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Gentzen-Style Formulation of Systems of Set-Calculus
Toshio Nishimura
Tokyo University of Education

We shall give Gentzen-style formulation for several systems
of infinitary set—calculus. Most simple system will be given
in %7 . This system contains only the operators for
constructing regular sets, that is, t«t (concatenation),
'+1' (sum) and ’é;é' (infinite sum). However, Dbasic sets
for the present system are arbifrary. It is easily proved

that this system include the systeﬁ given by A. Saloma [3].
And in this system we can.define the fixed point operator and

prove the computational induction for suitable predicate

without dificulty. In @ 2 we shall prove plausibility,

completeﬁess and elimination of redundance. Elimination of
redundance corresponds to Gentzen‘s>éut—elimination 17, The
method given by K. Schutte [4] will be applied. In & 3,

the system is somewhat extended so that the interpolation-

theorem holds. In § 4 we shall extend the system by
combining formula. The extended system will be able to
contribute to axiomatic basis for programming. In § 5

we shall some comments to the systém given by C. A. R. Hoare

[2].
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§1 Gentzen-style formulation I
Basic symbols are following: (1)  Constant symbols A\,
#7, a, b, cy... (2)  variables X, y, Zjyc.. (3)
operation symbols +, * , |, ‘and (4) the symbol ~— |,

Regular expressions and their degrees which are ordinal numbers

< 00“5 y Vare defined recursively as follows, where the
degree of the expression 7 is denoted by d( 7 ). (1) A
constant symbol or a variable is a regular expression with the
'degree 0. A constant or a variable is called a literal.

(2) If o(l,.b.., o(n,..., (0'¢ hndﬁ are regular ekpressions,

)
80 are o(-p ,y +(3 , andnk:JOO(n, where. d( ()(-ﬁ ) =
d(o<)+d(|5), d(o<+(5)=d(o<)+d(p)+1 and

d( J;%‘X By = (@(x ) +1)-@w .  (2) (extreme clause)
Regular expressions are obtained only by (1) and (2). We
apply the following abbreviations: c(o for the constant A, ,
Nn for o 0(‘ Lo and o((j for o(-ﬁ . We denote

an expression X, 0(2 -+ &« by term,  where O(j's are a
literal. We say that an expression K has the empty word
property (ewp) when (X is of the form A , 190 ?n’ or X
is of the form ? +% or 7% and ’? and 3 have ewp.
Ingerently, ' a regular expression ¢ has ewp ' means that‘the
set represented by o contains the element }\ .

. When 0(1,..., ()(m, ﬁl""’ Pn are regular expressions
then the figure of the following form is called a sequent:

Kiseeor X C ﬁly---a Pn ,
Inherently, it means that b<l' X & ﬁl Fouod ﬁ ,

wv

where ' (T ' is the set—inclusion and ' 4+ ! or '. ' is the set

sum or product.
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Now we give axioms and rules of inference of Qur system.
In what follows, by Greek capital letters such as |
*1 , -fy etc. ‘we denote finite set of expressioné.'

Axioms are sequents of the following form:

O<1""’ ’Xm\; #,:\ 1? Xy A o OT Cf:";:./
where (X 1is an arbitrary regular expression and 1"“‘" N
is X and < is a particular constant (inherently,

denote the empty set).

Rules of inference are of the following form

Sl’ 82,..., Sn""
S
where Sl’ 32,..., Sn"" and S are sequents. Sl’ S2,...

are called the upper sequents and S the lower sequent of this
rule. They are the followings:

I. (1) We can replace an arbitrary expression (X in
a sequent by . O or -AA and conversely, where A is the
particular constant_(inherently, denoting the empty word).
We can also replace ,%HX or 0(#3 by <f’ and conversely,
where 4: is a particular constant (inherently, denoting the

¢

empty set). If the left hand-side contains we can

—
-

replace the left hand-side by ¢ .

(2) [ . L

—_— for - containing every expression in [\

oo 2l .

I1 Rules with respect to connectives
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is called the cut-expression.

(2) Elimination
< A, yﬁng,[ll n=N,N+1,...
rﬁ - lj[’ ZXJ. ‘ :
where N is an arbitrary positive integer and /8 has not ewp.
<A,z M B > [ A
where‘!“ﬂ'mﬁj__is O<1””O(h /51< -ﬁ)kor ’/1%1,...,
? 1 % n’ ? 2 ERRRRRE ?xn % n if rﬁ"TT-’ lj or=_ is

CCTRRRY alh; Fl" y Pk; ?1,..., 71n or 3 11 z'n

respectively.

The proofs of our system are defined recursively as follows:

(1) An axiom is a proof. (2) If 5;1, 3@2,...
are proofs with the lowermost sequents Sl’ S2,... respectively,
and if S1 S, ceeeeen is a rule of inference
then tél j52 ....... ! is a proof. (3)
S

Proof is obtained only by applying the above (1) and (2).

The proof to S is that which has S as the lowermost
sequent. When we have a proof to S, we say that S
is provable. In particular, wve say that S "is strictly

provable when S is provable by applying only I ‘and IT.
” 4



% 2. Plausibility, Completeness and Elimination

of Redundance

First we give an interpretation.

Difinition 1. We make every expression (X correspond
to an mathematical entity |oX|. |eX| 1is defined as follows:
(1) !#Di = the empty set. | X | = the set consisting only

of the empty word.

(2) If a 1is a constant or a variable, then |a| = {a}.
(3) X +pl =l ulpl, lo-p| =lcCkp]
ana ) X - szl Xyl - |

oy © Breeer Bl 5 1Ll €

| eqlye ol Bl

where ‘c!' 1is the set inclusion.

Theorem 1. (Plausibility) Every provable sequent is

true under the above interpretation.

Proof. Axioms are trivially true. It is clear that
the rules of inference I, II and III (1) (3), transforms the
tgye sequents to a true sequent. When @ has not ewp,
nC-I:T J pn E :<{> . Hence we can see that the III (2)

transforms a true sequent to a true one,

qg.e.d.
Theorem 2. (Completeness and Elimination of redundance)
; .

Let 0(1,...,0\m and ﬁ greee @11 are arbitrary
regular expressions. If |&:1,4..,o(m c ﬁ1,..., (an holds
for an interprelation | |, then the sequent

O%,...,O{m c @1,..., fén is strictly provable.
We shall. give some preliminaries. First we can easily:

see the following :
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a(X) =0 iff X is a term,
aCagp )y alelzp) <alet(g+3)p),

QF(®) ¢ 4 hF(x™)

a(E(«™) < a (P ™)

We define the degree of a sequent as the sum of the degrees
of the expressions in the left hand-side.

Next we shall give the left decomposition of a sequent By

the transfinite induction on the degree YC of the sequent.

(1) In the case where o= 0, the expression in the
left hand-side of the sequent is a Sequence of terms. Then,
if it contains 4> , Ve replace the left hand-side ¢
Then the decomposition terminates. In the case where Yoo,

we carry out as follows.

(2) If the sequent is of the form

r}: X ( Z +3 ) ﬁ s r‘2 c /\, then we decompose it to the
two sequents r—,,, oQ? @ ’ (—2(: A and

F—T, N'§F> , r—2 c /A which degrees are less than that of
the original.
(3) If the sequent is of the form
I3
n .
F'T ’ O(‘I (nK-—-JO O<2F> Y{)Yz, rz c /\ , then we decompose it to
C e n
infinitely many sequents r—., ) 0(1 0(2(37 y1 7 59 ["'2 c A
n=0,1,2,... which degrees are less than that of the original.
We can easily see that, if every decomposed sequent is
strictly provable, then the original is strictly provable,

And we can see that the sequent with the degree O is of the

form 0{1,_0(2,...,(>(HCA ,
where X 17 &fz,..., o{n' are terms.- And we can easily
see that, if the original sequent is of the form [ﬁ c Zﬁ-"
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i1

“then ] O c | ‘. When we continue (1) and (2),
1 n ‘ _

every sequent is decomposed to (infinitely or finitely) many

sequents which degrees are O.

Next we define the right decomposition of a sequent which

degree is zero. From left to right in the right hand-side,
we search an expression which contains + or ;;6. If we
have no such expression or the sequent is an‘axiom, then the
decomposition terminates.

(1) Let such the first expression be o | ?v+ H )ﬁ
and the seqﬁent be of the form e /ﬂ, X ( Z +3 ) ﬁ ,,42.

Then it is decomposed to - | < / Cvag y XEIL, APY

Lh)9

(2) Let such the first expression be

, BN , ' o —
CXT( i _xz ﬁn y1>"y2 and the sequent be of the form ; c ﬁ&1,
n=0 i ¢ . _
; A N P n N ’ ~ ’ /‘:
C‘w(n‘;o o B Y) Jar Ay, Then , if the decomposition

is the n-th, it is decomposed to

- , 0. 14
Aol e YL Y O AR
[ Mo P FIPTEE SIS Slde,.,

SEPE AR ED PIYAP
(3) We can easily see that, if the decomposed one is

strictly provable, so 1s the originel.

Proof of Theorem 2.

Now we shall give the proof of Theorem 2. In order to
do so, it is-sufficient to prove that, for every term 1,
if the sequent t c fﬁ is strictly not-proveble, then
It ¢ ey is not true.

If the sequent were strictly not provable, then we should
have a branch which satisfies the following properties ;
(1) Let the left hand-sides of the sequents in this

branch be Ly ey . Then Sy ee does not
1 m 1 m

7
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occur in the right hand-sides of them.

(2) If an expression of the form ﬁﬂ( Z + T ))/
appears in the right hand-side of some sequent of this branch,
then the expressions /%?}/ and ﬁi}' appear in the right-
hand-side of some sequent of this branch.

(3) If the right hand-side of the sequent in this branch

contains an expression of the form
/ . ' n , n
(X o7 1) Yo s then XX B 1172

for every n=0,1,2,... is contained in the right hand-side of
some sequent in this branch.

Let 0(1""’0%1 be the left hand-sides of this branch.

It is sufficient to prove that t & | é\ | for an
arbitrary expression 5\ in the right hand-side of this
branch, where 1t is 0(1 ces &gn. We shall prove this

by the transfinite induction on the degree  d( ) ot éﬁ .
If d(§ ) =0, then it is clear by the fact that §  is
a term. In the case where 5\ is of the form

[5(?+§))’,vwehave t?lﬁ)zy’ andyt&‘ﬁ?}'l

by the‘induction-hypothesis, because

d( (5;/7), al pzy ) <d(¢(?+§ )/ ) and both (5'”/

and ﬁ g)/ appear 1in the right by the property (2).

Therefore t % I_ﬁ( ? + g )7!. In the case where 3\ is
w0
of the form % (k](X n ) we have
\ n 7 I'I:O 2? 71 Yz
t @‘l o, Xy (5 %72 | - 0=0,1,2,... Dy the induction-

hypothesis beceuse d( X, X, (f;n Ve Yo <o(,(0(1 (nQO «, (Sn }'1 ) }2

n=0,1,2,... and every [X1(X2 pn ]1}’2 appears in the

right by the property (3).
% 3. Extended system and Interpolation Theorem.

8
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We extend the definition of expressions and their degrée

as follows : we omit (3) and add the following (3)'.
0 X e ey Bnd B are
expressions, so are o(.ﬁ, y o+ ﬁ and

@OO(OD(’T...o(n where d(0<~(é):d(o()+d(ﬁ)’
n=

a( o<+(5 ) = d(xX ) + d((5 ) + 1 and d(ng(O(OD(V"D(n)) 3
= sxp(d( KO d1...0(n) +1).
Moreover, ~ we change 0(10(2 fgn 71)/2 | to
ol X 5 @O ﬂ?"' @n Y1}/2 in the rules of inferemce II (2).
Thus we have an extended system. In this system we
have the theorem f and 2 in § 2, Applying theorem 2

we have the ihterpolation theorem in the extended system.

§ 4. Extended system obtained by combining formulas
We extend the system given in & 1 by combining formulas.
As basic symbols we add the following other than given in 8 13
bound variables (constants and free variables afé given in & 1)
3 predicate symbols; logical connectives 7 (negatioﬁ),

3. (exist), V (for all); constant for formula T

Besides the above, <F (the constant for regular expression)
is also used as the constant for formula. Moreover, the
connective '.! or '+' is also used as the logical connective

and as the connective combining extended expressions.
Formulas are defined as usual, where ',' dis used for
'and'! and '+' for ‘or'.

Then expressions are defined as follows : (1) A regular

expression or a formula is an expression. (2) If A and B
®
are expressions, so is A*B, A+B or éégAn.
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.(3) Expression are obtained only by applying (1) and (2).
As the axioms, the sequents of the form
r"Ci lﬁ1’ T, Z&z
are added. ‘
Rules of inference are added or modified as follows:
I (1) is extended as follows:
. - . /&
P[P A

where é& - and K? - are consist only of formulas, and every

expression in Zﬁ is contained in /X .

To the group I, we add the following I (4).
1 (4) If X is an expression, then T & or X T can
be replaced by s and conversely. If Pb is a
formula,  then A(7P°P or P- (7P) is replaced by #r .

To the group II, we add the following> I1 (4).
11 (4) A formula 7(P+Q), 7(PQ) 73xF or AxF is replaced
by 7P TP+ VxTF or dx7F respectively, and conversely.
IT (5) ‘,],o('F(a)‘@ e (e AsKFD)p ,-3xP(b)-p

o o('BxF(x)-p ' o CA [ < A , o(*HxF(b)-fﬁ

a 1s eigen-variable b 1is an arbitrary constant

or a free variable

O L wrm)wr)p, e A [ oFe)p

r}, d'VxF(x)-ﬁ, ré c /A T <N N'VXF(X)-ﬁ

b is an arbitrary constant a 1is eigen-variable

or a free variable

IIT (1) is modified as follows:

ISACER ERAYY IR P YA
IR TN PR SRAPYYA

10
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where "1 and :J 5 are consist only of formulas.
To III(3), the following is added.
Lea,xpp e, dop
e A, XPQf
where P and Q are formulas.
We shall give the interpretation of an expression- X
If X is a reguiér expression, then || X || = | &

given in = 2. If G is a formula, then ||G|| 1is defined

as follows. We denote the set of 2ll constants and free

*

vaeriables by T .

*

IlTH =T,

HP(8~1?

1]%91‘ :c% (the empty set)
ca) e {4, T

and constants or free variables

for predicate symbol p

Byresa -
| |A+B]| = ||a]] v ||B]] for every expressions A and
B
| |A-B] | LAl] ~ | IB]] if* A  or B is a formulas
YAl otherwise
[l =1 - |4l R
Haxre) ] = U P, [leeed ] = (1 ]FG) ]|
a €T acT
Then we have the following usual truth table.
| [P] ] 1ol [Ie+ol|  [le-Ql| [|7p]]
7 T T T B
% 4 ¥ g2 3
%> o o i *
4 & g ¥
||3xF(x)|| = T° iff we have a such éhat ||F(a)]] =17
[lvxF(x) || = T° ifr  [[F(a)l= 1" for 21l a
For every expression [« }q or. ;/ , we have

11



e+ e+ 11 = [T +CB + ¥

Nz Z 1 =11aCr Il
We shall prove the second. If more than two of X , £ and
y are formulas, then

gy =Tl Al Aty = e gyl

If all of & , ‘ﬁ' and y - are not formulas, then
[T gy 1l = IINII'II@II'IIZH: [Toc (B YOI

If only one of <, @ and Y is a formula, e.g. ﬁ s

then

ey 1= et n HETD Y1

o Cpy =11l plla [Ty 1D,
In the case that || B[] = 1",

| e Y T =TIy =11 ()1
In the case that ||¢H=<§> ,
[TCxBIYI =9 =gy Il

We have the next two theorems. However we omit the proof
here.

Theorem 1 (Plausibility) If a sequent f‘ c A is

provable, then it is wvalid.

Theorem 2 (Completeness and elimination of redundance).
If a sequent < A is valid, then it is provable by
applying rules of inference of I and II.

=5 Comment to Hoare's rules

Hoare gave an axiomatic basic for computer programming [.2.].

We shall give some comments to the system. Under a translation,
his rules are included in the present system. However, we
do not treat the assignment staﬁement, Hoare's axiom DO,

12
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which will be discussed in the forthcoming paper.

We translate his formal statement into the present system
as follows.

P{Q}R is translated to QP c R

P{Q1;Q2}R to 92Q1P c R |

1 : [ e n
while B do S 4o () U/ (sB)
n=0

R oS to RcsS
PAS to PS
Then- D1 is obtained by the following.
QPc R RcS
QP c S

cut

Sc?P Qc 0 ITI
gS < QP QP c R
S < R

cut

D2 is obtained by the follosing.
QPR 9<%
Q2Q1P C,Q2R1 QZRT c R
Q2Q1P cR

cut

b3 is obtained by the following.

SBP c P SB < SB

PckP SBP P (SB)2P cP e

o
nL:{)(SB)nP c P B c B

7
<8+ /(sB)™P c 7B-P
n=0

13
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