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On The Essential Set Of Function Algebras
By

Hiroshi Ishikawa, Jun Tomlyama and Junzo Wada

Let A be a function algebra on a compact Hausdorff space
X, that is, A is a closed subalgebra of C(X) which separatés.
the points of X and tontains the constants. In the following
we shall present several results relating to the essential set
of A, some of which are regarded as generalizatlons of the re-
sults published in several literatures [U4], [g} and [8]. Complete
proofs of these theorems and other details will be published
elsewhere. | |

Throughtout this paper M will indicate the maximal ldeal

space of A, The S1lov boundary of A will be denoted by 9A.

For a subset F in X, we shall denote by A|F the restricted al-
gebra of A to F, If AIF is closed in C(F), A[F is regarded as

a function algebra on F. A closed subset F in X is called an

interpolation set for A if A|F =C(R), and is called %@losed re-

striction set if AIF is closed in C(F). Let G be an open set

in X, G 1s called a w-interpolation set for if any compact sub-

set in G is an interpolation set for A.

Theorem 1. Let A be a function algebra on X and let A#C(X),
If G is any w-interpoation set for A, then Gﬂ%ﬁ=¢,‘where E is
the essential set of A in X.

Corollary. Let A be a function algebra on X and suppose
E=94z. Then the set X~E is the largest w-interpolation set

for A.
(1)



-1
-
[

(2)

The hypothesis of the corollary is necessary. Let X De

the set consisting of the uunlt circle and the origin O in the

unit disc and let A be the restrition of A, to X, wnere A, deuotes

the function algebra of all continuous functions on the unit

circle which are analytic on the open unit dise. Theun E = X,

But we here see that G ={0} is a w-interpolation set and G;zXA'E:=¢.
Bishop [3] and Glicksberg [6] have proved that A is characte-

rized by the disjoint closed partitions of its maximal antisym—‘

metric sets and Tomiyama [11] has shown that among these sets

the set P of all maximal antisymmetric sets in X consisting of one

point is free from the representing space X and plays a special

role in determining the structure of the essential set E ; in fact
E = X~ int(P),

where int(P) is again free from the repregenting space X,

Now by the above mentioned result by Bishop and Gliéébérg one
easily sees that int(P) is a w-iﬁterpolation set for A, and for eacn
point xeint(P) one can find a closed neighfborhood V of x such
that AlV = C(V). Mullins [8] has proved that the couverse is true
if X=My is metrizable. Here we shall show, usi@g Theorem 1, that the

‘result is generally true so far as X = My

Theorem 2. Let A be a function algebra on X with X = MA and
let E be the essential set of A in X, Then, a point x belongs
to the set int(P) if and only if A|V = C(V) for some closed nei-
ghfborhood V of x.

Once we could succeed to generalize the result of Mullins

(8; Theorem 1], the same idea which derives his Theorem 2 from
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Theorem 1 would lead us to get the following,
Theorem 3. Let A be a function algebra on X with X = M, and

J

bl .
let {FJ.}_ be a closed over of X shch- that AlF; is closed in C(F;)
. )=) :
: - ’ .
for each Jj. Then the closure of | ). Ej is the essential set of
)=

A in X where Ej denotes the essential set of AIFJ in Fj. ‘

Corollary. Let A be a function algebra on X. If X is cbvered
by interpolation sets for A of countable number, then A = C(X).

The above coi¥ollary has also been prowed by Gamelin and Wilken
{51, Chalice [4] and Mullins [8] ( but [4] and [8] suppose more
restricted conditions on A).

It 1s to be noticed that in theorem 2 and 3 one can not expect
the same results for an arbitrary representing space X. The examplé
cited after the corollary of Theorem 1 shows that the origin O
satisfles the conditioﬁbin Theorem 2 but belongs to the esseﬁtial
set. And, if we consider the cover {Fl,Fz} of this representing
space X as F1={unit circie} and F2 ={Qk then Eq ={un1t clrcle}and
“Ex =& and E= Eq{u {O}; E, =E£. The reason which we could expect
the above theorems 1s that in case X = MA the well known Silov's
fheorem prevent us ffom facing the situation described in the above
example. However, for some specinlized fuction algebra one might
expect this kind of generalization., Chalice [4], indeed, announces
the results of thi%@ype. Includ’ing these results we shall present
here more general results,

A functicn algevra A 1s sald to be g-reguiar on X fur sume
" (fixed positive number) £ if for each point x in X and each closed
set F in X not containing x, there is a function f in A with/ﬁ%i$ﬁ§i
and [f1<&  onF. |I-ftojce
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Theorem 4, Let A be an € -regular function aligebra on X for
04 & £ 1/2. Then, a point x in X belongs to int(P) if and only
if AlV = C(V) for some closed neigﬁﬂborhood V of x.

Cofollary 1. If A 1; & -normal function algebra on X for
0< £ £ 1/2, the same conclusion holds.

Corollary 2. If A is approximately regular, still more app-
‘roximately normal, function algebra on X the consequence in the

theorem is also true.

‘Glicksberg [?7] has proved the following theorem ; If any closed
subset 1in X is a closed restriction set for A, then A = C(X).
We moreover obtain the,following

| Theorem 5. Let A be a function algebra on X and let FO be a

cloged set in X. If AIFO 1sjdense in CfFO) and if aﬁy cotpact -
sgﬁset F in X'~fFo 15 ansigterpolation‘set for A ( or a closed
restriction set for A), then A = C(X),

Corollary. Let A be a function algebra on X. If FO is a closed
set in X without perfect subsets ( in particular, a closed count-

able set ) and if any compact subset F in XNFo is an interpolatian

set for A (or a closed restriction set for A ), then A = C(X).
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