V tre,gv=0
X• +#Etre

X• +
∑

v∈v(ΓX• )

#E>1
v .

This completes the proof of Theorem 6.6.
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Ann. Fac. Sci. Toulouse Math. (5) 6 (1992), 133–138.

Yu Yang

Address: Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-
8502, Japan

E-mail: yuyang@kurims.kyoto-u.ac.jp

50


