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On the Cartier-Weil formula in the theory of
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1. This note is an exposition of certain theorems (Theo-
rem 1 and 2) connected with the Fourier transform of the
character. of the second degree obtained recently by P. Cartier
[1] and A. Weil [3]. Weil has obtained these theorems as
corollaries of his general theory of certain group of unitary
operators. Cartier's proof is elementary and based only on
the theory of Fourier transform and the Poisson summation
formula.

We give here another (but not essentially different from

that of Cartier or Weil) approach to these theorems.

2. Let é be a locally compact abelian group and G¥*
be its dual group. For x € G and x* € G*, we write
{(x, x* > instead of x*(x). Let dx be a Haar measure on
G.

Let S(G) denote the space of Schwartz-Bruhat functions
on G with its usual' topology. For ¢ € S(G), we denote
the Fourier transform of & by ¢*, that is, ©&* is a

function on G* defined by
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(1) o*(x) = 5 ® (x) (x, x*) dx.
Then it is known that ®* is in -"S{G*) and
W:d—> 0%

gives an (topological) isomorphism between S(G) and S(G¥).
We choose‘the Haar measure dx* on G* so that the inversion

formula of (1) is given by
®(x) = Sé*(x) {x, x*>dx*.

Then W is extended to the unitary transformation between
the Hilbert spaces L2(G,,dx) and L2(G*, dx*) .

We call a continuous function f on G a character of

the second degree if f(x) =1 for x £ G and there-
exists a homomorphisms o = g from G to G* "“such that
(2) f(x +y) = £(x)f(y) (%, yo > for x, y € G.

If £ is a character of the second degree on G, ¢ —— 0f

is a unitary operator on L2(G). We know moreover that

® —> &f 1is an automorphism of S.(G) (see Section 12 in [3]).
Let Sh (h € G) be the unitary operator on LZ(G) de-

fined by
(Shé)(x) = ®(x + h)

and “Th be the unitary operator on L2(G*) defined by



It is easy to see
(Th¥)(x*) = ¥ (x*) {h, x*>.

Lemma 1 (see Appendice in [2]). A bounded operator on

1?(G*) which commute with all T. (h ¢ G) is the multipli-

h

cation operator by a (essentially) bounded function.

3. Let f be a character of the second degree such
that p = Pe is an isomorphism between G and G*. For
such p, we denote by ip[ the module of p, that is, the
positive constant defined by the formula

g _ 1 (Ddae ©e 1l

.\%,(xp)dx = o] J(x)ax; e L7(G).
7 G (T‘

We consider the convolution of £ and ¢ & S(G):
(£ % 0) (x) = Sf(x - peay.
By (2), it is also written as
(f*q;)(x) = £(x) J< Yy, -xp) £(-y)2o(y)dy.

So & —> fx® is the composite of the multiplication by
the characters of the second degree, the Fourier transform
and the change of the variable‘(by the isomorphism p). We
can conclude that & — > Qp[if&§ is an isomorphism of

S(G) and a unitary operator on LZ(G).
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Theorem 1 (Cartier-Weil formula). There exists a constant



Y(f) of the absolute value 1, such that

L

2 1

(3)  (£x0)*(x*) = y(£) |p] 20%(x*)f(x*0 L) for & < S(G)

and x* ¢ G*,

Corollary

(4) g< Sf(x—Y)¢(y)dY)dx=Y(f)

® £ S(G) (Put x* =0 1in (3)).

Proof of Theorem 1.
Let U Dbe the unitary operator on L2(G*) (and the

automorphism of S(G*)) defined by
1
U: ¥—s w{iptzf* (w“l\y)]} i

By the fact that f'*(Shé) = Sh(f* ®), it is easy to check
that U commute with Th for all h e G. By Lemma 1, U
is defined by the multiplication by some bounded measurable
function M(x*). Because U maps S(G*) into S(G), U 1is
defined by the multiplication by a continuous function M(x*)
whose absolute value is 1 (by the unitarity of U). So we
have

1
([o]%€ 4 @) * (x*) = M(x*) 0% (x*)

for ® € S(G) and x* e G*, Putting x* = 0 in this

formula, we have (4), where Y (f) = M(0).



If we replace the function ¢ by @(:) :, x*) in

(4), we have (3).

4. Let T Dbe a closed subgroup of G and T, be the

closed subgroup of G* associated with ' by duality, i.e.
Iy = &E* € G* ; (&, E*> =1, for £ €T

Let d¢ and dg* be Haar measures on [ and T, respec-
tively. -If we normalize d&* suitabiy, we have the follow-
ing formula, which one may call the (generalized) Poisson
summation formula (See 16, 17, 18 in [3]),

(5) j ¢ (g)dg = 5 o*(g*)dg*, for ¢ e S(G).
r T

*

Theorem 2. Let £ be a character of the second degree
on G such that p = Pe is an isomorphism between G and
G*. If, moreover, f(§) =1 for & e€ I and p gives an

isomorphism between I and T,, we have vy(f) = 1.

Proof. We denote by ¢y and c, positive constans not

depending on ¢ €FS(G). (5) can be rewritten as
(6) g ®(g)dg = c; g o* (- Ep)dE.
T T

v \
We denote by £ the character of the second degree on G

defined by E(x) = f(- x). Then we have
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g o (£)d £= g (Fo) (&) at
T T
= o, gT(Eé)*<— £0)dE, by (6),
=, S £(E) (£0)* (- E£p)dE
T .
= c. ( esx o)y (yas
1)
= clg' (% 0)*(E*)AE*, by (5),

T

= C2Y(f)g @*(E*)f(i*p~l)d€*, by Theorem 1,

1N

= ¢, Y (£) S 0% (£%)dE*

Iy

= ¢,y (£) gr¢(5)d€, by (5).

So choosing ¢ e S(G) such that g ®(g)de # 0, we have
T
czy(f) = 1. As v(f) 4is of the absolute value 1, we have

Y(£) = 1.
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