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Cartesian product of a homotopy 4-sphere with gt

By

‘Kazuakl Kobayashi

§0. In this paper we will show that H' x E is PL homeo-

" morphic to Su x El where Hu is a homotopy 4-sphere which is a

1

PL manifoid and E~ is an l-dim. euclidean space. It is an alter-

nating proof of [9. Th. 6], [10. p. 67]. Throughout this paper

we consider PL category of polyhedra and piecewise linear maps

n

(see.[8])»if.otherwise is stated. EU, s%, D" always mean n-

dimensional euclidean space, n-dim. PL sphere and PL ball.

§1.

Proposition 1. Let 2 ve a PL 4-sphere which is locally

»fiat PL embedded in SS. Then M, the closure of one of the
1y .

complement of I in SS, is a PL 5-ball.

4

Proof. Since L' is PL locally flat embedded in S°, M is

a PL manifold which is (TOP) homeomorphic to D° [1], [2]. And

b 15 a (standard) PL lU-sphere. So (p*3M) UM is a PL

oM = I
manifold which is homeomorphic to 85. Then by the uniqueness
of PL structure onvSS'[MJ, (p*¥aM) U M is a PL 5-sphere and

hence M = 85 - Int st(v, $°) is a (standard) PL 5-ball.
, PL ,

Proposition 2-[3, p 89]. Let K be a closed PL subspace in
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the interior of a PL manifold M. Then there exists a regulaf
neighborhood of K in M which 1s unique up to ambient isctopy
keeping K fixed.

1. E5 be a locally flat PL embed-

Lemma 1. Let £ : 83 x E
ding satisfying the following condition;-for any 5-ball B5CZ ES'
containing f(S3 x {0}) in its interior there is a pésitive num-
ber s = s(B) such that £(s3 x ((-=,-s]'U [5,%))) N B> = ¢.

Then (£(s3x{0})c E°) 1s a PL trivial knot. And there is a
locally flat PL embedding g : D' » E° of 4-ball D" such that

g(a™) = £(s3 x {0}), gt DY) A £(s3 x EL) = .

Proof. Let B°C E° be a 5-ball with Int B° D f£(s3 x {0}).

Then by the assumption there is a s = s(B°) > 0 such that

f(s3'><v ((-2,-s1 U [5,2))) N B = ¢.

So £({x} x [0,s]1) N 3B° = £({x} x {s;H U o0 U £(x} x (s D)
where x € S3, 0 <s; <e*te<s <sandms= 2p + 1. Now if B?
15 a 5-ball in E° with Int B2 > B2 U £(s3 x [0,51), by the

assumption there is a t‘=‘t(Bl)'> 0 such that

n
-

£(83 x ((==,-t1U [£,9))) N B?

Since f({x} ><'(32 r))/\ B° = ¢, 1 < r < p, we take a

r-1° 52

simple are Yy, on 3B joining £({x} x {S2r—1}) with £({x} x
‘{s2r}) where v; N Yy = ¢ (1 # j). Then the simple closed curve

£f({x} x [s r]) U v, is homotopic to constant in B? -

2r-1° 52

Int B5 = Su x I. Then using general position technique there
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are non-singular 2-balls 5r (1 < r < p) such that
: 5 5
D Int GrC.Bl - Int B
@ 38, = r({x} x [s,, 1, s5,1) U v,
. 5=
€)) Srtﬁ B Yo
Q? 8§, N 8y = ¢ (1 #J).
Using 6., (1 £r < p)we can engulf £({x} x [s2r—l’ szr]) into
B5 by an ambient isotopy i.e. there is a level preserving PL
homeomorphism F : E° x I > E° x I such that Fl(ES-Bi) x I = id.,
- ' 5 (1 '
F, = id. and Fif({x} x [s5, 15 S,pd) € Int B” (1 < r < p).

Then |
Fir({x} x [0,s1) N 3B° = F r({x} x [0,5]) N 3B°
= For({x} x {s_}).
Let
Fi£(s3 x {0}) U P r(N(x) x [0,t1) U Fyr(s3 x {t})
- Flf(Int N(x) x [0, t]) = £3. |

Then (£3C E°) is a knot which is the sum of the knots (f£(S5x(0))
'C;ES) anf (f(S3¥(t)) C ES) using 3B° and it is trivial because

23 bounds a 4-ball £((S3-Int N(x)) x [0,6]) in E°. So (£(S3x{0})
Cc E%), (£(s3x{t})C E°) are both topologically trivial by [5]
and then piecewise iinearly trivial by [7].

Now we define an embedding g Du > E5 satisfying g(BDu)

= £(33 x {0}) and g(nt D) A £(s3 x EY) = 6. since (£(s3x{0})

4

CE”) is trivial, £(s3 x {0}) bounds a locally flat 4-ball B
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in E° and (f(S3X{t})<: E°) is trivial for any t by using the
infinite cylinder f(S3 x EY). Furthermore (f(S3X{O})L/ f(S3X{t}),

'C E’) is a split link by the assumption for f. So (£(s3x{0}) U

1

f(S3x{t})<: ES) is a trivial 1link for any t € E* and there is ¢

> 0 such that f’(S3 x [-g,e]) N Im;_BLI = ¢. And hence for any

v 0 _
t > 0 there is a U4-ball Bﬁ in E5 such that aBt f(83 x {0})
' 4 ' 4

and Int By N£(s3 x [-t, t1) = ¢. So there is a 4-ball B
4

in
El) = ¢. We

X

= £(s3 x {0}, 1nt B* N £(s3

+ B2 by g(d¥) = BY.

E° satisfying 9B

‘may define g : D

Let Hu

‘be a homotopy 4-sphere which is a PL manifold and
)4 .

4

4 - Int o where o‘4 is a lU-simplex.

V' = H

b EL is a PL homeomorphism,

there is a PL homeomorphism g DLl x gL » Vu x E* which is an

Lemma 2. If £ : S3 x E' » av

extension of f.

) 4 4 4

-

1
[0, 1]) be boundary collars i.e. Ei, Eé are embeddings such

Proof. Let : M xI+D,T,: 3 xI=*V (I=

thatkal(x, 0) = x (xé:aD“) and Eé(y, 0) =y (y € av'). And let

4 1 4 1 4 1 b 1

e 3" x I x E- » D' x E*, ¢y ¢ 3V ' xI xE > V' xE" be

1 | ,
ci(x, s, t) = (B(x,8), t), ep(y, s, t) = (3,(y,8), t). Let

it ' ' .
£, : cl(BD x I X‘El)'+ 02(8V4 x I x El) be flcl(p, S, t) =

1 .
cé(p', s, t') where flcl(p, 0, t) = feq(p, 0, t) = ey(p'y 05 t').
Since Int V' x EY = ED by [6], let f : Int V@ x EL ~ E° be a

PL homeomorphism. Then fflcllaDu x {1}'x ET : aDu'x'{l} x BT
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- E5 satisfies the éondition for f of Lemma 1, i.e. for any 5-
ball B2 C E5vcontaining fflcl(BDu x {1} x {0}) in its interior
there is a positive number s = s(B) such that lecl(aDu x ((==,

-sJ] U [8,2))) N B° = ¢. Because.f-l(BS)(: Int Vu

x (=s', s')
for some s' > O,and.f"l(BS)lﬂ cz(aV" x {1} x ((=»,-s'] U [s',
®))) = ¢. Hence there is a number s > 0 such that ‘
77HE%) n flcl(aDl,‘ x 1) x ((==,-s1°U [s,*))) = ¢
and so" |
B9 N frye (D" x {1} x ((==,-s1 U [5,#))) = 4.

So by Lemma 1 Cfflcl(BDux{l}X{O})<: E5) is a trivial knot and

b 4

it bounds a locally flat 4-ball B} with Int By N frie, (3D x

{1} x Y =¢. So flcl(BDq‘x {1} x {0}) bounds a locally flat
PL 4-ball Bg = f“l('ég)’ such that o

Int Bg N flcl‘(B'Du x {1} x El) = Int Bg N cg(avl‘ x {1} x 1) = .
Similary we may assume there are 4-balls Bir(tvé Z : integer)
such that BBQ = flcl(aDLl x {1} x {t}) and Int Bﬁ ﬂ;cz(avux{l} x
El) = ¢. And we may assume_Bﬁ N Bg+1 =¢ (t €2Z). So we can
extend £, to " .

1
| £y cl(BDu x I x EY) U (Db' x Z) .
va I x EY) LlBg

—_— 02(8V
tezZ

by a cone extension. Since

4

flc_l(anl‘ x {1} x [t,t+1]) V B, UV B.

t+1
which 1is locally flat embedded in Int V

(t € Z) is.a PL l-sphere

“ x g} = B5, 1t bounds
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a PL 5-ball BE by Proposition 1. So we can extend f2 to a

required PL homeomorphism ‘
g : DY x Bl > e (av? x T x E}) v UBD (= v} x E)
: 2 tez © -

by a cone extension.

Theorem. Hu X El is_PL homeomorphic to Su X E1 where Hu

is a homotopy U-sphere which is a PL manifold.

.P?oof. Since any regular neighborhood N of p X E1 in Hu

1 is. PL homeomorphic to Du X El, we identify N ="Du X E1<:

X El using Proposition 2. So Hu x El

morphicvtq Vu X El. Let j& : DLl

We may consider s* x g = (Du x El) L’(Dg x E') where the one

4

- Int N is PL homeo-

X E1_+ N be a PL homeomorphism.

1 1 4

of D" x E- is a regular neighborhood of ¢ X E~ for some q € S .

~ Then by Lemma 2 we can ektend 3j1 = (j"llaDLl x El),to another Da

EL.

and so we can get a PL homeomorphism ¥ : S
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