ON THE AVERAGES OF p-RANK OF GENERIC CURVES IN

POSITIVE CHARACTERISTIC
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ABSTRACT. Let X* % (X,Dx) be a pointed stable curve of type (gx,nx) over an

algebraically closed field k£ of characteristic p > 0. Under a certain generic condition
concerning X, we prove a formula concerning the averages of p-rank of prime-to-p cyclic
admissible coverings of X*. Roughly speaking, this formula says that the p-rank of prime-
to-p cyclic admissible coverings of X*® with Galois group Z/nZ can be determined by n,
(9x,nx), and the dual semi-graph of X*® when n — co. In particular, this formula gives
an affirmative answer (in the case of generic curves) to an open problem concerning
p-averages of tame fundamental groups of smooth pointed stable curves asked by A.
Tamagawa.
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1. INTRODUCTION

Let X* = (X, Dx) be a pointed stable curve over an algebraically closed field k& of
characteristic char(k) = p > 0, where X denotes the underlying curve, and Dx denotes
the (finite) set of marked points satisfying [K, Definition 1.1 (iv)]. Write gx for the
arithmetic genus of X and nx for the cardinality #(Dx) of Dx. We call (gx,nx) the
topological type (or type for short) of X*. By choosing a suitable base point of X* we
have the admissible fundamental group (see 2.3.1)

Tye

of X*. The admissible fundamental groups of pointed stable curves are natural gener-
alizations of the tame fundamental groups of smooth pointed stable curves (i.e., IIxe is
isomorphic to the tame fundamental group of X* if X* is smooth over k).

1.1. Motivation and Tamagawa’s question. We explain some backgrounds concern-
ing anabelian geometry that motivated the theory developed in the present paper.

1.1.1.  When char(k) = 0, the structure of admissible fundamental group Ily. is well-
known which is isomorphic to the profinite completion of the topological fundamental
group of a Riemann surface of type (gx,ny). In the remainder of the introduction, we
assume char(k) = p > 0.

Unlike the case of characteristic 0, the situation is quite different when char(k) = p > 0,
and the structure of IIy. is no longer known. At present, we do not have an explicit
description of the admissible (or tame) fundamental group of any pointed stable curve
in positive characteristic. In fact, we cannot expect that the structures of admissible
fundamental groups in positive characteristic can be described explicitly in general since
there exist anabelian phenomena (i.e., the isomorphism class of X*® can be completely
determined by the isomorphism class of [Ixe).

1.1.2.  The original anabelian geometry suggested by A. Grothendieck in 1980s is a theory
over arithmetic fields (e.g. number fields). Roughly speaking, it means that

scheme theory = Galois actions + geometric fundamental groups,

and the Galois actions play a central role in the theory of anabelian geometry over arith-
metic fields (i.e., Galois actions determines scheme structures).

On the other hand, since the late 1990s, some results of M. Raynaud ([R2]), F. Pop-
M. Saidi ([PS]), A. Tamagawa ([T1], [T2], [T3]), and the author of the present paper
([Y2], [Y4], [Y5]) showed evidence for very strong anabelian phenomena for curves over
algebraically closed fields of positive characteristic. This kinds of anabelian phenomena go
beyond Grothendieck’s anabelian geometry, and it means that, in positive characteristic,

scheme theory = geometric fundamental groups.

We denote by H&/-. the maximal prime-to-p quotient of IIy.. The specialization theo-

rem of admissible fundamental groups implies that H’)’é. is isomorphic to the prime-to-p
completion of the topological fundamental group of a Riemann surface of type (gx,nx)
(see 2.3.1). In particular, Hgé. depends only on gx if ny =0, and 2gx +nx — 1 if nx # 0.
This fact means that the anabelian phenomena of curves over algebraically closed fields of

positive characteristic are arose from the complex behaviors of p-parts of open subgroups
of HX' .
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1.1.3. p-rank and its averages. Let H C Ilxe. be an arbitrary open normal subgroup and
X3 — X°* the Galois admissible covering corresponding to H. To analyze the p-part of
H, we have an important invariant o, associated to X}, (or H) which is called p-rank
(or Hasse-Witt invariant, see 2.4.1). When Ilx./H is a p-group, ox, can be explicitly
calculated by using the Deuring-Shafarevich formula ([C], [Su]). Then to calculate ox,,,
it sufficient to treat the case where #(Ilxs/H) is prime to p (which is the most myste-
rious part of the structures of admissible fundamental groups of curves in positive char-
acteristic). Furthermore, for anabelian geometry, we need to reconstruct the geometric
information of X*® group-theoretically from its admissible fundamental group. However,
the geometric information of X*® (e.g. (gx,nx)) cannot be carried out directly from ox,
in general since ox,, — oo when #(Ilx./H) — 0.

To overcome the gaps between the geometric information of X*® and the p-rank of
admissible coverings of X*, in [T2], Tamagawa introduced the following important group-
theoretical invariant (see also Definition 2.1) concerning the p-parts of open subgroups of
HXQZ
av (1] def dimﬂ:p (bi & Fp)

F)/pm( X‘) - #(H%P. ®Z/7’LZ)’

where n is an arbitrary natural number prime to p, (—)* denotes the abelianization of
(—), and K,, denotes the kernel of the natural surjection IIx. — T3 ® Z/nZ. Note
that dimg, (K2 ® F,) = 0xy,, where X7 denotes the Galois admissible covering of X*
corresponding to K.

1.1.4. Tamagawa’s p-average theorem for tame fundamental groups. Suppose that X*° is
smooth over k (in this situation, Ily. is isomorphic to the tame fundamental group of
X*). By developing a tamely ramified version of Raynaud’s theory of theta divisors,
Tamagawa obtained the following highly non-trivial result (see [T2, Theorem 0.5]) which
is very important in the theory of anabelian geometry of curves in positive characteristic:

Theorem 1.1. Let t € N be a natural number. Then we have (i.e., n Lt — 1)

def .. av . gX_l, anXél,
Avrp(HX-) = tlgglo’ypypt,l(ﬂxo) - { Jx, if nxy > 1.

As applications, Tamagawa obtained that (gx,ny) is a group-theoretical invariant ([T2,
Theorem 0.1]), and proved a weak Isom-version of the Grothendieck conjecture for smooth
pointed stable curves of type (0,nx) over F, ([T2, Theorem 0.2]).

1.1.5. A question of Tamagawa. We maintain the notation introduced in 1.1.4. In other
words, Theorem 1.1 says that, if p* —1 >> 0, then the generalized Hasse- Witt invariants
(i.e., refined invariants of p-rank, see 2.4.2) are equal to Avr,(Ilx.) for almost all of the
Galois tame coverings of X*® with Galois group Z/(p* — 1)Z.

On the other hand, we do not know what will happen for 'y;V(H x*) def lim,, o0 ”VZ,Vn(H xe°)
if n is an arbitrary natural number prime to p. In [T2, Remark 4.15], Tamagawa asked
the following question:

Question 1.2. Let n be an arbitrary natural number n prime to p, and let X°® be a
smooth pointed stable curve over k and llx« the tame fundamental group of X*. What
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is ’)/;}V(HX°) def lim,, o0 ’YE,Vn(Hr) ? Does the formula

av _ gX_17 anXSL
Tp (HX.) B { gx, anX > 17

hold?

1.2. A generalized version of Tamagawa’s question. Let us return to the general
case where X*® is an arbitrary pointed stable curve.

1.2.1. In [Y3], under certain conditions concerning dual semi-graphs, the author gener-
alized Tamagawa’s result (i.e., Theorem 1.1) to the case of admissible fundamental groups
of pointed stable curves (see [Y3, Theorem 5.2] or Remark 4.6.2 of the present paper).
As an application, the author proved the so-called combinatorial Grothendieck conjecture
in positive characteristic ([Y2], [Y5]), and generalized [T2, Theorem 0.2] to the case of
pointed stable curves ([Y2]). Furthermore, recently, the author introduced the so-called
moduli spaces of admissible fundamental groups ([Y6]) which gives a general formulation
for describing anabelian phenomena of curves over algebraically closed fields of positive
characteristics. The generalized version of Theorem 1.1 ([Y3, Theorem 5.2]) plays one of
the central roles to established the theory of the moduli spaces of admissible fundamental
groups ([Y6, Section 5]).

1.2.2.  [Y3, Theorem 5.2] says that, under certain conditions of dual semi-graph of X*, if
p' —1 >> 0, then the generalized Hasse-Witt invariants can be completely determined by
(9x,nx) and the dual semi-graph of X* for almost all of the Galois admissible coverings
of X* with Galois group Z/(p* — 1)Z. Moreover, we may ask the following generalized
version of Tamagawa’s question (=Question 1.2):

Question 1.3. Let n be an arbitrary natural number n prime to p, and let X*® be
an arbitrary pointed stable curve over k and Ilx. the admissible fundamental group of
X*. What is 73" (Ilxe)? Does the following formula (see 2.2.1 for T'xe, 2.1 for v(I'x.),
Definition 4.2 for E%S, and Definition 4.1 for E7')

Y (Iye) = gx —rx — #(Cxe)) +#ER) + > #(E

vev(Ixe)
hold?

Note that Question 1.3 coincides with Question 1.2 if X*® is smooth over k. Question
1.3 is very important for the following reason. If the formula mentioned in Question 1.3
holds for arbitrary pointed stable curves, then the main result of [Y6, Section 5| can
be extended to the case of arbitrary pointed stable curves, in particular, to the case of
stable curves (i.e., Dx = ()). This is one of main steps to prove the main conjecture
(=the Homeomorphism Conjecture, see [Y6, Section 3.3]) of the theory of moduli spaces
of admissible fundamental groups for higher-dimensional moduli spaces.

1.3. Main result. In the present paper, we solve Question 1.3 under a “generic” condi-
tion. Our main theorem of the present paper is as follows (see also Theorem 4.6):

Theorem 1.4. Let X*® be a component-generic pointed stable curve (2.2.3) of type (gx,nx)
over an algebraically closed field k of characteristic p > 0, I'xe the dual semi-graph, rx
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the Betti number of Uxe (2.2.1), and Ilxe the admissible fundamental group of X*. Then
we have the following formula:

W ([Mxe) = gx —rx — #W(Txe)) + #(ER) + > #(ET.

vev(lye)

1.4. Structure of the present paper. The present paper is organized as follows. In
Section 2, we recall some notation concerning semi-graphs, pointed stable curves, admis-
sible fundamental groups, p-rank, and generalized Hasse-Witt invariants. In Section 3,
we prove Theorem 1.4 in the case of smooth component-generic pointed stable curves. In
Section 4, we prove Theorem 1.4 in general.

1.5. Acknowledgments. This work was supported by JSPS KAKENHI Grant Number
20K14283, and by the Research Institute for Mathematical Sciences (RIMS), an Interna-
tional Joint Usage/Research Center located in Kyoto University.

2. PRELIMINARIES

In this section, we set up notation and terminology concerning semi-graphs, pointed
stable curves, admissible coverings and admissible fundamental groups.

2.1. Semi-graphs. Let I' be a semi-graph (|[M, Section 1]). Roughly speaking, a semi-
graph consists of the following data: a set of vertices, a set of open edges, a set of closed
edges, and a set of coincidence maps between the sets of (open and closed) edges and the
set of vertices.

(a) We shall denote by v(T), e°P(I"), and e}(I") the set of vertices of I, the set of open
edges of I', and the set of closed edges of I, respectively.

(b) The semi-graph I' can be regarded as a topological space with natural topology
induced by R?, where R denotes the field of real number. We define an one-point com-
pactification TP* of T' as follows: if e°P(T") = (), we put I'®* = I'; otherwise, the set of
vertices of T'P' is the disjoint union v(I'°Pt) o v(I") U {vs}, the set of closed edges of
TPt s el (ToPt) € eop(T) U e(T), the set of open edges of I is empty, and every edge
e € e°P(T) C e?(T°PY) connects vy, with the vertex of T' that is abutted by e.

(c¢) Let v € v(I'). We shall say that I' is 2-connected at v if I\ {v} is either empty
or connected. Moreover, we shall say that I' is 2-connected if I" is 2-connected at each
v € v(T"). Note that, if " is connected, then I'°P* is 2-connected at each v € v(T") C v(T'°P")
if and only if I'°P* is 2-connected.

2.2. Pointed stable curves.

2.2.1. Settings. In the remainder of this section, we maintain the following notation.
Let k£ be an algebraically closed field of characteristic p > 0 and

X* = (X, Dy)

a pointed stable curve of type (gx,nx) over k. Here, X denotes the underlying curve
of X*, and Dx denotes the (finite) set of marked points of X* satisfying [K, Definition
1.1 (iv)]. In particular, if Dx = 0, we shall call X* = X stable. Write I'y. for the dual

semi-graph of X* (e.g. [Y1, Definition 3.1]) and rx = dimg(HL,, (T'xe,Q)) for the Betti

sing
number of the semi-graph I"y., where Q denotes the field of rational number.
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2.2.2. Let v € v(I'xe) and e € €°P(I'xs) U e(I'xs). We write X, for the irreducible
component of X corresponding to v, write z, for the singular point of X* (or X) corre-

sponding to e if e € e?(I"x.), and write z, for the marked point of X*® corresponding to e

if e € e°P(I'x+). Moreover, write X, for the smooth compactification of Uy, X, \ Xsing

where (—)*"8 denotes the singular locus of (—). We put

X: = (X, Dg, (X, \ Ux,) U (Dx N X,))

a smooth pointed stable curve of type (g,,n,) over k. We shall call )?; the smooth pointed
stable curve of type (g,,n,) associated to v, or the smooth pointed semi-stable curve
associated to v for short.

2.2.3. Let Mg,nyz be the moduli stack parameterizing pointed stable curves of type (g, n)

over Spec Z, F,, the algebraic closure of F, in k, M, , o M2 %2F,, and M, the coarse

moduli space of ﬂg,n. Then X* — Spec k determines a morphism cy : Spec k — ﬂgx nx
and X* — Speck, v € v(I'xs), determines a morphism ¢, : Speck — M,, ,,,. Moreover,
we have a clutching morphism of moduli stacks ([K, Definition 3.8])

c: H Mgvynv - ng,nx

vev(Txe)

such that co ([[,c,r,.) ) = cx. We shall say that X* is a component-generic pointed
stable curve over k if the image of

H Cy : Speck — H Mgvm

vev(T'xe) vev(Cxe)

Mgu n,- Note that, if X* is smooth component-generic, then

is a generic point in [T ¢, ..,

cx is a geometric point over the generic point of My, ..

2.3. Admissible fundamental groups. We maintain the settings introduced in 2.2.1.

2.3.1. By choosing a base point x € X \ X®"8 we have the admissible fundamental
group mm(X*® x) of X* (see [Y5, 2.1.5] and [Y6, 1.2.2] for the definitions of admissible
coverings, multi-admissible coverings, Galois admissible coverings, Galois multi-admissible
coverings, and admissible fundamental groups). Since we only focus on the isomorphism
class of 729m(X* x) in the present paper, for simplicity of notation, we omit the base
point z and denote by

Ty

the admissible fundamental group 739 (X*, x). Note that, by the definition of admissible
coverings, the admissible fundamental group of X* is naturally isomorphic to the tame
fundamental group of X*® when X* is smooth over k. Moreover, the structure of the
maximal prime-to-p quotient of IIxe is well-known, and is isomorphic to the prime-to-p
completion of the following group

9x nx
(@i, ... ag5,b1,. . by c1, .o Cny | H[ai,bi] ch =1).
i=1 j=1
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2.3.2. We denote by II$. and HE?? the étale fundamental group of the underlying curve
X of X* and the profinite completion of the topological fundamental group of I'xe, re-
spectively. We have the following natural surjective open continuous homomorphisms (for
suitable choices of base points)

Txe — 5. — II%5.
Moreover, for each v € v(I'xs), we denote by
I,

the admissible fundamental group of )N(; (i.e., the tame fundamental group of the smooth
pointed stable curve associated to v). Then we have a natural outer injective homomor-
phism I, < Ix. (i.e., up to inner automorphisms of Ilx.).

2.3.3. We put
X% lm Xy, Dg=  lm Dy, Tg.®  lim Ty,
HClIIxe open HClIIye open HCIIyxe open
We call

X*=(X,Dg) = X*
the universal admissible covering of X*® corresponding to Ilx., and I' ¢, the dual semi-

graph of X*. Note that Aut(X*/X*) = Ilx., and that I' ;. admits a natural action of
[Txe.

Write mx : I'gs — I'xe for the map of dual semi-graphs induced by the universal
admissible covering. For every e € e°P(I'xs) U e?(I'xs), write € € 7' (e) C eP(I'g.) U
e?(I'z.) for an edge over e and write

[g g HX’
for the stabilizer of €. Note that Is is isomorphic to Z(1)?', where Z(1)?" denotes the

maximal prime-to-p quotient of Z(l)

2.4. p-rank, generalized Hasse-Witt invariants, and their averages. We maintain
the settings introduced in 2.2.1.

2.4.1.  The p-rank (or Hasse- Witt invariant) of X* is defined to be

ox = dimg, (Pick (k)[p]),
where (—)[p] denotes the subgroup of p-torsion points of (—). Note that we have
ox = dimg, (I3 @ F,) = dimg, (15" @ F,),

where (—) denotes the abelianization of (—). Moreover, we have the following well-
known fact

ox = E O-f(v—i_TX-
vev(Lye)
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2.4.2. Let n be an arbitrary positive natural number prime to p and u,, C k* the group
of nth roots of unity. Fix a primitive nth root ¢, we may identify p, with Z/nZ via the
homomorphism (¢ + 4. Let o € Hom(I18%, Z/nZ). We denote by X2 = (X,, Dx,) — X*
the Galois multi-admissible covering with Galois group Z/nZ corresponding to «. We put

H, ® HL(X,,F,) @, k.

The finite dimensional k-linear space H, is a finitely generated k[u,]-module induced by
the natural action of u,, on X,. Then we have the following canonical decomposition

Ha: @ Ha,ia
1€Z/nZ

where ¢ € p,, acts on H,; as the ("-multiplication.
We call

Yoi S dimy(Ha,), i € Z/nZ,

a generalized Hasse-Witt invariant (see [N], [T2] for the case of étale or tame coverings
of smooth pointed stable curves) of the cyclic multi-admissible covering X2 — X*. In
particular, we call

Yo, 1
the first generalized Hasse-Witt invariant of the cyclic multi-admissible covering X3 —
X*. Note that the above decomposition implies

dimy(H,) = Z Voui-
1€Z/nZ

In particular, if X, is connected, then dimy(H,) = ox,.
2.4.3. Next, we introduce the main object of the present paper.

Definition 2.1. Let n be an arbitrary positive natural number prime to p and II an
arbitrary profinite group. We put K, g ker(IT — 11** ® Z/nZ) and
av ( ) dﬁf dime (bi X Fp)
T = Mo @ 707

Morever, we put

av def ;. av
7 () = Tim 7% (I0)
when the limit exists, and we shall call vgv(H) the prime-to-p limit of p-averages of 11. In
particular, if II = IIx. and X% denotes the Galois admissible covering of X* correspond-

ing to K,, C Ilx., we have

. OXy
YV Tlye) =1 " .
() = o S, © Z/nz)

3. p-AVERAGES FOR SMOOTH COMPONENT-GENERIC CURVES

In this section, we calculate the prime-to-p limit of p-averages for smooth component-
generic pointed stable curves. The main result of the present section is Proposition 3.5.

3.1. Etale fundamental group case. In this subsection, we compute the p-averages for
é¢tale fundamental groups of arbitrary smooth stable curves.
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3.1.1. Settings. We maintain the settings introduced in 2.2.1. Let X*® be a pointed stable
curve of type (gx,nx) over an algebraically closed field k of characteristic p > 0 and IIxe
the admissible fundamental group of X*®. Moreover, we suppose the following conditions

hold:

o X*is an arbitrary smooth pointed stable curve.

onx =0 (e, X*=(X,0)).
Thus, we have that Ily. is the étale fundamental group of X*. Note that since X* is
pointed stable, we have gx > 2.

3.1.2. Let n be an arbitrary positive natural number prime to p, ¢t the order of p in
(Z/nZ)*, and p, C k* the group of nth roots of unity. Fix a primitive nth root ¢, we
may identify p, with Z/nZ via the homomorphism (" — .
We put (see 2.4.2 for v,.1)
Hom(ILx., Z/nZ)* %< {a € Hom(Ilxe, Z/nZ) | Yar = gx — 1},
where “ord” means “ordinary”. Then we have the following result.

Lemma 3.1. We maintain the notation introduced above. Then we have

#(Hom(Iye, Z/nZ)° ) > n?9% — 395 ~1gl(p — 1)tn?9% 2 — 1.
In particular, we have

#(Hom(Iye, Z/nZ)) > n?9% — 39x1gl(p — 1)n29x 1 — 1.
Proof. Let o € Hom(Ilxe,Z/nZ) \ {0} be an arbitrary element and f, : X, — X the
étale covering corresponding to . Then we have

farOx,) = P LT
i€Z/nZ.

for some line bundle £, on X such that ¢ € p, acts locally on £&* as (*-multiplication.

Let F}, be the absolute Frobenius morphism on Speck and Fy/, : X — X, e x X m,

the relative Frobenius morphism over k. Let Jx, be the Jacobian of X; and
Orr C Jx,

the Raynaud-Tamagawa theta divisor associated to the vector bundle F/.(Ox)/Ox,
(see [R1, Section 4]). Write L, for the line bundle on X induced by L, via the natural
morphism X; — X and [L,:] for the point of Jx, corresponding to L,;. Then the
definition of Ogy implies that [£, ;] € Orr if and only if the homomorphism

OLos HY (X1, La1) — ]—_Il(Xthﬁ)

induced by the absolute Frobenius morphism Fx, on Xj is an injection. By [T2, Corollary
3.10 (iii)], we have

#{o € Hom(Ilxe, Z/nZ) \ {0} | ¢ e, is injective for all j € {0,1,...,¢—1}}
a,l

> n29x — 39l l(p — Dtn?9X "2 — 1.
Then the lemma follows immediately from the following observation
{o € Hom(Ilxe, Z/nZ) \ {0} | ¢ ., is injective for all j € {0,1,...,¢—1}}
a,l

C Hom(IIxe, Z/nZ).
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This completes the proof of the lemma. O

3.1.3. Let G be a finite cyclic group and M a finite k[G]-module. Suppose that #(G) is

prime to p. ForanyTEG,weputMTdéf{meM|T-m:m}§Mand

MEPmEM/Q M) = YT M

o#1 x:G—k>* non-trivial

where (—),, denotes the subspace of (—) associated to the character y, Then we have the
following proposition.

Proposition 3.2. We maintain the settings introduced in 3.1.1. Then we have
Yy (Hxe) = gx — 1.

Proof. Let n be an arbitrary natural number prime to p, K, the kernel of the natural
homomorphism ITxe — I3% ® Z/nZ, and X} the Galois admissible covering of X*
(=Galois étale covering of X since nyx = 0) corresponding to K.

We put

Ck, o {H C Ilxe an open normal subgroup | K,, C H, Ilx./H is cyclic}.

Since n is prime to p, we have the following canonical decomposition as k[I13% ® Z/nZ]-
modules

Hgt(XKnva) ®Fp k= @ (Hgt(XKn7FP) ®Fp k)X

x: 1180 ®Z /nZ—k >

- GB ((Hélt(XKn,Fp) ®F, k)H/Kn)(HX./H)_prim
HeCk,

- @ (Hét(XHan) ®]Fp kj)(HX'/H)-prim’

He%bk,

where Xy denotes the underlying curve of the pointed stable curve X7}, corresponding to
H C IIx.. Fix a primitive nth root ¢, we may identify x, with Z/nZ via the homomor-
phism (' +— ¢. Thus, we obtain

OXy, = dlmk(Hét(XKn, Fp) ®]Fp ]{]) = Z Vou1-
acHom(Il ye,Z/nZ)

Note that 0 < 7,1 < gx — 1 = dim(H*(X, L,,)) for all « € Hom(Ilx.,Z/nZ) \ {0}.
By applying Lemma 3.1, we have

(2% = 37 Lgxl(p = D = 1(gx — 1) < o, < (027 = 1)(gx — 1) + 9.
Then the proposition follows immediately from #(Ilxs ® Z/nZ) = n?*x. O
3.2. Tame fundamental group case. In this subsection, by using Proposition 3.2,

we compute the p-averages for tame fundamental groups of smooth component-generic
pointed stable curves.
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3.2.1. Settings. We maintain the notation introduced in 2.2.1. Let X*® be a pointed
stable curve of type (gx,nx) over an algebraically closed field k of characteristic p > 0
and Ilxe the admissible fundamental group of X°®. Moreover, we suppose the following
condition holds:

o X* is a smooth component-generic pointed stable curve (2.2.3).
Thus, we have that Ilx. is the tame fundamental group of X*.

3.2.2.  We introduce a singular pointed stable curve. Let X? = (X, Dx,) be a pointed
stable curve of type (gs,ns) over an algebraically closed field ks of characteristic p > 0
satisfying the following conditions:

o gs > 1 and ng > 2.

o Irr(X;) = {Xs1, Xs2} and X, 1, X2 are smooth over kg, where Irr(—) denotes the

set of irreducible components of (—).

¢ The genus of X, i, X2 are g5, 0, respectively.

o Xt = Lz} (le., X1 N Xg2 = {x,}), and Dy, is contained in Xj.
Then we obtain the following pointed stable curves (2.2.2)

o def def o def def
Xo1 = (KXo, Dx,, = {zs}), X3p = (Ko, Dx,, = {zs} U{Dx.})
of types (gs, 1) and (0,ns + 1), respectively.
Let IIxs and Ilye , i € {1,2}, be the admissible fundamental groups of X? and X,
respectively. Then we have a natural outer injection ¢; : Ilys < Ilye (2.3.2). Then we
have the following result:

Lemma 3.3. We maintain the notation introduced above. Then we have
Yy (Ixs) = gs-

Proof. Let n be an arbitrary natural number prime to p, K, the kernel of the natural
homomorphism ITys —» Hf}“}’; ® Z/nZ, and f;, : X3y, =~ — X7 the Galois admissible

covering over k, corresponding to K, C IIx.. We put K ;, f b5 (Ks).

)

Write Iy for the dual semi-graph of X?. We see that FE?; is 2-connected (2.1 (b), (¢)).
By applying [Y3, Corollary 3.5], we obtain

Kin = ker(llxs — 113 ® Z/nZ).

Then we have (see 2.2.1 for rx_, —and 2.1 (a) for e!(Txe, )and v(Txs, )

,n

R B ab
O—Xs,Ksm - dlme<Ks7n ® Fp)

115 ® Z/nZ)

#( . b
= TX, gy T Z — ~dimg, (K27, @ Fp)
ie{1,2} #(HXS',i ® Z/nZ)
#1135 ® Z/nlZ)
— (YT xo — T ye 1 : -dimp (K*® ®@T),).
Mg, ) = 0 N4+ D oy - dime, (K3, ©T)

Note that
#(11%. ® Z/nZ)

#(3. ©Z/nZ)
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On the other hand, since the type of X¢, is (gs, 1), we have that f?, is étale over the
singular point z, € X,, and that H%b.l = H‘;’.a?. This implies

#(ed(rxs.,m)) = #(II% @ Z/nZ).
Thus, we have
T (Wxe) = 147" (e ) + 7" (Ixs )

=1+ WZV(Hét;J) + ’VZV(HX;Q)-
Proposition 3.2 implies vgv(Hét.l) = gs — 1. Furthermore, [T2, Appendix, Theorem A.1]

implies 0 = 7;"(Ilxs ) < 0. Then we obtain

Yy (Hxs) = gs.
This completes the proof of the lemma. O

3.2.3.  We maintain the settings introduced in 3.1.1. Moreover, we suppose gx > 1 and
nx > 2. Since we assume that X* is a component-generic pointed stable curve over k,
there exist a discrete valuation ring R of equal characteristic with algebraically closed
residue field kg and a pointed stable curve X* of type (gx,nx) over R satisfying the
following conditions:

o Write n o Spec Kg and s o Spec kg for the generic point and the closed point of
Spec R, respectively, where K denotes the quotient field of R. Then we have
(i) There exists an algebraically closed field &’ containing K and k such
that X'* x g k' is k’-isomorphic to X*® x, k'
(ii) The special fiber X’? ey x r kr satistying the conditions which
were mentioned at the beginning of 3.2.2.

We write K for the algebraic closure of Ky in k' and put X7 Lf o x r Kr. Then we
obtain the following specialization surjective homomorphism of admissible fundamental
groups (which is not an isomorphism)

spr : Hxe = H;%- — Ilye.
We have the following lemma.
Lemma 3.4. We maintain the notation introduced above. Then we have
Yy (xe) = 7" (Hae) = 7" (Hae ).
Proof. Note that spr induces an isomorphism
spP’ Hf\;ﬁ. - Hp/s.,

where (—)”" denotes the maximal prime-to-p quotient of (—). Then the lemma follows
immediately from the definition of the prime-to-p limits of p-averages. U

Remark 3.4.1. Note that Lemma 3.4 holds for an arbitrary pointed stable curve X'® over
an arbitrary discrete valuation ring R.
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3.2.4.  We have the following result.

Proposition 3.5. We maintain the settings introduced in 3.1.1. Then we have

av _ gX_17 anXSL
7 (xe) = { 9x ifny > 1.

Proof. Suppose gx = 0. Then the proposition follows immediately from [T2, Appendix,
Theorem A.1].

Suppose nx < 1. Then all abelian admissible coverings of X*® are étale. This implies
Yo (Ilxe) = 7;“’(11??.). Thus, the proposition follows from Proposition 3.2.

Suppose gx > 1 and ny > 2. Then the proposition follows from [T2, Appendix,
Theorem A.1], Lemma 3.3, and Lemma 3.4. U

4. p-AVERAGES FOR ARBITRARY COMPONENT-GENERIC CURVES

In this section, we generalize Proposition 3.5 to the case of arbitrary (possibly singu-
lar) component-generic pointed stable curves. The main result of the present section is
Theorem 4.6.

4.1. Notation. We introduced some notation.
4.1.1. Settings. We maintain the notation introduced in 2.2.1.

4.1.2. Let v € v(T'xs) C v(I'Sh) be an arbitrary vertex of I'xe (see 2.1 (b) for I'fy) and
X the smooth pointed stable curve of type (g,,n,) associated to v (2.2.2). Write I,
for the dual semi-graph of X?. Then we obtain a map of semi-graphs p! : I', — I'xe
induced by the natural morphism Uy, < X and the natural map of sets of closed points
Dg — Dx U X", We put

po Ty 28 De —5 TN,
where T'xo — I'% is the natural map of semi-graphs induced by the definition of T'}.

Definition 4.1. We maintain the notation introduced above. Let my(v) be the set of
connected components of Iy \ {v}. We put

o Eyo @ {ece®T,) | pole)NC #0}, C€molv),

o BV Y {C em() | #(Euc) > 1},

o ESV Y {C e m(v) | #(Eunc) = 1}.

Note that the definitions imply
ePl) = | Euo #(mov) = #(E7) + #(E.
Cemp(v)
4.1.3. Let X3 = (X,.,Dx,_) beasmooth pointed stable curve of type (gy.., 1., ) over
k such that g, > 2 and n,, = nx. Write I, for the dual semi-graph of X . If nx # 0,

we fix a bijection Dy, = — Dx. Then we may glue X*® and X?_ along the sets of marked
points Dy and Dy, , and obtain a stable curve X of type (9x + gu.. +nx —1,0) over
k. We define a stable curve X, of type (gx.,0) over k to be

. def X, iftnx=0,
| XL, ifnx #0.
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Write I'x_. for the dual semi-graph of X,,. Note that by the construction of X, T'%s is
naturally isomorphic to I'y_ . Then we may identify Ff;?f with I'x_.

Let R be a complete discrete valuation ring of equal characteristic with residue field
k, K the quotient field of R, and K an algebraic closure of K. Let L C e?(I'y_) be an
arbitrary subset of closed edges. We may deform the pointed stable curve X, along L to
obtain a new pointed stable curve over K such that the set of edges of the dual semi-graph
of the new stable curve may be naturally identified with e(I'x_ ) \ L. Suppose that

cs : Speck — ﬂgxooR dof ﬂgxoo Xz R

is the classifying morphism determined by X,, — Speck. Thus the completion of the
local ring of the moduli stack at ¢, is isomorphic to R[ty, ..., tag_—s], where ¢y, ..., 135, _3
are indeterminates. Furthermore, the indeterminates t4,...,t,, may be chosen so as to
correspond to the deformations of the nodes of X. Suppose that {tq,...,t4} is the
subset of {t1,...,t,} corresponding to the subset L C e%(I'y_). Now fix a morphism
Spec R — Spec R[ty, ..., t35, 3] such that t411,...,t35, 3+ 0 € R, but ty,...,t; map to
nonzero elements of R. Then the composite morphism
¢ : Spec R — Spec R[t1, ..., tag, 3] = Mgy r

determines a stable curve X, — Spec R. Moreover, the special fiber X, Xz k of X is
naturally isomorphic to X, over k. Write

Xy
for the geometric generic fiber X, X x K of X over K and I’ y\r for the dual semi-graph

of XA, Tt follows from the construction of Xo© that we have a natural bijective map
e(l'x )\ L= e(FXC\mL).

Let v € v(T'xe) Cv(I'x..) = v(I'%) be an arbitrary vertex of I'xe and

L,“ {e € e(I'x.) | e does not meet v}.

We put

Xdef déf X\Lv
and I"yaer the dual semi-graph of X3t Then we have the following definition.
Definition 4.2. Let v € v(I'xe) € v(I'x.) = v(I'%s) and e € e(T'xe) C eNI'x,) =
e(T'%y). We shall say that v is a tree-like vertex if [ yaer is a tree (i.e., the Betti number

of I'yaer is 0), and that e is a tree-like edge if there exists a vertex w € v(I'x+) such that
E,c = {e} for some C € E;'. We put

o Vel {v e v(lxe) | vis tree-like},
o Vo= E {y e Vi | g, = 0},

o Bl def {e € e(I'xs) | e is tree-like}.

Note that we have
By = U Eyc.

vev(lye) Cemp(v) s.t. CEEST

4.2. Upper bounds of the p-averages of irreducible components. In this subsec-
tion, we compute upper bounds of the p-averages concerning irreducible components.
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4.2.1. Settings. We maintain the notation introduced in 2.2.1. Let X*® be an arbitrary
pointed stable curve of type (gx,nx) over an algebraically closed field k of characteristic
p > 0, I'xe the dual semi-graph of X*°, and Iy« the admissible fundamental group of X*.
Let v € v(I'xs) be a vertex of I'xe, X? the smooth pointed stable curve of type (gy,,n.)

associated to v, and II o the admissible fundamental group of X’; We denote by
oy 1T, — 1K
the homomorphism induced by the natural outer injection II %o [Ix.. Note that ¢ is
not an injection if I'xe is not 2-connected ([Y3, Corollary 3.5]). We put
M, = Tm(g").
4.2.2. Let n be a natural number prime to p,

e $2P
H,, dof ker (11, — Hib — M, @ Z/nZ),

and Xz~ — )?; the Galois admissible covering over k corresponding to H,,. For each

C € m(v), we put D . o {r. € Dg | e € E,c} (see Definition 4.1). We define a

smooth pointed semi-stable curve of type (g, 7, ¢ o (#E,c)) over k to be

Se ~ def , <>
Xic=Xoe, Dx, ) = (X, Dy ).

Then we have the following result.

Proposition 4.3. We maintain the notation introduced above. Then the following state-
ments hold (see Definition 4.1 for E7'):
(i) Suppose (g,, #(E-1)) = (0,0). Then we have

. OXy . dimp (Hgl?z ®F,)
lim o = lim L =
n—oo #(M, @ Z/nZ) n—oo #(M, @ Z/nZ)
(ii) Suppose (g,, #(E-1)) # (0,0). Then we have
e’ #M, ®LZ)  nisee #(M, ® Z/n)

where limsup(—) denotes the limit superior of (—).

< gv+#(E1;>1) - 17

Proof. (i) Since Xp, , is isomorphic to P for all natural numbers prime to p, (i) follows
immediately from that ox, =0.

(ii) We put
L Hom = {H C II, an open normal subgroup | H,, C H, I, /H is cyclic}.
Note that #(Il¢./H), H € %y, ,, is prime to p. Write X} o (Xu, Dx,,) for the pointed
stable curve over k corresponding to H. Since M, ®Z/nZ is an abelian group, we have the
following canonical decomposition as k[M, ®Z/nZ]-modules (see 3.1.3 for (—)(qu: /H )'p“m)

Hé}t(XHv,n7 Fp) ®k = @ (Hgt(XHv,'rm Fp) ® k)x

X:MyQZ/nZ—sk*
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- @ (He'}t(XHvyn, FP)H/H’J*" ® k)(H)?;/H)—prim
HeyHU,n
- @ (Hélt(XH,]Fp) X k)(n)?;/H)-prim.
HeS m,

On the other hand, we put (i.e., the subset of Hom(H%’., Z/nZ) corresponding to Sy, )

T, € {a € Hom(I1%,, Z/nZ) | H,, C ker(llg, — 112, % Z/nZ)}.

Then we have
7, = (Y (X, ) @) = ) e

Let f5,: X5\ — )A(C; be the Galois multi-admissible covering with Galois group Z/nZ.
Fix a primitive nth root ¢, we may identify u, with Z/nZ via the homomorphism ¢* ~ i.

Then we have
fvya’*oxu,a g @ £a7i7
1€Z/nZ
where L,0 = Og, , and ¢ € p, acts locally on L, ; as C‘-multiplication. Moreover, we

have Efﬁ = O (—Da) for some effective divisor D, on X, whose support is contained
in Dg \ (Ugep=r Dx, ) (see Definition 4.1 for E'). Note that deg(D,) is divided by n.
We put ’

s(Dy) % deg(Da)
n

Then we have that s(D,) < #(E;'), and that the Riemann-Roch theorem implies
dimy,(HY(X,, La1)) = g + s(Ds) — 1. Write ¢ for the order of p in (Z/nZ)* and
to € {0,1,...,t — 1} for an integer such that
s(p'*D,) = minje(o,1,..., tfl}{s(ija)}'
Then we obtain
Yot < dimy,(HY (X, Layta)) = go + s(p'* Dy) — 1.
Note that we have Dy C Dg . We put

Do ™ Dalpg _, C € mo(v).
Since o € Ty, ,,, [Y3, Proposition 3.4 (ii)] implies that deg(Dq,¢) is divided by n. Then

we put

of deg(Dq
S(Da,6’> d:f eg(—n ’C>.

Moreover, we put

”Q{Hv,nyc déf {Oé E va,n | S(‘Da,c) = ]'}7 C E WO(”)’

def
:Q{va = ﬂ dHﬂ,n,C'
Cemp(v)

Then we have s(D,) = #(E;!) for all o € oy, ,. Thus, we obtain
704,1 S v + #(Eil) - ]-a o< %Hv,n-
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By applying [T2, p99 Appendix, A.3], we obtain
’ #(A,,.c)
im

n—o00 n2gv+#(Ev,0)*1

Furthermore, we see

, #(Au,,) B . #( T, \ ,..)
im 1 (or lim

n—o00 n29v+2067\—0(v)(#(Ev,C)_1) - n—oo n2gv+ZCeﬂ—0(u)(#(Ev,C)_1)
Note that va1 < g + #(E;") — 1 for all a € o7, ,. We obtain
O-XHU’n S #(de,n)(g’U + #(E’U>1) - ]‘) + #(gHv,n \ %Hv,n)(gU + n’U - 2)

S #(9Hv,n)(gv + #(E’U>1) - 1) _'_ #(L?Hv,n \ﬂHﬂu,n)(gv + Ny — 2)
By applying [Y3, Proposition 3.4 (ii)], we obtain (see Definition 4.1 for E, ¢)

#(M, ® Z/nZ) = n*9 T =cenw#Eve)=D),

=0).

Thus, we have

lim sup 7 Xrtun < g, +#(E) - 1.

This completes the proof of the proposition. O

4.3. The p-averages of irreducible components. In this subsection, we compute the
p-averages concerning irreducible components of component-generic pointed stable curves.

4.3.1. Settings. We maintain the settings introduced in 4.2.1. Moreover, we suppose the
following holds:

o X* is an arbitrary component-generic pointed stable curve (2.2.3).

432. Let v € v(I'ys) and (gy,n,) the type of the smooth pointed stable curve X°
associated to v. Let X = (X, Dx,,) be a pointed stable curve of type (g,,n,) over an
algebraically closed field k, s of characteristic p > 0 satistying the following conditions:

o Suppose #(E;') < 1. Then we have k, ; = k and
X déf )’Zo
o Suppose g, = 0 and #(E;!) = 2. We put E.' = {C}, Cy}. Then we have

Irr(X,.) < {Pc,, Po,}
such that
(i) Pe,. i € {1,2}, is isomorphic to P}, ;
(i) #(Po, N Pey) = 1 and #(X51e) = 1;
(iii) #(Dx, . NPey) = #(Evc, ) +#(E; ) and #(Dx, ,NPe,) = #(Euc,);
(iv) P2, € (Po,, D, © (Dx,. N Pe) U (Pe, UP)), i € {1,2}, is a
smooth component-generic pointed stable curve of type (0, #(E, ¢,)+1).
o Suppose that either g, > 1 or #(E-') > 2 holds. Then we have

Irr (X ) « {Z,yu {PC}CGEU>1

such that
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(i) Z, is a smooth projective curve over k, s of genus g,;

(ii) Po, C € EZ', is isomorphic to Py over k,;

(iii) #(Po N Z,) = 1 for all C € EZ' and #(X:18) = #(E>1);

(iv) #(Dx,, N Po) = #(Eyc), C € E7Y

(v) #(Dx,. N Z,) = #(E");

(vi) P8 Y (Po, Dp. © (Dx, . N Pe)U(Z,N Pe)), C € EZY, is a smooth

component-generic pointed stable curve over k, s of type (0, #(E, ) +1);

(vii) Z3 = (Zy, Dz, € (Z,N Dx,.) U (Zy N (Upepst Pe))) is a smooth

component-generic pointed stable curve over k, s of type (g,, #(mo(v))).
Let Ilye , Hze, and Ilps, C' € E7 ! be the admissible fundamental groups of X?

0,87
Zy, and Pg, respectively. We have natural outer injections ¢z, : IIzs — Ilxs and
¢c : 1lps — My , C € E;'. Write I'xs , I'ze, and Lps, C € E>!', for the dual semi-

graphs of X? Z;, and P2, respectively.

v,8)

4.3.3.  We maintain the notation introduced in 4.3.2. We put

def
B, = {Ev,C}CEEvzl U BCI(FX&S)?

S, def {z. is a closed point of X, ¢ corresponding to e € B, },

and put

Bz, @ {ece eP(Tzs) | x. € S},

B,c o {e€e®(Tps) | v € S}, C € B>t

Note that by the above constructions, we have

o #(By) = #(Buc,) and #(Byc,) =1 if g, = 0 and #(E;') = 2.
o #(B,) = #(Bz,) and #(B, ¢) = 1 if either g, > 1 or #(E;!) > 2 holds.
We put (see 2.3.3 for notation concerning universal admissible coverings and their dual
semi-graphs)
S def _
B’U - ﬂ-Xll),s (Bru) g F)?;ys
E WEUI(BZu) C 'z,

BZ .

v

5 def _
Bv,C = 7Tpcl(Bv,C’) g Fﬁé, C e E,U>1

Furthermore, we put

Ip, Clxs,, Ip, C g, Ip, . Clps, C€ B,

Z

the closed normal subgroup generated by {Iz};c5 . {letocp, » {Ie}sch, .- respectively.
Then the theory of admissible fundamental groups implies immediately

ngj (IBv> = [BZU7 ¢61 (IBU> = [B’U,C7 C e Ev>1
Moreover, we have the following lemma.

Lemma 4.4. We maintain the notation introduced above. Then we have

W (xs /1s,) = g+ #(E;1) — 1.
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Proof. Suppose #(E>') < 1. Then the lemma follows immediately from Proposition 3.5.
Thus, to verify the lemma, we may assume #(E.1) > 2.
Let n be an arbitrary natural number prime to p and C' € E;!. We put

KU,S,nd:efker(HXJ _»Ha' ®Z/TLZ) KZUndif(bZ( vsn) andifQSC( vsn)

and

def def def

IB = Kvsnmlea [BZ n o KZ nmIBZ 5 [Bvcn = Kv,C,nm[BU,cw

Since F;?f is 2-connected (2.1), where X} denotes the Galois admissible covering of

v,8,m

X,  corresponding to K, s, C Ilxs , [Y3, Corollary 3.5] implies that the homomorphisms

ab ab ab ab
Ky ,— K Kion — K

vy

v,s8,n) v,8,1n

— Kv,s,n and (bC’Ku,C,n : Kv,C,n —

v,

induced by the natural injections ¢z, |k, , : Kz
K, s are injections.
We denote by

Tpym CIm(Ip,n < Kyon — K,),

v,8,n

- def a
[BZ n Im(IBz n = Kz, n— bi n)

]B : Im(]vacwn — Kv,C,n - KSan)

v,C,T

Then we have
(KZv,n/IBzv,n>ab = Kab /TBzv,n — KSZ b/TBv,n = (KU,S,b/[Bv,n)ab7

(Kv,Cm/IBv,c,n>ab = Kf?kb n/IBU,c,n — ng; b/IBu,n = (Kus,b/IBv,n)ab'

Write Y7, for the Galois admissible covering of X & with Galois group (Ilx, /I B, ®
Z/nZ, L'y, , for the dual semi-graph of Y,

yS
and ry, , for the Betti number of I'ys . Thus,

we obtain - /[ S dimg, (Kysp/Ip.. )ab®F )
'Yp xs. /1B, v #((HX' /[Bv)ab ®Z/TLZ)
— lim Yy + lim dimg, (Kz,/1p,,2)" @)
n—oo #((Ilxs  /Ip,)™ @ Z/nZ) n—oo #((Ilzs/Ip,, )* ® Z/nZ)
N Z lelFP((Kan/IBan)ab®F )
n—o00 . ab
2t (Mg [T, o) © 2 )
r
= lim Yo e (Uzs/Ip,,) + > 2 (s /15, ).

n—o00 #((HXo /[B )ab®Z/nZ) CEE,U>1
Note that Y7, — X7 is étale over S, (4.3.3). Then we have

BT
nh_{{.lo #((HX' /IBv)ab®Z/nZ> #(e (FX;,S)) _#(Ev )

Suppose g, = 0 and #(E;') > 3. We have that 11z, /I, is trivial, and that Ilps /Ip, .
is non-trivial. Then we obtain

. #(v(Tyg,))
A H(Te JTa)® @ 2nz) - O Mzl 1s) =0
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On the other hand, Ilps/Ip, . is naturally isomorphic to the admissible fundamental
group (=tame fundamental group since F¢ is non-singular) of (Pc, Dx, , N Pc). Then we
have ;¥ (Ilpe /Ip, ) = 0. Thus, we obtain

W (Mxs /1s,) = #(E') — 1.
Suppose that either g, > 1 or g, = 0 and #(E;') = 2 hold. Then Ilz./Ip, and
Hpé /1 B, are non-trivial. This means
. #(w(Tye,))
lim

n—oo #((HX;YS/IBU)ab ® Z/’RZ) - 0

On the other hand, since IIzs /I, is naturally isomorphic to the étale fundamental group
of Z, and Ilps /I, is naturally isomorphic to the admissible fundamental group (=tame
fundamental group since Pc is non-singular) of (Pc, Dx,, N Pc), Proposition 3.2 and
Proposition 3.5 imply

av _J 0 if g, =0,
Tp (HZJ/IBU) = { g —1, ifg,>1,
Yy (Ips /1B, ) = 0.
Then we obtain
W (lxs /1s,) = g + #(E;1) — 1.
This completes the proof of the lemma. O

4.3.4.  We have the following result.

Proposition 4.5. We maintain the settings introduced in 4.3.1 and maintain the notation
introduced in Proposition 4.3. Let v € v(I'xe). Then we have (see 4.2.2 for H,,)
X,

lim -

n—oo #(M, @ Z/nZ)

L dig, (12, 9F,) { 0, if (90 #(E7")) = (0,0),
D FM, R ZZ) o+ #E) — L if (g0 #(E ) # 0,0).

Proof. 1 (g,, #(E;')) = (0,0), then the proposition follows from Proposition 4.3 (a). To
verify the proposition, we may assume (g, #(E.1)) # (0,0).

Since we assume that X*® is a component-generic pointed stable curve, for each v €
v(I'xe), there exist a discrete valuation ring R, of equal characteristic with algebraically
closed residue field kg, and a pointed stable curve X of type (gu,n,) over R, satisfying
the following conditions:

o Write n, aof Spec K, and s, dof Spec kg, for the generic point and the closed point
of Spec R, respectively, where Ky, denotes the quotient field of R,. Then we have
(i) There exists an algebraically closed field k! containing Kg, and k such
that X xp, k. is k] -isomorphic to X? xj k..
(ii) The special fiber X; oo X X g, kg, satisfying the conditions defined
in 4.3.2.
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We write K g, for the algebraic closure of Kp, in &/ and put Xy = X * X g, Kg,. Then we
obtain the following specialization surjective homomorphism of adm1851b1e fundamental
groups (which is not an isomorphism)

SPR, : H)?; = Hx%v - HX;,S'
Moreover, spr, induces an isomorphism of maximal prime-to-p quotients
S GO | L |
Sp%v Xi’ Xﬁv — U8
On the other hand, let H C IIg, be an arbitrary open normal subgroup such that
#(I1./H) is prime to p, and let H, o spr, (H) C Iy, . Write f7 : — X for the

Galois admissible covering corresponding to H,. Write D g=t © Dxs for the subset of the
marked points of X} such that {z. xj k }ecp=1 € Dg. X} K, is equal to Dg=1 X g, k;, via

the isomorphism X* X g, k! = X x; k!. Since #(I1gz,/H) = #(Ilxs /H;) is prime to p,
the isomorphism spP: and [Y3, Proposition 3.4 (ii)] imply that H contains H,, if and

only if ff; is étale over D=1 xp, kg, and & sing - This means that H contains H,, if and
only if Hy contains Ip, (see 4.3.3 for Ip,). Then the surjection spg, implies

dlIIlF (Hab ® ]Fp>

1i Lo > 2 (Uye [Ig,).

2 F M, @ zjnz) = e/ 1e)
Thus, the proposition follows immediately from Proposition 4.3 (ii) and Lemma 4.4. We
complete the proof of the proposition. O

4.4. Admissible fundamental group case. In this subsection, we generalize Proposi-
tion 3.5 to the case of arbitrary component-generic pointed stable curves.

4.4.1. The main result of the present paper is as follows.

Theorem 4.6. Let X* be a component-generic pointed stable curve (2.2.3) of type (gx,nx)
over an algebraically closed field of characteristic p > 0, I'xe the dual semi-graph, rx the
Betti number of I'xe, and Ilxe the admissible fundamental group of X*. Then we have
the following formula (see Definition 2.1 for v3¥(Ilxe), 2.1 for v(I'xe), Definition 4.2 for
E%S, and Definition 4.1 for E;'):

W (Mxe) = gx —rx — #(Txe)) + #(ER) + > #(ET.

vev(Tye)

Proof. Let n be an arbitrary number prime to p, K,, the kernel of Tlye — I18% — Tlxe ®
Z/nZ, and X}, the Galois admissible covering of X* corresponding to K,, C IIx.. Then
we have

# (113 ® Z/nZ)

-dimg, (H® @ F
#(M ®Z/7’LZ) Han( v,n® p)a

dimy, (K2° @ F,) = rx, + Z
vev(Txe)
where H,,, is the profinite group defined in 4.2.2, M, is the profinite group defined in
4.2.1, and 7y, denotes the Betti number of the dual semi-graph of X% .
Let e € e!(I'x+) be a closed edge and € € 73! (e) C ed(fx.) (2.3.3). We put

L & Im(I: = Tye — I3 ® Z/nZ).
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Note that I., depends only on e € e?(I'xs). Then we have

X, = ¢ (Cxg ) = #v(Cxy ) +1

18 @ Z/nZ) a, @ Z/nZ
.S #( ? /nZ) Z # (11 o ®Z/RZ)+1
ece!(Txe) #( en veu(I' ® /7’L )
Moreover, we see immediately

: tre
#[eyn:{ 1, 1f6€EX.,

n, otherwise.

On the other hand, [Y3, Proposition 3.4 (ii)] implies that M, ® Z/nZ is trivial if and only
if (gy, #(E>1)) = (0,0) (or equivalently, v € V9= (Definition 4.2)). Then we obtain

#(M’U ® Z/TLZ) = 1’ v G V)t(r.evgvzo.

Then we obtain

(o) & dimp, (K" @ F,) Z dimg, (H? @ F,)
Ypn(Hxe) = # (113 ®Z/nZ el # (M, ®Z/nZ)
tre 1
+H#(EYS) + > -
eEeCl(I‘Xo)\UUEU(FX.) E=1
1 - 1
- — V)

#(M, @ Z/nZ) #(113 ® Z/nZ)’

UEU(FXo)\V;;f’g”:O

Thus, by applying Proposition 4.5, we obtain

7 () = lim 43, (Txe) = > (got# (B )= 1)+ (B —#(Vo o)

n—oo
vev(Cxe) s.t. (gu,#(E51))#(0,0)

Z G + Z E>1 ( (FX‘)) +#(V)t(r.e,gu=0) +#(E§€) _#<V)‘?‘e,gv:0)'

vev(Tye) vev(Tye)

=gx —rx — #WTx)) +#ER) + D H#(E).

veEv(Txe)

This completes the proof of the theorem. 0

Remark 4.6.1. We maintain the settings of Theorem 4.6. Suppose that X*® is smooth
over k. It is easy to check that the formula of Theorem 4.6 coincides with the formula of
Proposition 3.5.

Remark 4.6.2. In this remark, we take the opportunity to correct an unfortunate error
in [Y3, Theorem 5.2 and Theorem 6.6]. Since #(M, ® Z/nZ) = 1, v € V&%= the
correct forms of [Y3, Theorem 5.2 and Theorem 6.6] are as follows:
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[Y3, Theorem 5.2]. Let n dof pt — 1, and let X* be an arbitrary pointed stable curve over
an algebraically closed field of characteristic p > 0 of type (g9x,nx). Then we have

gx —rx — #(V&) + #(E%) — > 9o
vev(Dye) s.t. #(E7H)>1

G S < g = OO )) + B+ S #ED)

vev(Tye)

< limsu
= Ty (. @ Z/nZ

In particular, if #(E') <1 for each v € v(T'xe), then we have
AVrp<HXo) =gx —Tx — #( tI"E) + #Etre Z "

vev(Tye) s.t. #(E71)>1

=gx —rx — #0Tx) +#E) + D H#(E

vev(T xe)

= gx —rx — #(Vx¥) + #(EX9).

[Y3, Theorem 6.6]. Letn o pt —1, and let X* be an arbitrary component-generic pointed
stable curve over an algebraically closed field of characteristic p > 0 of type (gx,nx).
Then we have

o d K®®F
Avry(Ilye) 4 Jim lmFP( @)

I o oz — X T #Cxe ) FHER) D #HED),

vev(Lxe)
On the other hand, the applications of [Y3, Theorem 5 2 and Theorem 6.6] (e.g. [Y5],
[Y6]) still hold since we only use the formulas when T'(% is 2-connected.

Remark 4.6.3. Since we assume n = pt — 1 in [Y3, Theorem 6.6], Theorem 4.6 is a
generalization of [Y3, Theorem 6.6].
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