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Equivalent measures on product spaces

Toshihiro Hamachik '

Let ( Q‘n’ ?n’ Pn)~ be a probability measure space for each n>1
P ~ o0 ' : . : -
and let (O, ?, p)'= '” ( Qn’ ? n’ Pn»)j kbe’ thg product

probability measure space. n=1 Assume that for each n21 there exists a

O -finite measure /’(n defined on the O -algebra =

A G-finife measuxf/e /L( defined on the G -algebra ? is said

tobe a O -finite quasi-product measure of { /,( n} if for each n>1

" nz|
=T
/Ll = /L(i X /4n+t

*
where lanﬂ is a G -finite measure defined on the product space
oo

M, Fo

i=n+l1

Now the problem is that ; Under what conditions on { P

_ v n } n21
{ /U n}nzl does there exist a - 6 -finite, quasi-product measure /L( equiva-

and

lent with a product probability measure P? (The equivalence of measures
means that “P(A) = 0 iff /L( (A) = 0). This problem was first discussed
by S. Kakutani who gave a neéessary sufficient condition for the
existence of an equivalent, finite, quasi-product measure //{ A
where IU (ﬂ) = /"n(‘()ﬁ) =1 n21. The €~f1n1te case was

discussed by C. C. Moore and O. Takenouchi when each ‘Qn is a finite or

.

countable set and by D. Hill when Q 0 is a éeneral probability measure

space. Quasi-product measures appear in the existence problem of invariant
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measures under adding machine transformations acting on infinite product

space and in the classification of infinite tensor product factors.

Our purpose is to systematically study the existence problem and

to obtain a more simple and efficient condition for the existence of

§ -finite, quasi-product measures.

(1) There exists a 6 -finite, quasi-product measure //{ of

: {/,{ n }ngl equivaleﬁt with a product probability measure P

~ such that

if and only if there are positive constants bl’ b

fl e

n=i

29 et

: dln
converges with probability 1, where X (w) = (Wn)

AP

Using (1) and the kolmogorov's three series theorem, we have

(2) Necessary sufficient condition of the existence of

-(3)

G -finite quasi-product measure /U of { /l n}ngl

with P is that there exists a 411 -measurable set An for

each n21 such that
- o0

E(I% An)
2T = Fixs A

converges. This is the D. Hill's conditien.

There exists a finite, quasi-product measure /1 of {/jrz }nzly

equivalent with P if and only if there are positive .

constants bl,bbz, e Msuch that

=

2 n=1
converges in the L (ﬁ, P ) -sense and also if and only

) = " Eg)]
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converges. The last condition is the Kakutani's condition,

where [un(Qn) = 1.

equivalent



