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On certain L2-well posed mixed problems for

hyperbolic system of first order

by
"Taira SHIROTA
Department of Mathematics Hokkaido University

1. Introduction and Theorem.

Let P be a Xy-strictly hyperbolic 2p X 2p-system of
differential operators of first order defined over a
Cm~cylinder rRL x QC:Rn+l.” Let B be a p % 2p-system of
functions defined on the boundary I of R1 x @ . We consider

the following mixed problems under certain conditions:

P(x, Dlu=f x¢€ RYx @ (xo >0),
B(x) u=g '‘xel - (x4 >0),
u =nh on x0>= 0 ‘
— a 8 * s ® 00 a L]
where V<1 D = (fgig’ -gfz’ " 5;;—)

" For the sake of simplicity of déscriptions, we may only
consider the case where & = { X, > 0} , by the localization

process. Then our assumptions are the following:

: (I). o) The coefficienﬁs of P and B are real,
velong to Ce» (R*x @ ) and consﬁént outside some compact set
of Rl x Q. ’

B) For P, it satisfies the # condition with respect to

I' and for fixif}izi T, ¢ ) there i1s at most one real double
/Treal P
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" root A of  |P]| (x, T, 0, A) =0 -where x €T,
' Furthermore it is non-characteristic with respect to I' and.

‘it is ndrmal, i.e.
[P|] (x, 0,0, 2 )40

for any real ('o A ) # 0 .\
Y) The p row-vectors of B(x) are linearly independent:

where xerl .,

(H); @)  If the Lopatinsky determinant R(Xgs Tgs 0g) = 0
for a real pointv(xo,v To,‘co) - such that there 1s no real

dbgble roots A of )lPl(xo, Tgs Tgs A ) =0, then
IR (x "ib -1y, OO)I O(Y ) (> 0)

Furthermore if there is at least one real simple root
A (xo, 10, 00)" the zero set of R(x,r_i iy , 0 ) in some

‘neighbourHOOd U(xo, Tos 00) 'is in the set {y= 0 } .

B) If R(x,, TO’ gg) = 0 for a real point (xo, Tgs 9g)

such that there are real double roots A of

:'PI'(Xo: Tos 'Uo: A ) ? 0, then b
. Y . . N

IR(xgs T = 17, 0)| 2 06%) (v 0)
Furthermbre(if there is at least one real simple root X ,
the rank of the Hessiah of R(x, 'T.; o) at its zeros in some
U(xo, Tgs oo) is equal to | |

codim. of {R(x, T, 0) = 0} in RZ® .,

-2-
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Where the zero set of R(x, T, 0) in some U(xo, Tgs co) is

preassumed to be a regular submanifold of R2n

Y) Moreover, if there.is at least one-non-réal root A of
|P|(x0, ro, 0gs A) = 0 for the point (x4, Ty, .0 ) which satis-
fies the condition B8), then for ‘some .smooth and non-singular
matrix S(x, t-1y, o) with Y > 0 defined on some U(xo, Tgs co)
the corresponding reflection coefficient bnn(x, T, 0) is real
whenever 1 is real and R(x, T, 6)‘# 0 (For definifions, see §2).
'(ﬂD. Aﬁy constant coefficien£§ pfoblems frozen the coefficient

at boundary are'Lz-well‘posed.

‘Then we have the following

Theorem. Under assumptions (1), (ﬂ), (1), the mixed problem
is L2-well posed. w

The alm of the present note is to. describe the outline of
- our proof of the above assertion. .Here we use essentlally the
conception of reflection coefficients ([1], [2]) and modifying’
Kreiss' consideration [Hj'we make use of the localization of
the characterization for Lz-we11 posed’mixéd problem of{Order~

two. ([1], [3] ana [7])

2. The outline of the proof. ;
Considefing the assumption (I) let S(x, t-iy, o) (y 5 0)
be a smooth, non—singular matrix defined on some neighbourhood

U(xo, TO’ ao) such that
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s™'ps = ED_ - A(x, -1y, o)
where .
+
S
AT
Am

4 o,
e (0, )oren ey,

,Ai are real, and Im A (Im A% ) > 0 (< 0) respectively if y > 0.
Next for T, = TO(X, g)

| . a(x, 0, o) 1

Am(x, Ty g) = ( . ' ) .
, 0 a(x, 0, o)

Hefe we may festrict ourself to the case wherg the éigenvalue
of An(x,~r, a) are described by the following form in some |
U(xgs Tgs 9g) ‘ .‘ .
A v alrs G, ) FAG, 5, 0 (=),

“a(x, ¢, o), b(x, c,’a) are real when { is real, b(x, ¢z, o) # 0,
T = ro(xo, QO),.T =7 + to(x, o) and To(x, o) 1s real and posi-

tive. -

' Furthermore A have only non-real eigenvalues for ‘any vy 2 OCF“"”' o

and the ones of A have positive imaginary parts.

+
‘Let BS' = (VI, VI, Vi, YE’ Yﬁ’ vp)-
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- . .
‘Where V§ are (pxr)-matrices, Vﬁ, Vﬁ are p-vectors and Vf are

(pxs)-matrices respectively (2r+2+2s = Zp).

1 0 » .
Let Sy = | , a=alx, 0, §¥ X
' ‘[ AT-n, z-a ' o :
I 11 1
3
l+h12C
and let
Eops
St = S][s‘ E)
. E2$§

wher’r(—:bl'xi'j are the functions derived from An(x, -1y, o).
Furthermore we denote BeSeS' by

V3, VI, Vi Vg, Vp» VP (x, T, 0).

Then from our assumptions we obtain the following Lemmas.

In particular. from (I). ¥), (ID. d) and,(m), we see the follow-

ing -

Lemma 2. 1 If for real (x5, Tg, 0y) there exist no real

,double roots A, then there is a neighbourhood U(xo, Tos 00)

wﬁere
i)  For some Vg , the determinant
. >
4 ot .. ot = + cee ot
IVI’ V31, ’ V3,i_1, v3,1s v3,ifl’ "v3:5| #0

| + = + L = . + ' N N
where Vp = (v3,1’- . v3.s)"§ P -, V3"1 are p-column vectorsey..fi'L
(Here after let 1 = 1).
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11)  For some V; 1 it belongs to the linear subspace
3 .

+ ——

3,277 V3,50

+ +
3,2°° "7 V3,s)ﬂ

But ii) and iii) are only valid at:theApoints € U(xo, Ty oo)

‘ + + T
L(V3,2, y V3$S) spanned by the vectors V

111) The column vectors of V] belong to L(VI, V

such that the Lopatinsky det. IV+, V;[ (x, T, 0) = c(r—f(x, o))

= 0 (¢ # Q) and where T(x, 0) is real whenever V; present.

From (IJ). B) we ‘see the following
- Lemma 2. 2 Let (xo,-to,-ao),bé‘a real pdint such that ,
-there existé'affeal double root A. Let IV;,AV§,‘V$| (xg5 T, 0g)
;‘=_oﬁlwhere we consider [ as a new &ariable instead of T. Then

1) ¢ =0.

11) . Let o S then

+ 4 e o : :
VI, Vi, Vil = cla-n(x, 0)) (¢ # 0)
~in some U(xgs Tgs Og), Where n(x, o) may take comples values. 7 A

/X

/

Under thevassumptionrof Lemma 2. 2 we see the following
Lemmas. .

Lemma 2. 3 1) The reflection coefficient
' ot = ot
’VIs vEg th

+

¥ +
‘VI» Via vml

{pmn(xoyp‘iY; ao)‘? (X0? -iY, Uo>

= oy~ ;;f\(ff>’o).
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ajq * apobpp

11)  Let Q(x, ¢, o) be _
> ¥ . a12 + a22bII

, then

+ ot ‘
|vi, v, vo| " ,a a _
it is ff e ‘% , - Where ( 11 12) = SII.
' 1 .
Vs vis Vgl 83 3227

Now from Lemma 2. 3 and (J[) we obtain the following

Lemma 2. 4

+ +
1) Vi, YE’ yml # 0.
ii} Vi é L(Yﬁ),, 9n z = n(x, o) = 0.
111) VI e L(V;; vp) on & =n(x, o) = 0.

1v) Vi - Qupe L(VI, vi)._

~ Fraom (I)} "8)s v), (I[) and the definition of Q we see the
following _ o
Lemma 2. 5. 1) The above defined Q(x, %, o) take only

real values, when ¢ is real.

11) ¢ = 0, Q(x, 0, 0) = 0 are equivalent to R(x, ¢, o)
0 for Im g < O.

111) -Q(x, 0, o) > 0.

From Lemma 2. 4 we obtain the following

' Lemma 2. 6 For (x, ¢, o) belonging to some U(xy, Ty, ),
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+ -
Up + (CKIH+K¥H)U' * KirUr

+ ‘ -

g = (VI, Vi, VE) Uf + QU +.(cK' K"I)UI

+
Uﬂ + KHIU + XK. U}

I I§gls
+ Vg ('g),
Um .

where u = (UI, UI’ U' un U ).

E’
Moreover the components of KII -and KEI are zero, whénever
£ = 0 and n(x, o) = 0. |
From Lemma 2. 1 we obtain an a priori Lz—estimate in the
- case where there 1s no double root'}. On the other hand if there
"i1s at least one double root A, we §ee'ffom Lemma‘Q. 5 and by
some modifications of Kreiss' method thét the problem
((Dn-AI)u = f, u"’#sQu’ = g) has an a priori estimate
D=Apullg .y + ed, 2 oviullg (€ > 0)
- 2 |
. where supp u C U(xo),ﬂspectrum of u with respect to xy,**°, X,
c U(ro, 00)‘ Then ffom the method of thé proof of the above
estimate and from Lemma 2. 6, we obtain é similar estimate in

this case. Here we use the fact thét the components k of Kin,

3Ki1”has the following form: in some U(xo, Tys oo)
k(x, ¢, o) = %(x, 0, ¢) + K(x, 0, o) + 0(|c]2),
|&(x, 0, 0)]% < K|Q(x, 0; 0)] (K > 0)

which follows from the last assumption of (), (B). Further-

more'our'assumptions'are valid-for the dual problem and hence/p\
: A
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priori estimate for that problem is also obtained. Thus our

proof is complete ([6]).

Remark (1) The conditions (I), (I), (Il) are invariant
for certain coordinate transformation. Hence Theorem is applica-

1xaq,

ble for problems defined on any smooth R
(2) The condition (I), y) should be omitted, but we have

many examples which satisfy the condition.
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