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Nonconforming elements and patch test

T. Miyoshi (Kumamoto Univ.)

1. Introduction

The present report is a brief introduction to the
following papers.
[1] Irons & Razzaque, Experimence with the patch test for

convergence of finite elements,The Math. Found. of

[2] Strang, Variational crimes in the finite element method,

As well known,in seeking accurate approximate solutions
of plate bending problems one meets a speacial difficulty due
to second order derivatives appearing in the energy functional.
To avoid this difficulty engineers employ so called " Non-

conforming elements " frequently,in spite of the fact that

such procedures can not be Justified by the classic al varia-

tional principles, gnd it is also a well known fact that some
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nonconforming elements can give good approximate solutionsf

Therefore arose a new problem in the history of variational
method that " find a simple criterion to ensure the convergence
of noncbnforming finite element solution".

Irons' idea and its mathematical formulation by Strang is

the first approach to this problem. Briefly speaking their

result is as follows. Nonconforming solution converges if

the problems having exact solution of constant curvature can

nonconforming way. Since it 1s . not so difficult to check
this assumption for each element it seems that they solved the
above problem in very elegant way. But in the author's

opinion the situations are not so changed yet, because their

method can be applied only to the element of a speacial type.
But their approach is very elegant and unique. This is
the reason why we report the followings.

2. Origins of the patch test

Irons says in [1] that in 1965 engineers believed that
the inter-element continuity of the finite element was very
important ,and therefore a numerical experiment by Tocher and

Kapur which demonstrated the convergence of so called ACM-so-

2
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~lution could not be explained even by engineering intuition.

But " ... Some months later,research at Rolls-Royce on the
Zienkiewicz nonconforming triangle ...... clarified the situa-
tion. ....... It was observed (a) that every problem giving

constant curvature over the whole domain was accurately solved

by the conforming elements,whatever the mesh pattern,as was
expected, (b) that the nonconforming element was also success-
ful, but only for one particular mesh pattern. Thus the patch

test was born. "

3. - Patch test (formulation by Strang)

the computation can represent the functions of constant curva-

ture exactly on the whole domain,that is,the trial function

must contain P1=( a1+a2x+a3y;ai is arbitraly ) when second
order equations are solved and P2=( a1+a2x+a3y+ ..... + gy ;

ay is arbitraly ) for f%pth order equations.

the following holds.
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patch in ___ . so_that the exact solution has constant curva-

ture. Then the approximate solution obtained by using {9i§
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We shall demonstrate the above idea for the following

boundary value problem.

(3.1) o =Au=f in L., u = given
| | h 290,
We shall seek the approximate solution in the form
- 1’11+.1’12 - )
(3.2) u = Z Uy \?i : (n2= number of bry. nodes).
i=1
Note that,un1+l,‘ ....... ,un2_are given values.

Some notations:

ny ) - ytng
V»f{Vquifi » Vo = Yn T =- "1 Tl

=1 i=1
a(u,v) = (ux,vx)‘+ (uy,vy), o (u,v) =~/;. uvdxdy
. [
~ M . .
a(u,v) = Ze {(ux,vx)e + (uy,vy)e}’ (u,v) = fe uvdxdy
Ezgpg§igigg_;; Patch test is passed if and only if
e d
(3.3) alpy,vy) = alpy,vy)

for any P{= atbx+cy and any Vhé:Vl.
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Remark. Definition of a(ulvh). Strictly speaking,
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the integral a(u,vh) is not well defined in the ordinal sence,
since iy is nonconforming ( not continuous,in the present

problem). But it becomes well defined if we understand as
(n)

of smooth functions

follows. There exists a sequence,v which support 1lie

in &l;h and converging to Vn in L2 sence. Therefore,
a(u,vy) = lim a(u,v(n)) = lim (-Zﬁu,v(n)) = (—43u,vh)

The proof of the proposition is not difficult.

Remark. The edélity (3.3) 1is equivalent_.the following

"""" N
‘ to
equality.

ey

ap .
1 _ v 4
44e — v, ds =0 ( Pys V

e dn h h

where n denotes the unit normal(outward)to the element boun-

dary.
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Let e be the square t [x], [yl < l}
The following basis (called Wilson's element) satisfys (3.3).
Note that the supports of the nonconforming parts lie in the

element e.

j”l’ea, 31,e : basis corresponding to the shape

. _ 2 _ 2
function a0+a1x+a2y+a3xy R &é,e_ 1-x ’j%,e_ 1-y~.
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Let u and u be the exact and approximate solution of the

our model problem respectively. Then hold

W1 D e = (5 v 2 fg—gjods ;
e ? e Ve

(h2) 2@y, = (5 )
e H

for any function 59 in V,. Substituting (4.2) from (4.1)

e

— A _ d
2 (ut, By o = zefzeaz—?dsi

therefore we have

Z ae%% ?éds

(4.3) [\ u-0 HQJZ’(‘u-G,u—ﬁ)l e 2 sup = A
e > (ft.—Vl i ?9 I
On the other hand, for any W in V, it holds that
v -2l

——

3 PN A A A A A
Z (W—U.,W-u)l e t Z (u=-u,w-u)
e ) D e

l,e

But the second term of the right side is bounded by
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Therefore we have

(% -Gllew-ull+ A

0 3
and thus
l\u—GHéAO+21%f“Q-u” .

Proposition 2. Let be defined by (4.3). Then holds
0

AN
the following inequality for the approximate solution u

(4.4) YA\

wh

ot flu-tlledy v 2] 7-

Now, we shall show that for the Willson's element AO

tends to zero as the element size tend to zero. We denote

the conforming part by . and non-conforming parts by 7e

A
and ‘f e ° Therefore v is expressed as follows.
A
V=Z ag W by Foteog Yo
e

The contribution from the element e to the integral of

A'O can be calculated as follows.

du 2 du
Le an Vv ds = e Hﬁ(be Fe * Co Ye)ds

d
o Sae ﬁ(u-pl)(be Fe * Ce Ye)(_is
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(%)
(4 (u—pl)’be 7e T Ce I7be)e * (B[u—pl],b[be 9e+ce lI"e])e
C uu‘lZ,e'” be ?e+°e‘+e{le +l}u"plul,é ”be ?e+ce\fe” 1,q

nn

On the other hand it can be easily verified that

<

” P spe + Ce\fe”e = Ch ”b-e (/ﬁe * cé\lLe”l,e

inf | u - py |l 1,e = Ch ”uﬂz,e
Py

Substituting these estimates we have

[oo stes = onlull, o s g et 40

Moreover it‘is provéd by a elementally calculation that
. g |
ube Soe+ce+e “ 1l,e =2 {’aew-e+be ?e+ce\fe {/l'e

Substituting this into the above estimate and summing over

A
‘all e and deviding both side by “v "l we have

‘AO < const. h ”u”2 s

which is the desired estimate.
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5. Some comments

For the convergence proof given above it is essential that
the support of the non—cdnforming part of the basis is in the
element and thus we can take p, separately for the individual
element. But,the usual non-conforming elements which are
used 1n actual computatin have no such property. For such
non-conforming elements the above idea to prove the convergence
is not wvalid.

Although Strang's formulation sketched above is incom-
lete,but ﬁhis does not mean that the patch test proposed by

. . o empirically

Irons is not worth considering,because it is knownAFhat the

elements passed the patch test can give ‘good approximate sol-

utions.



