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On some estimations of the trigonometrical sums
in an algebraic number field
Y, Eda ( Nagoya )
§ 1 Introduction
We have discussed the Waring Problem in an algebraic number field(l)
2
as an application of Vinogradov's mean value theorem ( ). This is another
‘application of our previous paper (2>. Using the Korobov's method we

shall provve the estimations of some trigonometrical sums in minor arcs in
an algebraic mmber field,3) Our results will be given as Theorem 1 and

Theorem 2 in §3. In the rational number field.the estimations of this
type are very inberesting and important in the analytic theory of numbers.

We use a letter ¢ 1to denote a positive constant depending on K alone.

T4 is not necessarily the same one each time it occurs. The constant

¢ may well depend on another parameter . In this case we write as

c(*) to explain the meaning. We use the same terminology and notations
(1,2) '

as before,

§ 2 Lemmata
Let a = (20’ al,...’ak—l) and— §= ( 0{0) O<1"_'.’ D(k—l)
be k+2 dimensional complex row vectors and let #}* = Mos /Ll,..., /kk+l)%
be a k+2 dimensional complex colum vector ( we call z?é the transposed

of M ). Further let A be a k42 dimensional quadratic (symmetric)
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matrix such that

~

Otgy Dalys v s Bl (DL

D olys G olpsenn 5 (ot 1, o

A = cececsccavesss

(}g)ock: (kil)dk+1,.....

K+l .
L(O)Nk_’_l,o, es s e 00 s s e ssnen e s O -}
where (%) are binomial coefficients and ($) = O, We define two k2
*
dimensional complex vectors B = ( o, %l’ ceey B kfl) and ¥ =

( Fos ¥aseees 1) by the following relations:

éAﬁ’:EEX—"a_—%‘

Then we have

By= oy, + CPoygar s oot (A (0Si8k)

and
k+l

- (1 i+l . .

Zf;— (3as p o+ I g g fat oo + (1-1)¥ g My s (oS8T ke1).
| Let Ny (T3 V9,..., V1) be the number of solutions of the system
of k¥ ( k2 2) dioghantine equations
(A th2 + e #Adg = Mg o+ Mor . S gD

2 42 2 2 ;2 p)
'/\1 4%2 T ees +ls = Ml +)A'2+ ooo‘ +}AS 1-\)2

s0 00 cessvssse

R R R
Lﬂlf+9~2k* ere Hl5 = M +/‘L2+ +/bék ""Jk’
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where B 39”3” j\j £ T, (1£3j£s) and ))l,..., Uk are
arbitrarily fixed integers in 8., Let N (T30,...,0) = Ng(T) = Ns,1(T)e
We have now to describe t"wo lemmas.  They are essential to

prove the following theorems,

Lemma, }_ k & 2 denotes a positive integer. R is a sufficiently
large positive number, T is a positive real number with the condition
that

. . ‘Z -
kQ 4+ 1/(k-1)) ¢t
(2r) T
with a positive integer T 2 1, Further let s be a positivve
integer with
s 2 —==B— k(k+1) + Tk - 1.
2{(n-1)

Then we have the following estimate:

(k%+ 2s + Llﬁ}-ls— 1(-1)(k+l))T 2% mzsri-%k(kﬂ)h‘; Sn-

,Ns<=T)éc A T S

where
T
§ = &(k, ) =3k(+1)(1 - 1/k) .
This is the Vinogradov's mean value theorem in an algebraic number field,
 Lema g‘_ Let m, yml’ be two natural numbers and let T4, T

be real numbers such that O < T1 <T.  We define a trigonometrical

sum S as follbws:

peeedly ) = 25 E(E(A))

ALT

s

TS

S

where £(QA) = oy A + s & €1 A and the sumation means that A
runs through all A e 8" such th;é.ﬂ. A <T, ‘Let

~ 1 ~ ~
ﬁu = (V: )Q/V+1?\1 + eee ¥+ (k;;l)af/ k+lqk+l—u ({12 v 8%).



123
Further, we write

v m’ml = Z N (T Zl’ ..,ﬁ k)NS_‘ Tl’/Al”“’ }kk)E(Flh '\' vo o Fkrlk )

l/ 11)2

K VM
where the summation means that I i2 /u,l ( 124 =%k ) run through all

Aisfly €19 such that
20 ) < w, [P mm’ CrepEa,

lK(Q) ’ zmTV, l /"(3) ‘ < 2111:]_T1u ( m+l = g = my+p) (1= v SKk).
Then we hav.e

hmm‘ Lm m_n -2mn  -2mn : ~ 1y,
ST R B Vo4 (emrty t
il

TN

is

This is fundamental lemma of Korobov in an algebraic number field,

§ 3 Theorems

Theérem 1. Let. T be a suff101ent1y large number and k22

be a positive integer. We may suppose that kZlogk <L o7 4 k - k2 logk
and We'défine § and s=s by § =Max( k-r,r) and s =35 = Mln(k-r,r).

- kel -
Let f(u) - d‘u +0<.2112 +. .o’o *Dék-flu*. E] O(i-mlgl"' see + .?n,
( Xiqseees Xin) € U, ( l £isktl )., Weput a number o il »of E(h,t)
which is defined by the Farey division with respect to (h,t), where
h o= cMkSDPTS , ¢ 232, m =[s%logle?nland t = TS, Then we have

2 2 ‘
N -
‘S ( e T 96(logn + 3) k 1logk

HA

where ¢ 1s a suitable positive constant depending only on K,
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Theorem 2 Let € be a positive number and assume that ¢n <r <

(1-¢)n (0 £ ¢ £1) in theorem 1. Then we have

C( £ 3n)
- Z

‘S \ S c(€,n)T
where |
c( g ,n) = 1/( 32]_og(2e2 n) log( 2é2n/ g2 )).
To obtain these results we must use some results of Siegel and Mitsuj;gf
the estimations of trigonometrical sums in an algebraic number f1e1a’ b 5’6).
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