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Topological immersions and PL immersions
By Masahiro Kurata

1. Introduction, definitions and notation

TOP
q,m’

In this paper we compute the homotopy groups Hi(V
FL ) is the topological analogue

TOP PL
wh \Y% .V
v q,m) ere q,m(resp q,m
(resp. the PL analogue) of the stiefel manifold, using the
result of Kirby-Siebenmann [7]. And we consider the relation

between topological immersions and PL immersions of PL manifolds.

Theorem 1.
TOP PL _
1) If g-m > 3, Hk(V q,m’ \' q,m) =0 for 0 £ k < m.
2) Ifgm=1 q>lorg-m=2 q26,
TOP PL
Hk(TOPq, PLq) —_ Hk(V q,m’ \'s q,m)
is isomorphic for 0 < k < m, and
TOP PL
Hm+l(TOPq, PLq) e Hm+1(v q,m’ A q,m)
is surjective.
Corollary 2.
Ifg-m=1 q>50rqg-m=2 q 2> 6,
TOP PL -
Hk(V q,m’ \ q,m) = 0 k # 3
22 k = 3

for k < m+1.



Theorem 3.

1) Let Q, M be PL manifolds with dim. g and m respectively,
and f : M — Q be a topological immersion. Then, if q-m > 3,
there is a topological regular homotopy which takes f to a PL
immersion. If gq-m =1 q > 5o0r g-m =2 q > 6, there is a
topological regular homotopy. which takes f to a PL immersion if
and only if the obstruction c(f)é€ HB(M, Zz) vanishes.

2) Suppose that fo,fl : M —— Q are PL immersions, there
is a topolegical regular homotopy which takes fo to fl’ and
q-m = 1, g 2 5o0orqgq-m=2 q 2 6. Then there is a PL regular

homotopy which takes f, to f, 1f the obstruction d(fo, fl) €

0 1
H2(M, Z2) vanishes.

In this paper, immersions and embeddings are assumed to

be locally flat.

Definition.

P PL ) 1is

q,m
a Kan complex whose k-simplex f is a topological (resp. PL)

Topological (resp. PL) stiefel VTO q,m (resp. V

3

embedding

k k

r : Afxr™ —— a¥ x g4



_.3...

87
such that r|(a¥x0) = id, pry-f = pr, and f is locally flat
uniformly with respect to Ak (i.e. for any x¢ Ak, there ié a
neighbourhood UClAk of x, and homeomorphisms 8, ¢ UxR™ >
U x R™, g, ! uxR? —— U x R, where pr; g, = pry (a=1,2),;

such that the diagram

m
Ume__f_ly_XR—_ﬁUqu

g1] gZT
Ux R C—— 3y x g4

commutes.)

Definition.
Let M', Q be topological (resp. PL) manifolds, NC MC M! be
-1ocallj flat proper submanifolds, Q : N —— Q be a topoloéiéal

(resp. PL) immersion. ITOPM,,B(M, Q) (resp. IPLM,’G(M, Q))yis
a Kan complex of topological (resp. PL)‘M'—immersions of M in
Q whose restrictions on N in 6. RTOPM,’G(M,JQ) (resp. RPLM,,G(M, Q))
is a complex of its representations. Wheﬁ N = ¢, we omit the
subscript 6.

B" denotes n-dim. ball. 8" and 9B" denote the interior of

B" and boundary of B" respectively.

Definition.

~ k
I (B
kaRm—k

of B¥ in RY which is PL on a neighbourhood of 3B

k

R Rq) is a complex of topological kaRm— -immersions

k % Rm-k in

Bk X Rm_k. R (kaRq) is a complex of its representations.
kaRm-k . , ‘
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§2. Prelimilarly results
Lemma 5.
= k q ~ =~ k q
1) m,(I (B, R*)) = N (R (B", R%))
} 0 kaRm-k 4 0] kaRm—k ’
~ TOP PL
- Hk(v Q3m’ v q’m)
for 0 < k £ m.
ot k q PL k +g
2) MO (I (B", RY), I (B™, R?))
i kaRm—k 3 ka m-k 3
~ ~ k q PL k q
2 I, (R (B", R*), R (B™, R%))
i kaRm—k ? 2 kaRm—k 2
~ TOP PL
- Hi+k(V q,m’ v q,m)
for 0 <k <m, 1 £1i, m < q.
Proof.

1) is obtained from Kirby [7] and Kurata [10].

Proof of 2) is as follows. An isomorphism I (R (Bk,Rq)
. i k pm-k ’

B XR

ToP PL ) is obtained

v
( q,m? a,

PL k Lq
R (B R?)) —— 1,
kaRm—k 1fk

similarly with the proof of 1).
The differential

a: 1, (B, RY — R (BN, RY)
B¥ xR B¥xR

is homotopy equivalent, therefore it is sufficient to prove the

homotopy equivalence of

. ¥ k pa = kK gq
¢ I, (B RY) —R (B, RY).

BXxR pX¥xgm—kK

Consider the homotopy equivalence between fibrations



k

(B,

TOP
I k__m-k

2B xR ,1
1
TOP
2kaRm—k

'L 1:k

k ©
k(2B -5B

k

I (B

1y

TOP
1 k

2BSxR™"

where 1y 1is induced by the inclusion i

oB¥ x R™ K¢ Rre,

PL

R k 1k

k. m-k(2B -3

2B xR

‘and RTOF 0 (eBRD
2B"xR

ig ¢ I, _
2BKxR™

~ k
iy ¢ R .. (B
2kaRm k

with fibres being ITOP

respectively, because

k_,m=~ 2

2B¥xR
PL
oBExR™

_1( ']_.ék

R 5

ig k(2Bk-

TOP

equivalences of d : I

PL

Aok
and d : I K mei (2B -

2B*xR
I
B

it follows that d K
X

homotopy equivalence.

1xk

k(Bk, rY) ——1F

k(zsk-—ék,

2B¥xR

13

rRY) — R

,RY) — 5 R

, R%Y) —— gT

Note that ILL-

2

s Rq) are subcomplexes of I

a, PL k
, RY) — r™ | (2B

2B¥xR™ K 4

rY))

RY))

m~

k
, R4

k
m~k(B

R

L
oBKxgm-

TOP
2BKxR™K 4

(
2Bk Rm-k

TOP
, RY)

i*
(2Bk-%°

op k
k

2B7xR

m-k ’ Rq)’

(2Bk-%%k) x Rk
k 1ok

5B, R?) and

BXxR™"

TOP

2B¥xR

k 1=k q
mi (2B =5B , R7)

, RY) respectively. The restrictions

Lgk

5B, Rq), and

k.
%uk, Rq) are fibrations
2B xR

k TOP

oBKxg™ kK 4

k

(8%, RY) and R (8%, rY)

I _.(B", R%) and
2BKxgmk T’

R
2B

k

(8%, rY).

Kk By homotopy

‘me—k

(8¢, R} —> rTF , R
- 2B

Bk

k

A xRMK 3

ok
) — R cesRAlgk, RYy,

- 2B7XR

. RY) — & (B, rY) 1is a

me—k

B
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Lemma 6. ~
The natural inclusion i : BXxROK 5 gK « gM-kK (n<m)
induces the following commutative diagrams.

~ k _q i# = k -q
n,(I (B, R?)) —— (I (BT, R%))
0 2kaRm k 4 0 2kaRn—K

Fo T

~ s ¥ ~ k q
. (R LB, rRY)) =50, (R (8%, rY))
0 2kaRm k > 0 2kaRnf-k 2

—
- =

TOP VPL )

(v v )y 250 (v
Ty q,m’ q,m k" g,n’ a,n’ !

PL k q
- (B, rRY, 177 (B, rRY))
opKxgmk opKxRM K .

~ k_oQ PL k q
- m, (I (B*xR%), I _(B", R*))
= i szan—k ‘ ? 2kaRn k 4

~ Nl
n® o 85 RS, R @R, R B
2B xR 2B*xR \\:

AN

(R, @Y, RFE (8%, rY)
2B*xR - 28¥xR

i

~

v

i ¥ TOP PL
i+k g,m’ v q,m) ny (v q,n qQ,n

Lemma 7.
Suppose g-m = 1l,or g-m = 2 q > 6. Then

. =~ k a > k
1) i* ¢ 0. (T (8%, rRY)) —— I (T L (BS,
0 2kaRq—k 4 0 ZkaRm k

is an isomorphism for 0 £ k m.

wOIA

2) i* : 1, (T (B
1 opKxpdk

PL k
2BXxgd~k
k q PL
(B R®*), I°7. _
2kaRm—k ? ? 2kaRm k
is a surjection for 0 < k < m.

, Ry, 1

Hl(I (B™, R?))

r%))

(B ) Rq)) —
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. k m-k q
Proof of 1). Suppose that f : 2B x2B —3 R* represent
a vertex of I K m_k(Bk, RY) . Let (F, V%, ¥) be an induced
2B %R
k m~K

neighbourhood of 2B" x 2B by £. (ef. [10]).

N

We may assume that v is a g~dim. PL manifold with PL structure

2B

induced by ¥, ¢ is PL immersion and f is an embedding.

We show that f can be extended to an embedding F o 2Bk><2Bq_k

——— v% such that F]((2Bk 1z k) x 2B%” k) is PL, moreover such
extension is unique up to isotopy. An extension F of T can be

constructed as follows.
In the case where g-m = i. By existance of codimension 1

topological normal bundle, there is a topological embedding

g : oBXx2B™ ¥xg — 3 v9 such that flprl = g, where

pr. : 2B¥xoB™Kxg — 5 opKxop™k

1
2Bk X 2Bm—k, By the existance of codimension 1 PL normal bundle,
k 1 k m-k

is the projection on

there is a PL bundle p : E — (2B -3B) X 2B with fibre

being R, and PL embedding g' : E — vq such that
(fl((ZBk—%Ek) X 2Bm—k)op = g'. Because codimension 1 topological
normal bundle is unique up to isotopy (cf. Brown [2]), g can

- ) ek
be chosen such that p-g' lug = pry. Therefore p : E — (2Bk—%B )

T X 2Bm~k is topological triviél bundle. The homotopy equrvalence

between TOPl and PLl implies that p : E — (2Bk—lBk) x 2B" ~k
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is PL trivial bundle. Then we may assume that E = (ZBK—%Ek) x

2Bm_k x R, p = pry - By the argument of Brown [2], PL embedding

m-k

g' ¢ (2Bk—%Bk) x 2B x R — V4 can be extended to a topologica)

embedding F : 2BXx2B™ KxR — V9,

Let ﬁa . 2BXx2B™ Kxg —— v4 (a=0,1) be extensions of f

m-k

such that Fa|((2Bk-%ék) x 2B™ ¥ x R) is PL. By the uniqueness

up to isotopy of codimension 1 PL normal bundle and the isotopy

extension theorem of topological manifolds (Edward-Kirby [3]),

there is a topological isotopy H, : 2B¥x2B™ KxR — 2ka2Bm-ka

(0<t<1) fixing 2BX x 2B™ ¥ x 0, such that H, = id.

H, | ((2B*-38%) x 28" ¥ “LF, ) ((28K-285) x

1
2Bm—k X R) commutes with the projection on (2Bk—lBk) x 2™ k.

x R) is PL, and Hloﬁ

By the uniqueness up to isotopy of codimension 1 topological

normal bundle, there is a topological isotopy H,(12t22) fixing

m-k . Ryu (2BXx2B™ ¥x0) such that H.-F '1056

2 71
commutes with the projection on 2Bk'x 2Bm'k. Because

((2Bk~%§k) x 2B

= 0 for i ;'0, there is a topological isotopy
m-k

Hi(TOPl, PLl)

H, (25t<3) such that H|((2B%-38%) x 28™¥ x R) (25t<3) 1s PL,
Htcﬁl_ICﬁo (2<t<3) commutes with the projection on 2Bk x 2Bm—k,

HBoﬁl“leﬁo is PL. The contractibility of 2BX x 2B

implies that there is a PL isotopy Ht(3;t;M) which commutes

with the projection on the 2BkX2Bm—k such that HH l loﬁb = id.

m-k

ﬁith—l (0<t<l) is the required isotopy from Fl to ?b.
In the case where g-m = 2, q > 6. There is a topological

2

extension F : 2BKXZBm ka — v% 0s f. By Kirby-Siebenmann

[87, Fl((2Bk lBk) x 2B™ ¥ x R2) is isotopic to a PL embedding.
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Extending this isotopy by isotopy extension theorem ([31), we
obtain the required embedding F. Similar argument to the proof
in the case where g-m = 1 implies the uniqueness of the extensioﬁ
of f, by the existance and uniqueness of codimension>2 PL normal
bundle ([12]) and the homotopy equivalence between TOP2 and

PL, (Akiba [1], Kneser [9]).

k

Proof of 2). Let f : 2B"x2B™¥xI —— RIXI be an l-simplex

or I (8%, RY), such that £|(2B¥x28™*x1) 15 a PL immersion.
k__m-k
2B xR
There is a topological immersion g : 2BKx2B™ Kxgd-Myy R9x1

such that g is an extension of f, g commutes with the projection

k 1=k m-k < Rq—m

on I and g|((2B -5B7) x 2B x I) is PL. Similarly

to the proof of 1), there is regular homotopies_rel.
k

2BX x-2B™ K {4} g, ¢ 2B 28" MxRIMx{a} — RIx{a} (0=0,1),

k-%ék) x 2B™ K x RI™ x {a}, which take

g| (2B¥x2B" ¥xR3Mx{4}) to PL immersions. Extending g  to &

~keeping PL on (2B

m-k

regular homotopy over 2BX x 2B x R™ x I. We obtain an

immersion g' : 2BkXZBm_kaq"mXI —— RXI, which satisfies the
following. g' is an l-simplix of T (Bk, Rq), an extension
2BKxga7k .
= . K, oM=K oq-m =, . : ’ i
of f and g'|(2B"x2B" “xR1™™xI) is PL immersion. This skows
that 1% : (¥ (8%, g, FF K auc(B HE
2B“xgd 2B*xp37%

k q PL k
s R, I

(T , RY)) o

2B

is surjective. The proof is complete.

— I . (B

k (B

1 k m-K

xR~ 2BKxR

Lemma 8.

Suppose gq-m > 3, f : ZBKX2Bm-k —— R? pe a vertex of
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T (Bk, Rq). Then there 1s a regular homotopy g, which
k m-k . . B¢
2B x2B
takes f to a PL immersion with gt€4f K m_k(Bk, r%).
2B"x2B
Proof.

Let (Ff, VY, y) be an induced neighbourhood by f of

k m-k . . . q . . ~
2B x 2B s where ¢ is PL immersion, V* is PL manifold and f

is embedding with f]((EBk-%ék) X 2Bm—k) being PL. By Kirby- °

Siebenmann [8] and Miller [11], there is an isotopy ft which

takes f to a PL embedding keeping PL on (2B-2B¥) x 2B™7X.

~

8 = w°ft is a required regular homotopy.

- /o -



§3. Proof of theorems.
Theorem 1 is obtained by lemma 5~8.

Corollary 2 follows immediately from Theorem 1 by Kirby—Siebeﬁmann

£73.

Proof of Theorem 3.

Let £ : M" —> Qq be a topological immersion. d4df : TM
— TQ is its differential. There 1s a homotopy ft : M ——Q
which takes f to a PL map fl. There is a homotopy of locally
flat bundle monomorphism wt : TM —— TQ such that wo = df and
b, covers ft' When gq-m > 3, wl can deform to a PL bundle map
and when g-m = 1 q > 5 or g-m =2 q 2 6 the abstruction to
deform ¥, to a PL bundle map lies in H3(M, 22) by Corollary 2.
By topological and PL iﬁmersion theorems,([S], [10]), it
follows from theorem 3.1). Proof of 2) 1is similaﬁ to those of
1). |
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