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Solution of Quasi-Linear Parabolic Equations

with Discontinuous Coefficients

by Yoshiaki Ikeda

§1. Introduction.

This paper is concerned with weak solutions of a quasi-linear parabolic

differential equation

= - i + =
(1. 1) Lu ut dw/é (x, t, u, ux) B(x, t, u, ux) 0

under the conditions

(A (5 & u P < E}p}a-l + c(x, t)ru}anl + e(x, t)
| B(x, t, u, p))< bx, t)]p]o'-l Fdx 0t ik 1)

\ Pr4x tou P zap® - dx H® - glx b,

where a > 2, p is any n-dimensional real vector, a and 3 are positive

constants, b, ¢,*++, g are positive functions of (x, t) belonging to some Lebesgue
classes. ,é (x, t, u, ux) is a given vector function of (x, t, u, ux). B(x, t, u, u
2 given scalar function of the same variables, and u = { du/ Bxl, ves, du/ 8Xn).

Also div ,é in (1. 1} in refers to the divergence of the variables (Xl'

DI 4 ).
n

Cur aim is to derive the local behavior of solutions ; local boundedness

and the Hdlder continuity of solutions.

In 1964, J. Moser [3] proved the boundedness of solutions and the Harnack

ineguality for the linear parabolic equation
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du a
ot Z 9x. (3i (xt t)a ] s
i, j=1 i J
where aij = aji are bounded and measurable and

)\lglz < Za.jéigj < M[&[Z for some constants A, M.
i
J. Serrin [ 4] proved these results for the quasi-linear elliptic equation
- di + =
div /A(x, u, ux) B(x, u, ux) 0]
under the condition
a-1 q,-l
A= u p)|< ap +e(x)u)” ot oe(x),
a-l a-1
[ B(x, u, p)|< b{x)/p) +Hd{x)a) o+ i(x),

a

P A w p) > e - A - g,

where a is a positive constant and if 1< a<n,

(@-1 P

\ L . 4 £ .
c»eeLn/ € a/(1-¢) geLn/(u_E)
and if @ =n
& dl fl

€ @ €I"n/(rx-l)'i' e be Lote g ¢ L1-4-&:

and if a>n
’ » b L * d: f’ L. .
G oo La./(c.-l) ¢ g™

These results are extended by J. Serrin and D. G. Aronson [l] to the quasi-.

linear parabolic equation



o
O

u, = div A%, t, u, ux1 + Bix, t, u, ux).

where

2 2 2 2
prAG% t w p)>alp -b iy -1,

-

B{x, t, w, p) <¢p) tdju|tg,
A=t u p) f_;‘p) + eju|+ h.

Here a and a are positive constants, while the coefficients b, ¢, *++»,h are
non-negative functions of (x, t) and each coefficient is contained in some space

LP q(ﬂ), where

P> 2  and + <'% for b, ¢, e §, h,

a1
2p q

and

n 1
>1 and — + =<1 for d, g.
P 2p q g

Also J. Serrin and D. G. Aronson [1] proved the maximum principle for

the non-linear parabolic equation (1. 1) under the conditions

P A% tou P zap® - bt w® -,

|B(x t, u, p)li c,plo‘_l + da—llu)a'1 + gq'_l,

where a, b,*++, g are non-negative constants.

o
By similar methods as in {2], we can easily obtain the maximum principle

for the equatioa (1. 1) even if the coefficients b, ¢,*++, g are measurable

!

functions of (=, t).



29

We shall prove boundedness of solutions in §3, {4 and § 5 arec devoted to

prove the Holder continuity of solutions.

§ 2. Fundamental inequalities.

Let x= (xl, > -‘, xn) denote points in n-dimensional Euclidean space jok
{n>1) and t denote pcints on the real line. Let Q be a bounded domain in
En. and consider the space-time cylinder Q =QX (0, T) for some fixed T > 0.

For (x, t)eQ we consider the quasilinear parabolic equation
2. Lu = u, - div A(x, t, u, ux) + B{x, t, u, ux),

where Alx, t, u, ux) is a given vector function of (x, t, u, ux) and B(x, t u,
ux) a given scalar function of the same variables.

Throughout this paper we shall assume that 4 (x, t, u, p) and B(x, t, u, D)
are defiﬁed and measurable for all (x, t)eQ and for all values of u and p,

and satisfy inequalities of the foerm

a-l + c{x, 1:)}\“("_1 + el{x, t),

Y14 (% tew DY) < a)p|
(2. 2) | B(x, t, u p)[< blx t)]p)a-l-i- d(x, t))u;“’1 + (%, t),

prA tow p)Zap® - dx t® - gl ot

for any n-dimensional real vector p and ¢q > 2, where a and a are positive

constants. Moreover, we assume . that
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! if a<n
n

@ n+te @ n/{a-1}, i E+E

beL [0, T;:L ()], c, eeL [0, T :L 0], d £, gel [0, T;L"
(2. 3 and if n<a
2 1+¢

© i+, -1

ber [0, T:L% 2 0)], ¢, e e L0, T ; L° @

1+

@
4, f, geL {0, T; L Ze(ﬂ)] for a sufficiently small € > (

and that
(2. 4) I+ fchtidi+letlfli+tligy< M

for a positive constant M, where @I +|l denotes the norm in respective space,
Let Lq{O, T ; Lp(ﬂ)} be the space of functicns ¢(x, t}) with the following

properties :

{1 ¢ 1is defined and measurablein Q=2 X {0, T,
(i1} for almost all te(0, T), ofx t) ¢ LP(@),

(i) ¢ (1 e LYo, T).

LE{2)

1

Here ![ @) (t) = (3 o{x, t)pdx)p.
2

LP(SZ)

In the following secticns we shall derive yarious bounds for weak sclutions
of the eguation (2. 1). The material of the present section is basic for this
purpose.
AT . Y : PR . . . @y
We say that u is a weak solution of the equation (2. 1) in Q if ue¢lL (0,

a a. l,a . . . . o
T; L (;2)]nL {0, T;H' (@] and satisfies the following

@]
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(2. 5) 5\ {-ue¢ + ¢x/3(x, t, u, ux) +¢B(x, t, u, ux)‘.»dxdt =0
uQ L

1
for any ¢ ¢ CO(Q)-
First we consider a less general class of weak solutions, namely u e¢H {0,

1,0

T; La(gz)}(\La[O. T; H’ (2)]. The weak form (2. 5) of the equation (2. 1)

can then be replaced by
+ . + . =
2 6 | (oute ~Alx tw ) ¥4 B 6w u)laxde =0
YO
1

for any ¢ ¢ CO(Q).

It is easy to see that (2. 6) is not only valid for any functions in CE(Q)

' 1

but also for any functions in L%[0, T ; H ’a(ﬂ)] with compact support in Q.

Now we derive some inequalities which are required in the following seciions.

Put U =max {0, u) + k for some constant k> 0 and define the function

Gﬁ-kﬁ for -m<u§£—k

Flu) =

13—1E-kﬁ for £-k<u<ow,

where B =aq-at+l withany q>1 and £ is an arbitrary number larger
than k.

Let ¢ = ¢(x, t) be a piecewise smooth non-negative function vanishing
ina neighborhood of the parabolic boundary set I = {82 x (0, TYIU {2 X (t=0}
and let y(t; T) be the characteristic function of the open interval (0, 1), (0<
T< TY. We set do¢(x, t)= gaa F(u)X{(t ; 7). Since ¢°x(t ; T) has compact

ra

support in Q and F(we L[0, T; HL'Q(

2)], the function ¢{x, t) may be a

test function. Thus we have



(2. 7 ,)J‘ ¢u te¢ cAlx o tou ou)rerBlx tou u)]dedt = 0.
o ;

On the set where ¢ > 0 we nave necessarily u> C, and consequently

u_=u_ and u<u. Therefore on this set, using the condition (2. 2)

« - La

¢ut+¢x'/3(><. tuw ouw)téoBlx t oy u )

du + (¢°TF’ + ap o® T F)- f+ o°FB

— — - -1 -1 —a-1
d;ut + qp.aF'{ajux)Q - dlul"1 - g} - Q"Px!(p F{a[u \a c)ulo’

nv

el - ¢°F{bmx]“'1+ aq)® .

Put 1 {--B +

ﬁ+1 (ﬁ'*'l)ksu'*'ﬁkﬁﬂ} for -®<u<i -k

H{u) =

31131*1;2 Y T el 8-1,P%,

B+1 for 2 -k<u<gw-.

Then H’(u) = F(u). Hence we see

_ — -1
¢u, = wal’(u)ut = (<PQH)t - a9 VtH(u)-

Since F{Eﬁ and k< u, we have

Q. Q. - a , = -1
{2. 8) (¢ d)t+a¢ F7(u) u §¢ut+¢x.’é T¢'Bf(qa‘¢xs¢
— a-l +a-1 - -1
+ b P T G107+ Gylx 0T 0T 4 T FUA KT +ap® T o jHIW),

-1 . l-a -1 i-
where G (x, t) = acle \goo' + u(pa + qk elg \¢°’ + kl %o
0 ; x!- x!
The inequality (2. 8) has been proved to hold only in the set where ¢ > 0.
When ¢ =0 and t< T, we have either ¢ =0 or u< 0 and |©W =0. In
x
either case, (2. 8) clearly remains valid ; thus in fact {2. 8) holds throughout
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QX {0, T). Integrating (2. $8) over 1X (0, 7), we have

i G, - . Pl Qy,— Q.
\ ¢ R dmt ag\gﬂ I'la | Tdxdt
J- =7 JJ X

- 1 B+l — o-1 +a-
| e be M TP T T ek e
X X 0

u/
o

a1
L@ )q‘t[ Hdxdt,

(
J

a ., . Q@ —a, .
+¢ FdTk glu Jdxdt T u‘)
tend to infinitv. Since

At this stage it is possible to let the parameter ¢

¥’ and H are non-decreasing functions of I, thatis

; B S s 2 B L BT 1 -8+l
lim h—6+1{u - (p+ KU + gk <:B+1u
=

lim F°= gao ),

{—~w

by applying the monotone convergence theorem, we obtain for almost all values

r in (0, T)

! {7 a8l B . .. B11 (CaB-1— a . .
{(2. 9 B"'l\)ﬁ(p {u -{g+hHku + gk \rt:TdX'l' aBu“.‘/\'(p u {uX} dxdt
o -
¢ 1}dxdt

- +] -
a-l 4 peoya?Hh a)® Ly G,(x, o

g +
e® Ii ¢t);ﬁ 1dxdt.

where Gy(x t) = GO(X' t) + pde® + pk “ze®.

The inequality (2. 9} willbe used in §3. In §4 and §5 another variant

of (2. 9Y will be required.
Suppose that u is non-negative and locally bouaded in Q. Weput u=utk

a-2

and define F(u)=ﬁ6 where B =ceq-atl for g21 or q< (q = 0).

2

We take ¢(x, t) = <p°'(x, )EF(uix(t.; T) as a test function, where ¢ and

X are as before.



34

By a similar calculation we have

1

1  q—8+1 ({1 a—B-1~— ¢
. \ N d + VLG bt Y
(2. 10) [s+1 “m u X]t=1‘ aB XJ ¢ou }u:{‘} dxdt
/-z'r — -1 N — -1 —B+q -1, .
< j VleTie o+ pe® w0 s ol ne @ dxat
= J X X ~-

a i al +

I, .
+{B+i?\7,>¢ 1qzt2u dxat

0, where G,{x, ) =G (x, t) +[ plde” +|6Ik “g¢” .

- a - N
if g« » then B+1< 0. Of course g< 0. 5o we have
a

a—B— = =B-la a-1-8 a=—B
+ . + . = 1 + s+ ) - +
¢u té - AT e B¢ uu tiBuu ¢ ag ¢ u’) A+¢ u' B
1 o—B3+1 a a-1-8+ _B-la, — a —-a
SpAif9 0 Npwilnde v 8w elaml mdu gl

-l1—B —— a-1 — a-1 —_ - a-l —a-1
+ c.{(pX](PQ uB(aluX)a +cua 2T e) + qaax;v.B(blux\u +du® T+ £y,

Integrating this inequality over 21X ({0, T), we see that (2. 10} is alsc valid
a-2

when g<

a

Zemark. The inequalities {2. 9) and (2. 10) are also valid for a weak
solution ue LY[0, T ; La{“l)}f\La{O, T; Hl'a(m]

of the equation (2. 1).
(ef. [1]).

At the end of this section, we state three lemmas which will be often used

in the latter.

Lefnma 2. 1 (cf. [4]). If ¢« Hé'“(m for o< n, then

1 1 1
Bl SSUOD (T3 =2 -3

where the constant S depends only on g and n.

-9 -



i .
Lemma 2. 2. I Ux) e HO'Q for (a2mn), then for any ¢ >0,

g{lte)-n
- ! (1+¢)
Bl ey € ST9N IR . .
€
a{l + ¢ - no{lte) o,

Proof. Since ; using Lemma 2.1, we see

ne+a{l+e)’

allte) € na(l+e) }* €
L e T R
2 Y2
na{l+e) neta{l+te) 1 af{lte)-n
' +a(l+ + ‘ z +
< () [ 2T ey 2D syt aafia) 0T
2 2

Lemma 2. 3. If f(x, t) belongs to L0, T; LYQ)] and if  max(\ £]%x
0<t<T Y2

< M for q>p>1, then f(x, t}) can be written in the form f(x, t) = {7(x, t) +

1
£°4(x, t), where max (5 1 £41Pdx)P < n and scgp {f1< K(n) for any n>20
t Q -

and for a positive function X(n) of n. Moreover K(n} may be taken as the

value c(M)n q-p. where c¢(M) is a constant depending only on M, p and q.

{cf. [6]).

§3. Local boundedness.
Let (X, t) be a fixed point in the basic set Q =Q2X (0, T). We denote

‘by R(p) the open cube in E" of edge length p centered at X%, and define
QP) = R(AIX(T - p% D).

We denote by U ] the LP'? norm of a function over the Q(p}. - Then

P9

we have the following theorem :

Theorem 3. 1. Let u be a weak solution of (2. 1) in Q. Suppose that
- 10 -
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3o

Q(3P) is contained in Q. Then almost everywhere in Q(p)

m
+ k
CI.:O.»ZP O)

<

max u(x, t}) < C{puh

Q(p)
for some constant m depending only on q, 1, where1 C 1is a constant depending

= 1
on p and the structure (2. 1), and k= (el +N£H® ™ + ”g”“ .

Proof. In the fundamental inequality (2. 9), we set v = Eq for ¢ Z 1,

‘where u = max (0, u) + k.. Then we see

0

a

1 i —a+1 _ +1 . v
(-0 e G el T pd™ | ax+ apg GS‘quc'lvx)adxdt

(e, ~ -1 1- -1 ’
/ §33[(aa{¢x|¢a + be™)q °v1vx1“ + G, t)v®] dxdt

a e u-l -:6“‘1
+“B+135¢ |¢tlu dxdt.

Using Lemmas 2.1, 2.2 and 2. 3, we shall estimate each term of the ine-
quality (3. 1).

First we assume that q < n. By Young's inequality
(3. 2) S'S.Eiw wa—lql_av(v Jo‘-ldxdt< r«q-am):pv ”Q' + ¢ ﬁ‘i'usm v ;c‘
! x = ! x''asa 0 x [cuc

for arbitrary % > 0, where ¢, 1is a constant depending only on 2, n and q,
which we denote by CO(E', T ale

Using Lemma 2. 3, we see

1- (° "l 1‘ (" ’ »~ -1
q ‘15 betv)v | ¢ dx = q °5 (b” + b") (oW v _|* dx
Q Q

‘i

1- : -1 1- -
q amaxlb'!5<pv[¢v24a dx + q ajb"hpv)(tpvx)a ldx

uAn

1‘ s "1~ 1_ rd ' _]'I‘.
q QBn'”“’""Jt"”“"’x”z ®M+q *b N0 pev s (s eovil (8

uA

- 11 -



=a a -a Iy . l-a a-l -
<c. B llev t) + nhev | (t) T nhev il (Y-S{{¢_v) (¢
S b, le \\Q() Bg " nf¢ xd‘a() q eV Y=S{{ ¢ NV
+ t)).
!f@vx;,a( N
RS S | S S S
Here weput n" =S Bng . Then we maytake B _= CA) X{S 3nq '}V .

Using Young's inequality again, we see
an

-1 - -
< CZ(B q) ‘H ‘PV”Z(t) + 3r8q a‘wvx)l:{t) + n8q 0-“ q‘,)‘vuZ(t),

where c2 = cz(n, a, N, €, S, Mi.

Integrating by t, we have

an

l-a {"(\ a a-1 -1 e a a
. 3 < + 3+
(3. 3) q S‘qu) vlvx! dxdt < cz(ﬁ q) 1) ¢v"a.a 3~15q ” eV, }Q o

* A‘]Bq—a“ ¢ xV” Zr

Next we consider

Yot e W axglle + i e | @eio v 5elevi®
' a-1
1

<=(M+D"¢Xv”a(t). s l.:/; v” {t) "I)gpv ,‘; t’t))

ala- 1) l-a

4 o v ils @ +neq *yev % @),

A

where cy = c4(n. a: B, S, M).

Thus we have

. R - )
(3. 4 \ \(C‘*’kA ae)(cpx] o L dxdt < ¢ gale Dlwa

a -a [s3
v + n3¢ v
v o 4" vy }ga.a‘ 8a e -\'”a
Next clearly
- | N N P -
‘\) {(5+1)d + % %f+ ﬁkoug‘.;ac'vacx =3+ i (d+ Kk, “:+ I\,\a g\g:‘avacx
o v v

- 12 -
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nA

o LTy ! . a ,,
B Tl)Dq,UerHa(t) t (gt (1‘P"Ha e

uAh

(841D _foviC (1) +2°8% (B + 10 Ule VIS (0 +lov ) S (0).

-1 -
Here we put n” =»(2ba s¢ (8+1) Bq e n for any n> 0. Then we may take

n

D= c(M)(2%s* (a+1)%%8 ** q°n ®*.  Thus we get

n_ _n

ol

o n

- ( s i-a Ca Y e e -lyae T a
(3. 5) 53 lternd +x “f+ek gl  viaxdrg e {(g+lp 17 ¢ evi

g vl tmea e vl

where (:5 = cs(n. as 0, €, S, M).

Finally, by Young's inequality, we see

- - $1_ 1—gt +
(3. 6 wPtL (3+1)kgu+5kg 1;-__%1;@ . - gk 1

From (3. 1) (3. 6) we obtain

L (po5f* _dx+8q % (a - 5:,)‘8'3']49 v, | ® dxdt

2+y ¥ ¢ =
Pp{({ a,a a e (" a-1 -—8tl 8 (" a,ptl.
+——-—_ ! p o };‘
< .9 ‘Sjv (¢7 + [¢_) )dxdt 5+l 3¢ EAN dxdt +5+1 ¢ kO d

2
where p = max (-‘Ef- -1, (a - 15, f—ﬂ).

Therefore, putting n = i and noting the fact that

- + N A +1 .. — +
Scpakg ldxi;1~53 goa kB dxdti%j‘g <p‘1 u's 1dxdt, we have

ax], _dx+ 2470 ﬁ\\g lov_|%dxdt
(%

1 (1 a=8*l
u
t=7 2 x'

2aq Joq’

Y4

(3. 7)

nA

L - s
ngp(jsva(¢° *1e_ )% )dxdt + SS(T ¢+ 1e6" P Maxan

8 = Cs(nl G, N, £, St Mo Ay 3—)-

for any Te {0, T), where ¢

- 13 -
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Let p =p(1+2-"'), T =p°' and denote
v

Q =Q(° )Y=R(p ) (t-7 ,7)

v v v v

{v)

We choose the function ¢ (x, t) such that ¢ (x, t) = x;fl (x)~¢;V)(t). where
v v

0 if X-x >p ,
~ v
(v) pv-(x—;(-) _
! = —————tr—— i > - x>
4 () T if Pv X >.___Pv+l.
v vtl
1 if x-x< pvﬂ-'
and
0 if T-t>r ,
v
T ~{t-t)
{v) v . ST
= ———e -t>
4;2 (t) S— if Tv t t__'ryﬂ,
v ptl
-t >
1 if Tv+1>t t> 0,

Then, noting that

@ “S(P -, @, <(r -7 ) %<(p -p ) % and
X = v =

-P, +1>

)‘0.

o -0
=% TR+

we get
§‘S o, v %axdt< C.qP % -p. )70 (‘w vBdxdt + ((5 v*dxat) ¢4},
o v =0 v vl o JJn
(3. 8) v v ‘ v 8+1
max |\ o® 5P ax < c,a Yo -0 o °{55 v*dxdt +(\5 vEaxdn) 9,
t YRpp) Y = v v 0 vYn
v v v

where Cl and C2 are constants depending onlyon %, @, 1, &, S, M, 2 and a.

- . T ’ . - N v -
Using the Holder inequality and Lemma 2.1, we see from (3. 8),

- 14 -
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aq{w;‘(a-———:’“w
(3. 9) “)\ T dxdt < \
\JQ Y

@ E"
ytl Q

+1 q.10
goa) dxdt
v
5 a8
* * 0 a—f n
ij{\))zpvv;‘l ax® \\qutuﬁ dx} 4t

a

A T |
{Sa(max \tpo‘uﬁ 1dx)r35 l(p vte v )adxdt
= t V] Q v v X

o
v afl (1+%y
[C.8% %0 -p 7%\ vPaxan Y1 T i (L vaxat< 1
2 v vl .;.)Q .)JJ ’
< v a v
= (1+3)
+a - ¢ n i .
[C qp (b -0 ) 2L v dxdt] i\ v%dxdt > 1.
2 v vtl J‘j\ Ju -
Qv Qv
n+ 2 1 2
Put ¢ =(P=2V. 24+ (1-2%) and y =1+-(a- ). Then gq. =1,
Y n a a v n *0
v-1
v
ana qv = qv-l\,v z qv‘zyv—lx{v T eee = J'-{Tl ch
Define .
1
—(n+ g _O-q aq
¢ =(o ™ “)35 T Vdxdty V¥
v . v Q
v
Then from (3. 9),
8 L, (1+%H
pta e a n . yptl n . L
C - ] by <1,
aq 4 j[ .zqv (pv/(pv pv"'l‘n (pv/pv‘*’l) ¢v ! ! ¢v
$ "< 3
vee o o ( nta g n G'qv1u+;1‘}
f - I / if >
[Cpa) (o /o =p N7 (e /o ) ¢ 7] ¢ 2L
where f =aq -atl. From the above we see immediately
v . v
1 a
aq s (I+73)
) pta a n vl v n
< i C - . T »
¢v+l= [ 29, (pv/(ov ,ovﬂ)) (ov/pvﬂ)] ¢v }
2]
Yyt
where s = mvl or L .
Voot Y 41
By iter: .iun we have
i 1
z 1 (p*a) L T -
. c 3=0%%4 Y %4 2 P faje 20 @agy  gapltts,
U e (o T q T (— ) ) ¢
‘ j=0 =0 %5 7Pm %541
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2 v
Since (IT—‘)J < Q 1+ Q)J :O: J = 10 [ *T,We s5ee = L <
n = 3= n conQG.,, =
Sl A
T a0 e
v 2 (i 20 Tl 2 RS
v+ UM oD e o o co® 17 a. e
Yn = Za 2 =727 ' =
j:O J;O
ET_ -« LZ (J+1} D+Q n 2
1+ %y <+ T,
1 = n
and
1
-— v . n i+l n <n 2
v o q, 2 Gy 23
w + = +
Ty T 70T et e
j=0 %y 7 %m 3
n n_ jtl n
( i o nt2’ ,20(n+2)
0j+1 =
We note that
+ & + &
(1 n) ! n a-2 -1 . a -2 1
R z " mrae) ™ Greiq S7
= . . a ,. Q- =« a . h¢ [o 3 -
+ +20 - {
j+l 1 n(L aq. )
J
Thus we have
1
a 2{a -2} | 2(a - 2} -1 a-2
14+ — < 1 + ——— g —_—— g ;< ’
Tr( n)sj =7T{ (n+a)q.’ :exp{ n+a qJ S €
j=0 ' 3
that is, . m = (1+=)s, < %",
n'j -

Consequently we can let v tend to infinity in (3. 12} to cbtain

m

max u< Clull 5
- QiQs <O

Q{p)

from which we have Theorem 3.1 for a < n, since a similar result can be obtained

for -u.

Next we assume that @ > n. Using Lemmas 2.2 ard 2.3, we shall estimate

each term of (3. 1).

Consider



; -1 l-q -
a jbg/av/vx]a dx = g °‘>(b'+b')¢°v,vx;‘1 Lax

-_ . .‘1
qx % sup (b7 (jo v "a(t). I (,ﬂVX“Z (t)

A

1- - -1
ta BT g N VI ey e v IS
£

1i- l-a .
ot BLAle Vg () * eallov 20 + @ n S le i (0

nA

Aol (o 170,

aflte)-n
na(lt -1 -1
where S, = Sjq] aal 1*62:' Here we put n’ = S1 q Bn. Then we may put
-1 -1 e
Bq' = C(M;(Sl q 87 . Thus using Young's inequality again and integrating

by t, we get

I-a—asl*}'g} a!]_'i'E)
-y i L - £
(3. 3 q1 O’B‘) bq;q'v[vx(a ldxdti c

£
o e e,

+3 “a Qa + nR ~a Q .
nsq “ ¢ vxn asa na n ? XV” QrQ

Next we coan get

{ 1- - R -1
a ety ele ot W axcallc iR Yell ey (0 lev)®

0
a1t €

<atM e v (92278 e v[[® T Hllow 12w

[IFAN

\

1-a _ala-1) Ca -a a,
c3(1 +8 q )H qvxvjla(t) + n8q )¢ vx“a t).
Therefore we obtain

I
{

{(3: 4 a \\ (C'H%_a' e)(rpx]qva—lva dxdt <c

1- .
1+8 u.qo.(a 1))([" a
\/\}

3 ” ‘x ”a.a
tea eyt .

Similarly

all+a't



- o l-q. _ , o leg . .. -
Vi tDa k. Citek St ax s (A ar kT v kT
o 0 U = o 3

a G
+

e v ax
. I [ R
< (ﬂﬂ)dq,l\cpv}la(t) +{(8+]D ]TIQVf\ ’T“'s\( L)

€
< {(a+1)D ,
- n

llevil (e + (eﬂm'z%;‘u;vxvg( ) Flev s ().

S P - ,

Now we put n” = (’+1) 2 a'Sla'Bq @ ne Then we may take D =
1+e '

o -q .- - T e ‘

c(M) (B +1) 1 “sl‘lsq 4q) . Thus we see

(3. 5)° \SS (R +1)d + k](')_af + r-_xk(;ag} ¢ v* dxdt
1+ +e 1+
£ 41 _I £ a(l £
<cfatn . op " q ) Nevll® + ngq ® ¢+ qpq @ @
= 4 ) ciQ ne4d n‘va”a,a 9 ”‘pvx”a-a
From (3. 2), (3. 3)%, (3. 4} and (3. 3)” we obtain (3. 8), where p =
allTed .
Using Lemma 2.2 and {3. 8), we obtain
. 1 a-2 R
- aqilt— ol -l B [ + ite
SQ u a(lte) 4 axdt < \\ (v¢ Y (@ af lq,a)’ £ dxdt
Jda =Ju
Q
y"H v
allte) £ L
€ + — +
< 3Qiver a TP o a e
v .
.
I+e ({7
ESO'(I'niN"»ﬂ ¢% dx) e(\(\ le vte v |*dxds
= £ J v JJ v v
+1 1
ota (6 g os TR (e
[C.q (p Y % 55 v* dxdty 7] if Vo v®dxdt<,
2 V*l Q J.}Q
< v 1 v
= + - (4 l+;‘;‘s— e
[C,q° ®lo o 4 TNV v dxan] £ |\ vFaxde> L
29 vtl JJ ‘)J
Q Q
v v
o _ 1 v, 2, .a-2
Putting q, -A(1+-1+ " Y (=) + P

by same methods as before, we have
Theorem 3.1 when

n<a.
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3 4. Hbicer ceatinuity.

a—

. o 87 N . - . - . -
oroved the Holder continuity cf solutions {or lirncar parabolic

equaticns frem the Harnack inequality.  In this secition we shall derive the.

Helder continuity in the same manner as in [ 3] by using the following Lemma.

u be a non-negative weak solution of (2. 1} in Q, and

in Q. Thero there exists a constant m depending only

on n and g =uch that

-(nt+
{4. 1) max u < C(P (n u)“u + kpan )m(min ut+ kpg) for p<1

Qlm aras Q200 T gy

?

where C is a constant depending only on the structure of (2. 1), g 1is a sufficiently

v}

1

-1 = .
e+ g ®+1. Here max

small constant with 0< g<1 2and k=( e + )
and min mceen the essential maximum and the essexntial minimum respectively.
We shall prove Main Lemma in the next section.
Using Main Lemma ard the following Lemma 4.1, we immediately obtain

the following:

heorem 4. 1. Let u be a weak sgiution of (2. 1) in ©. Then u is

{essentiaily) Hé€lder continuous in Q.
Lemma 4. 1. Suppose that fcr 0< q< 1 and 0< g< ],
(4. 2)  w(p)< n;w(3P) + kp 81y
- »

where w(p) means the osciliaticn of u on Q(PY and k is 2 constant. Then

u is Heclder continuous.

if.  We define constants A and ® by means of

U
3]
(o]
e}
[
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W,
(Y|

i
(8}

, &= Min (N, 8/2).

n =

Then

23
=]
o
o
g
o
@
g3
i8]
(43
15
5

-6 6- &-
o)< 3 w30y +[1+3 AT € Fﬂ}kpe\}

-0/2 ~
e/}l

< 375 {w(3py +(1 -3 kpe‘;.

Since the oscillation of u on Q(p) tends to zero as Q(p) shrinks, it follows

that u is H8lder continuous,

Proof of Theorem 4. 1, Since solutions of {2. 1} are locally bounded
functions by Theorem 3.1, we may assume that u< L in Q. Let M{p) and
m{p) be4 respectively the essential maximum and the essential minimum of u
in Qfp). Let w denote §it‘ner M(3py-u or u-m(3p). Then since DMi3p)< L
and m(3p) < L, it is easily verified that w is 3 non-negative weak solution of

the equation

i
(o]
)

w, - div4(x, t, w, wx) +B(x, t, w, Wx)

where

v

— ) - - - -1
A(Xa t, w, p) ia[p)a l+ C[qu

— = _ sa-l - =
+%e <¢c=2 c, e =cL + e
and so forth. Thus we may apply Main Lemma to w and we obtain

M(3P) - m(p) < C*(M(3P) - M(p) + Kp %,

- 20 -



4b

n

15

M(P) - m(3P) < C7(m(P) - m(3P) + kp ).

O

L
Q-‘

Here C°=CRL+K™ and k= (yem+iTm® +Ig1% +1.  Adding two preced-

ing inequalities, we have

w(3p) + w{P) < C lw(3P) - w(p) + Zpog\,.

Thus
C’ -1 2C” — 8,
< do ———
w(p)_c,_}_l{w(}f)) C'-lkp }

from which Lemrma 4.1 implies that u is Hdlder continuocus.

Remark. We can choose C7 to be independentof p for p<1.

§5. Proof of Main Lemma.
In this section, we consider a non-negative weak solution u of (2. 1) in

Q. First, we take two lemmas which are needed to prove Main Lemma.

Lemma 5. 1. There exists a constant m, depending only on @& and n

such that

mo(n+o.)/°- -
5. 1 Chal < in ©,
(- h e I e S0 T

£a
ntea

where u=u + kpG for 0<0< . and CO is a constant depending only

on the structure of (2. 1), Here it is assumed that p < 1.

Proof. In the fundamental estimate (2. 10) we put v = g4 {g = 0V

e}
Put k., =kp . Then

¢ q ] - dx + a{Bq-aljjg?a[vxladxdt
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< 55 {(a'a—{cpxi (po'—l + b(pa)(ql\-a v;vxiu'le(k, tyve + \I—%T[(;Q-ll(r‘ kf—q vo‘}dxdt,
where
Gz(x, t) = ac ’(px) (pa-l + (1 +(B{}dqx°‘ + ak;‘ae E(;xlgpa - + ki_af¢a + m;k{a grpc' .
We estimate each term of (5. 2) by using Lemmas 2.1, 2.2 and 2. 3..

(I' We suppose that a< n. Using Young's inequality, we have
pp g g g y

1- { - - - 1-
(5. 3 {q[* 35 a‘swx\#‘ 1"l"xla Laxat < n(Rg % fev I z.a +Cy 8 auwxv”z’a.

‘where CO = Co(a. M a)e

Now it is seen that
1- -1 1- -
(g n]‘g betviv)® dx<lq aan’NoWHa(t)’l] ov, IS Yo +
l-a . a-l
tla T e vy WO fev ) T®

1- - l-a .
$CY8) TBLgevl 0 * njsa vt * Slal ® aCp vp (0

: -1
CHEev, I (9) X fev ST,

n

-1 -1 -1 -1
Here, weput n°=8S |Bq |. Then, we mayput B _,=c(M)S |rq }) €

Thus, we have

l-a ({(, a a-l
(5. 4) la] SJ bg M dxdt < CZ\B(

a:Cc

Next

l-q a-l_a . (1-a)8] l-q a-l
5a(c+kl e”%l‘” v @éx < ap \(c+k «



[Fo
o W)

1-a)@ - -
car® el ey e V@it
- R a a’*

1-a)0 , “lga-l
CH"( a) (l\/i'{’l)'“‘/’x"’”a(t).za s (l)‘;—"’XVDZ t)+i¢v ” t)‘}

un

1-a  qla-1). a(l-q)® -
Cytria] g T e vy 0+ niaq y prev i (6,

A

Therefore, we get

- ' Ll-a a-la , . , 1-a  afa 1), afl-a} a
{5. 5) .}‘)c.(c+;\1 e)!(px{(p v dxdt < C3(&+}a, 19 Yo il (va”a.o.
+ nleq 7| v, [Zo.'

where C, =C.(a, m M, Sk

- 3

Finally it is verified that
RN -0 -
5 L+ (an)d + kl %f 18k % gl o v¥ax < (1+8)p ¢ \\i(d+k £+ % g)dx
-a8d -0f
< (L+iape © D .1 v (0 + L+ (Ao 1 Jev 112 (0

<1+ gg;)p‘ae Dn,ﬂ‘cpv}[ Sty + 2a.sG{1+;3;sp““C( i,V Il 2ty ey ;; (t)).

s

-2 @, -1
We put n° = n]ﬁq | (2%s® (1*;6()0 ) + Then wemayput ¥ =
2 n 1
(M) pa]® (2% s+ e “9‘“. and we obtain

(5. 6) "\Jg(l+ /Bpa + kil.-a f+ ”3[1(1‘-3 g % v® dxdt

e AL Sy
ae Qe ae Q : “a a
S C R e e evi ot onBe eV

tofsa | pevy s

From (5. 2), (5. 3), (5. 4), (5. 5 and (5. 6) we get



- 1 i —Pl+11 -a Z 4
=7 [3*1\3(;&“( Jiap 9% 7]8a f(a'w}.}.)"”afvxradxjt
1.g.22 an 1+-20 IR
l-a T e € i-a ala-l) . Tae Tar o«
s C a8y fal +B)y e T{H8) (31 1q)
n
-9a(l+ =)
i €a -0 -1 -8{q-2 ~1
(j‘)(p &+ a{q )}‘ija + o {a )(pu I‘/’t))va dxdt).
-2
Let ¢g< g;“". Then 8< -1. If g< -1, then £ <1-2a, and K{%q =
an an n hal :
q-22 22 +2 .2 n a
L ie be-’e % l-a  ala-D ! ae ag ¢ C.ct
U SV qal T ey D 18l gl *1< g, where

v

-2
¢ is a constant depending only on a, If -1< g< a+n' then X
a

v

< G

8q

Let p =p(1+2 ), t =0% and C =Q(p Y=R(o ) {t-+ , 1% asbefore.
v v v v v

v v

We choose the function ¢ (x, t) 2s in §3. Then, noting that 6a(l+ “%) < a,
v £

-Q

) -a -gafa-1) . -8lq-2)

(5. 7) yields

(i -a =-0a{g-1)! a
ﬂ\, (Pv!adxdtSK(n -5 )“pe(“ )z‘ v dxdt,
Junl v ox =" 1"y Tytl o
(5. 8% v v
: —3+1 - =0 (1) | ;
max | o8 ax x ke (o -0 ) e o wTdxat
\ ks ‘JR( o y.o v v 4 et}
N 241 v
mere if < K =Ciqf K =Ciqf S - i =
wnere 1 q< -i 17 (qf » 2" 1qi and i -1< g ta’ nen :.\1
KZ - C (C 1is a constant depending only on the structure of (2. i}).
{a -2){nta) .
- T e e d
Put q, Za(znta) and define
a ata, -2 nta -2
q =(1+30{q - (—E H ()(*==).  Then
v n 0 a a a a
1 n+ta a a nt+a. g -2
= =+ 1- = {1+ - - { W Ye
qu qy-l{z 2n ( aq )) ( Zn)cv-l 2n N
v-l
1 n+a 2 ‘{‘\T)
M . if == - 1 22 tr =Y g oo = Y.
iforeover, if we put \{V 5T —ﬁ aq . taern q, V91 9 5=1 ‘{J
v-l,
- + o aQ a\C ) B
Define & (o (nta) &5 Viaxday Y. Thnen from (5. 8),
v v wa
v

b

» Wwe see that the inequality



+ nta
o MGn ) ety %Cyn -(ntay{{’ o2 Py o T
@ = \ éxdt < p | 3\ (v ¢ ) (u ) dxd
vl vil Jdn = Tyt JQ v v v
vl niaV
(nta){ | x afex =Pz
- Tia . a G \ i~ v & <
= v+l 3 {jlwvwvl dx } \j (u ydx ¥ at
nta 1 1
+1 -— ... = >
-(nta) 2 B, \§ . 24,2
< dx)
o i S (max &u ) | (J }vv¢vl dx) (‘)
1 nt+a a
S S5 —a(l+35) a,
2, 2n -(nta) e 2n! -ee(q-1(1+2)
< 2 - 2
= Kl 2 (nV pv+1) p n
n a a
L tata) 1+ +=2
> (nta)(l Zn) lagq| (1 Zn)
p ¢
v
_q
where v =u Y% g =aq -atl, and is a constant depending only on the
v v v
structure of (2. 1). Hence we obtain
T2 n-a ala-1 (1+£..) "‘1—_
N T S AN N R
v+l = ¢ *Vov %y TPy Py Py v Dy
1 (]
L+
X ¢ ]YV+li znl
v
where
T+a (Z+a)y
a : .
ja,| . (<@+xm ) i g < -1
K =
v -
(¢ -Z)(nt+a)
+ 8- i -1< <
(1 Zn‘ if 1 qv Za(Znta)
By iteration, we have
St 1 -3
L 0 4 7 ey P
¢V+1<:j-l:(oxl K (Dj /(p "pjﬂ)) i (pv/pvﬂ\
v 1
T L1500
X ot T
0
- -ea(a-hi+3)
Here we used the fact that p = o < 2 for a suificiently small
v
. . n(n -a)
9, that is, for 6¢< e -Di2nta)’
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. a_.j a ;. .
Noting that (1+ =)' > > g 1+ 57) for
oting that (1+°7) @ > G+ 7)o .

we seo
(14 vt
. 4 1 N v Znt
T;—E—-—ZT(H-;)J and X (1+ ‘\Jf; %a
1v+]{ 1o 520 Z Zn
Thus
a,v-itl v a . -j I 2nta
{(l +2n) z cl' (1+——r? ;; 2n
@ Fy+1) j=0 ¢Yg %50
v
TC <C <C
j=0
and
-3+]
! v n. 1 . -j n
v alq 2n (£ +a)T——(1+-% (= +a)
il € q 2n a . ¢
T K, < (1+5=) 0 < 1+ o)
] = 2n = Z2n
j=0
., vFl 2,
Since — =2 +2 and ! V< 2, we get
p "0 0 =
v vtl . vl s L
_1__(1+.1_)"'J+1 J. v (j+2)(1+'£“\ J __1-91.2..:'}.:_.)
v P 94y Z2n a4 ‘}:_:0 2n . Qg 4nl
T [(—+— "~ <2 ) <2
j=0 Pj"Pfn
a -3 -ja
(L’_+_J(1+_n.)v 3 L ; (1+-a—~) j-1 1
Yoo, ety 8 09 5z0 ¢ a9
T —=» ' <2 <2
j=0 Py41

Therefore we obtain

e a 1
J."-_’-O(HE-;)T—‘
<Ccse¢ " j*1
¢ < Cods e

where C6 dces not depend on .

Here, letting v tend tc infinity, we have

5.9 max® g Cher, m =TT A+ f—— <1
Qlp) 520 +
Since



0
m | sray ad, aq
d“o Yo (2P -{n a’j \\ u C\\ut} 0
\}Q(Zp) m()
f¢ (‘ +0‘)(’~ -G L _ - o
< {{2p) !\J u Adxat} .
- YYQ(2e)
we get
m,(n¥a)
1 < "o
cz(2p) 3 < min T
0 G:QnQ(ZP) = o~
Gl

R na(l +¢) a(l +g) *
A A sc tha > MNe = T e —— .
(II' We suppose that a zn Let vy metallte) Then c Y

First clearly

nA

l-a - 1- -1
]q) Qj b vlvxla dx s QBT],Ht;‘v;I:I(t). U;nvlez (t)

1- -
+ gy ¢ “’”‘P"xﬂz l(t\' /lrvaY*(t\

1- - o l-a . -1,
< c4lB] B:,“q)v"zu) *[8q aln“q:vx”:(t) +80a) *n Hcpvx”: (t)

Clegvfl (® +llev j(_(9). (cf. Lemma 2.1).

-

1 5q jn. Then we may put B"I' = C(M)(Sl_li;’jq-l; n¥. Thus, we get

a2t glita

= 1-a{{"  a a-1. . € € a
» \ b '
(5. 4 la ‘B\, be  v)v | Tdxdt < CIQB( 19 “qpv,(a.a
+ 3, -a, a4 e @ o
ni8q ] HVelly,a T B 1 1PV 0

Late 1< ey ot T ax < o007 5( +17% et T
o H ). =
{1-a) i a-1
<@ alletX™ “ell -l vi[ (0-[levl] x (1)
a-1
\(1-0.) AL 4 y + -1 { _1 -1 &Y e -1
< alMED) e vl (1) 20 -D? Ule v~ (9 +jov, Hz (t)



L 1-0._ ale-1) a -a, a
$ SR A e g (0 F s T ey, ), O-
a(l- -1 .a- . .
( O‘)SG < s I. Thereiore, integrating oy ¢,

Here we used the fact that o 1

we obtain

(v i- -1 l-a {a-1)
(5. 5) .Sd\mfkl Teng ot viaxdtg e 1+ (pl T ja e vy

*iga eV, g, -

Finally we see

3 {(1+1gpe + k;—“f +k Oy plete” vTax g %1y s)‘)\ (d+K 708 + K7 g)e® v dx

-a0 v 4 a,, -a 0 - a

< e (LA IBHDT‘,;WVHQM t o {1+{8))n !ICVI!Y*('C}
-a.9, ,/c a ,~al_.a . a,. Qo

TP (¥)gpD.. lievif (B *+ 27 Sy A+ isDn"{|fe v (| (O flev {0

- -1 -
Now we put 7n° =:2% GSS?(I’F (8) a(Bq e {. Then we may take D _ =

1+ I+e 1

, ) € - £ '
c(aM){2%5(1+18N}  (n8q ) .  Thus, we have

VRS >
PR 1- -
(5. 67 \ji(l+[ehd + X “f+ k% Brgte” vEaxdt
v

1 J
jee it allte)
$¢© —06(1"' ) ) Bl ) ) v ®
$cyp () i 19 hevi, o

B g, T RS I

From (5. 2), (5. 3), (5. 4Y% (5. 5 and (5. 6}, we obisin

- B . - -8a | {’ .
J\ }wvvx) @ @xdt < t‘i.l(pv - ,0V+1) @ o) j“) v® dxdt
(5. 7y "9, 2
. a4l ) e Bg i
nax ‘\ @ u'3 x < Kilp ~p +1‘ G " ";‘a
t .JR(D y v L 4 v o)
v

a s
vToaNcat

1%



-2
, we have (5. 1) by the same metheds

Remark. <Tnae constant C_, in {5. 1) does not depend on p (< 1).

Lemma 5. 2. There exists a3 constant m, depending ocnly on o and =n
S

suci that

‘m1(ﬂ+c.)/o. _omy
(5. 10) rmaxu<p C, Iy .
= 1 yar {2
Qlp) aras2(2p)
where w=u+ kpe and C1 is a constant depending only on the structure of

(2. 1.

Since the proof is quite similar to that of Theorem 3.1, we may omit it.

Proof of Main Lemma. Combining the inequalities (5. 1) and (5. 10},

we sce

nta)
- m_ +tm)) m_ +tm
a 0 "1 -1 — 0 . —
max u< p <, CIHu” 2y iR T
Q(p) arar Q(p)

Here, putting m = m_, *+ m, we have the lemma.

0 Iy
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