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G-VECTOR BUNDLES OVER G-EAHIEOLDS
OSAKA CITY URIVERSITY HIROHICH; MATSUNAGA
At first I want to talk about some of my works,which I have stated
in other'semina:,but it is my starting point,sc»let,gé dg;thgtq
Definition. Let G be a compact Lie group.rA real or complex vector
bundle E —3 X is a G-vector bundle if and only if
(1) Boand X are G-apgces,
(2) the projection p is ;n equivariant map,
(3) for each x¢X and ge€@,the action g: B - ng is linear.
et ¥ be a compact G-manifold with orbit type ((H),(X)),where H,K
are closed subgroups of G with BEcCK.
Definition (K.Jénicﬁ). A G-manifold M is special if and only if,
denoting by Vx the normal space to the orbit through x for each xe H,

the slice represenﬁption Gx — Aut (Vx) admits a decomposition
V. =F_ oW such that G_|F_= the identity of F_and G_ |s(§x) (the
unit sphere in Wx) is transitive.

We use some notations. K(K) s+ the union of all singular orbits,
which is a closed submanifold of M. M, = xfn(n(x)) : the closure of an

AN\ .
invariant tublar neighborhood of H(K)' Vect, : the family of all K-.

‘"vector bundles.
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The projection p SN(M(K)) — B‘(K) induces a diffeomorphism
p' ¢ 87[(M1) ——-)’IE(M(K)), where Tl is the projection ¥ ~—3 M/G. For a
i € -~ e o Ppk
pair (F,E) VectK(,'IF(M(K))xVectg('n:(ml)),let‘ gt P'*C*F — E laﬂ(Ml)
be an isomorphism of H-vector bundles,where we denote by r* the
. [N

‘ PN N
restriction VectK —_— VectH.
Definition 1. Two triples (F,E, O(B) and (F,E, O.(H) is equivalent if :

and only if there exists a commutative diagram

of
F R expxp THL SpcE
i
i 7% lfB,K laﬁ’ﬁfﬂ
- p'*r* - dH - -
F S——0s p'¥e*F 3 3ECE,

where fx( ?B) is an isomorphism of K(H)-vector bundles,and fH,K, e

are restrictions of them.

Theorem. Under the condition

(C) w(H) = H x[(H), T'(H) = ¥(#)/ H, N(K) = Rx[(K), [(K) =
h(h)/ K, [(K)CT(H)CG, we have an isomorphism of semi-groups
Vecty(M) = {(E,F,O(H)}/ (~),
where we mean by /(N) the classification due to Definition l;
By the theorem and an analogy of the Atiyazh-Bott's proof of’Bot.t
periodicity,and using H.Minami's result about R(0(n)), I have 0‘1()£>z‘ained
Ko(n)(wgn'l(d)) = R(0(n-1)). These results are to ‘be appeared in Osaka
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In the determination of the KG-group, I have essentially used the
splitting of the normalizer H(Irx 0(n-r)) = 0(r)x 0(n-r), r = 1,2. The
condition (C ) is too restriqtive for applications,so I want to improve
it.

By a technical reason I take right actions. Let M be a compact right
G-manifold with just one orbit type (E). Denote by [ the factor group

H \N(H), then we have a differentiable principal bundle

where MH = { xeM ; Gx = H} and the G-manifold M is the total space of
the associated fiber bundle,that is M "_;EHXT.(H\G) as a G-manifold. By
G.Segal
VectG(M) = VectMB)(MH).

(Under the comdition ( C), YectH(H)(MH) ~ Vec,tB(HB/r ).) 8ince My
is a compact differentiable manifold,there exists an open covering {Bi}
of'ME/r such that U; is deformable to a point x; of Ui and a -
equivalence ¢ : Ux [ —» uElUi for each i. For any E(H)-vector

- *
bundle B — HH, there are R-vector bundles Ei — Bfi with Sﬂi Ei
Y B l ?i(Uix ), (N = N(H)). Further we nave an isomorphism of N-vector
bundles Ei g‘ Uix (Efxix I ), because Uix I’ is N-deformable to xix[' R

where N-action over [ is given by the projection q : K — [ = BE\N(H).

. . ¥ »
Un the other hand,by G.Segal B, lxix [ = ¥xgN,where V, = Ei]xix(e),
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whicn is an H-module. Phus we have an isomorphism of N-vector-bundles,

vy
U xV X pE —2 s B g0, xT)

e

UxI —=— {@xT)
, -1 :
Denote the H-equivalence \23 %i s (t}int }XYiXHN — (Hinﬁé )XVJXBK by

Q;l Qi(x,[v,n]) = (x,Gji(x)[v,n]), then with respect to the €O-topology

of Isoi(VixKS, ijﬁN)’ Gjils a continuous map for each i,j. By the usual

verification (Part 1.L3 ]), we get the next propositions.

Proposition 1. Por any N-vector bundle B —3 Mﬁ ’
¥ ..
B2 (U0, x ¥, X g¥] /(931)"
Proposition 2. Two H-vector bundles {E,QS&) and (E',Gik) are
equivalent if and only if there exist continuous maps Eki : UﬁnUi —

] 3 .
IsoN(ViXBN . VkXHN) with the property

& = C J v @ = ' Nl
GesCs1 = Gy om Tgalial; 618 ;5 5"13 on U3 Uyl

Now to proceed much more, we consider the case which satidfies the
condition
(8) ¥(B) = B.T" s semi-direct product.
For example, take SO(n) as ¢ and Ir)(SO(n-r)’as H, then H(II)(SG(n-r)) =

80(n~-r).0(r). In fact the section O(r) —> R(If&SO(n—r)) is given by



P
o(r)>4 — (& O «ee O e N.

0 det A~

0o 0 1.

0 0 "1

The same property can be verified for 6 = SU(n) and H = IflfSB(n-r),
these cases happen actuaily (Chap. 4, {(27.
Define an H-action over ¥ x[* by {v.7)h = {(v.n?, 7 ), where
- fha’-l, then under the condition (4 ), we have
Y X r E v X ‘ ‘» .
VixI' = VXgH

Then we can represent G,. as follows :

Ji
P RN QNN EN ESICONNY HEOD o2
vhere rj 4 18 the transition functionm of the principal bundle (1). We

can prove that 8 ! Va0, —» Iso(V,, Vj) is ¢ontinuous and

J
(*) gy (x)(wn) = [831(1)(”]1)1:)1(1:)‘

Thus in the semi-direct product case, Proposition 2 can be stated as

Proposition 2..§. (B, €51 D/ji) is N-equivalent to (B, gik’ rlk)
if and only if there exist continuous maps Eki ¢ Binll —> Iso(‘fi, Vi)

with the property

- - ¥ (x)
&4 (x)(vn) = [&kiﬁx)(V)]hﬁ‘i *

&5 (x)ey (x) = g (x) 4 &'y, (x)g4x) = &y 4(x),

where ‘?ki is the equivalence between )3 i and 7'11:'
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By Proposition 2_J4, we define an equivalence relation of coordinate

vector bundles [L/Uixvi] //(gji’ 331) over MH/T' with the property (*),

- - - - - - - - - -

the semi-group of equivalence classes. Then we have

Theorem. Let M be a G-manifold with just one orbit type (H), then
under the condition (A ),
~
Vecto(M) = Vecty py(My) =~ Vecty v (Mg /T ).

Examples.

Consider the standard m-sphere s® = D?\JD? (the union of the upper

m

J

of a principal bundle [ — P —> s™. For any local H-vector bundle E,

and lower hemi-spheres. Let . —3> | be transition functions

m
5i° DinD

n?&vi > E]B?, where Vi is an H~module for i = },2. We fix a point X4 in

m-1

m
S = D;lnD

5* By an appropriate choice of (?—ki’gki)’ we can get allocal

H-vector bundle ( ng, gSi, D?xVi) which is equivalent to B = ( 631’ 83

m ' N . . _
, Dixvi), and gl?(xo) = the identity of V1 = V2 as a vector space and
Ki2(x0) = the unite of [’. This is a usual normal form of a vector

bundle over S™ (Part IT, [3]1). Por each vevl,,

71, (x,)
veh = gi2(x0)(v,1h) = [giz(xo)(v) ].2h 12707 veoh,

where we denote by ih the action in Vi. Thus we have V1 = V2 as an H-

module. Now we investigate the case G = SO(n), H = IfoO(n-r).
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(1) Case m 2 2.

m-1 ' m-1 ,

Since S is connected, then glz(s ) C so(ep) < O(r) and
50(n-r).80(r) = SO(n-r)xSO(r) direct product, further SO(r)xIn_r-action
on IrxSO(n-r) by the conjugacy is trivial. Thus we have

my ~ m
VectHT(s ) & VectH(S ).‘

(11) Case m = 1.

We can prove the next lemma by the normal form technique.

¢ 1 oY

Lemma VectH((S Yo BY the semi-group of isomorphism classes of
b’—invariant complex H-modules.

Suppose to be 'fm(i—l) = [ 41 . Set n-r = 28 or 2s+l.
l ;

We need a well known formula for the complex representation rings. Let

? be the standard maximal torus of §0(m-r), then R(T) = 2[9(1’0(;1"“"

ds o(;l] » where o, is tne representation
B ,) /

cos §, -sin 91 cos g -sin g,

ol

Diag ve o w8
sin 61 cos 91/ sin 6, €08 6

for k = 1,2, ...,8. Then we have R(S0(2s)) = 2[21, ceo ’)i ; }\E]
with a relation (Ai + 7;8'2 + e JAZ 4 7\3-2 + 0o )= (2872 4-/’18"5

+ eee )2 , where 7\k = a—k[o(l,o(il, ,o(s,o(;]‘] k-th elementary

symmetric function and 9 ° = 2. 3 Es
A+ 15118’...{18550‘1 e X0

&53‘11 1 B
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By the relation
-1 1 V-1 i
1 1 |
: ‘.1 . . O d . ' O * ° wl O
i * - L] [ o
-1 3
i 1 i 1 =1
9 . 0 j(aij)f" 0 o
\ ‘ 1] j !
s o\
Ty TEpp cer tapy
"8
O 3
: -anl
Qe have : (-1,
-1)
le(‘l) -1 (o )XIQ' = O, 5 k = 2,3, coey8
’ ¥yo(-1) T(-1)
(7\}:) 12 =)\k,k=1,2, cee 3 8 3 (7\:) 1 ';'7")2’

and so

K(Vectgr(sl) =2 [Al, , 2%] ¥ R(s0(n-r)).

When we treat the manifold Wzn-l\d) as an S0(n)-manifold,

- 1 o
W2n l(d)SO(n-l) =35 = { (zovzl) H zg + Z§ = 0, ]zol = ,le = 1} .

If 4 is odd, then the double covering st — Sl//O(l) is non trivial,

and so };2 H SO -3 0(1) is surjective. Hence if n,d odd together, then

stm;(WQn-l(d)(so(n-l))) sz [ah, ..., A% ] FTR(SO(n-1)).
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