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Froving correctness of Algol-like programs in a formal system
Hiroakira ONO*

C. Introduction

In this paper, we shall introduce a formal system,g, in which
we can prove the ( partial ) correctness of Algol-like programs. The
method used to construct the system.d is essentially based on Hoare [21.
But in our system we can give a proof of the correctness of programs
in a completely formal manner, Our system is a version of that in (41,
We shall compare the system,g with the inductive assertion method
( see e.g. [3]), by using the infinitary language. We intend to
construct . rather tor its formal properties than for its practical

usefulness,

1. Formal system

Before introducing qS, we shall define the class ot programs,
called Algol-like programs.
Definitidn 1. Statements are detrined inductively as follows.

1) An expression  y:=f(X{,ee.yXy) 1is a statement, where

Xq9e0e9Xy and y are variabies and f is an m-ary function symbol.

2) If 8y and Sq are statements and P is an n-ary predicate
sympol, then if P(Xq,e.09%y) then S, else S, 1s a statement.

3) If 5 is a statement and P is an n-ary predicate symbol,
then while F(Xq,¢0049%,) do S is a statement.

L) 1f 84450409 S5 ( n>0 ) are statements, then
begin 543 Soj eee 3 Sy end is a statement,
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Any statement of the form of 4} is called an Algol-iike program,

rormulas of thersystem/g ére the same as those of the first order
predicate calculus. We use -, A, \V, V¥, 3 as logical connectives.
A formula A DB 1is considered as an abbreviation of the formula
1AV E, Ax[yj denotes the formula obtained trom A by replacing
each free occurrence of x n A by y. We assume that function symbols
and pred:cate symbols appearing :n the definition ¢f statements are
contained in the language of <£ .

The system £ 1s a Gentzen-type one. We use the letters T , [',
A, A", ®,T etc. to denote finite sets of formulas. | ,[t] denotes
the set of formutas wnich is obtained from [ by replacing each free
occurrence ot X in every formula in | by a term t. Now, let S be a
statement or empty and /\ 1s a nonempty set. Then T S A
is a sequent ot &. Informally, this expression means that if evefy
formula in [ nolds, then every formula in /A holds after the
execution of the statement S terminates. Thus the above sequent is
equivalent to the expression A4 A eee A Am§_8}- ByAees A By
in Hoare [ 2], wnere | = -{A1,...,Ami} and A = {Bj,...,B }.
In particular, when S is empty, the above sequent has the same
meaning as the sequent T — BiA... ABy in Gentzen's
1K [1]. Sometimes we write sets ot formulas of the form T_L/{A}
and [ U[' as T, A and T, T ', respectively.

Any sequent of the form | —> [ is a beginning sequent of
& . Rules of inference of & are as follows, where S 1s a statement

or empuy.
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C 2 5 v¥x, A
where y is a variable not appearing free in [ and \fo, and
neither x nor y appear in S.
10) T, axlt] == A
[, ¥xa 25 A
where t is a term.
11) T, axly] 2= A
M, 3xa 25 A

where y is a variable not appearing free in | , 4xA and A and y is

a variable not appearing in S.
12) TS5 4.0t], A
T2 3x, A

where ¥ 1s 2 variable not appearing in S and t is a term.




13) r ﬂ‘Ay[f(X“,.oo,Xm)]
r V= (X1 g0 9%m) 5 zf&

1) AT Sty —a, T 52, A
Lol S
T if A then 54 else So | N

where A is of the torm P(Xq4...4Xp)e
15) A, T ST

T while A do 31;> T, 4
?

wnere A is of the form P(xq,e..4Xp).

10 To BT Ty B2 1o :Tn-1i_,,\ Mn
F_O begin 593 Soj ese § Sy ?EE,;, T n

The notion of provatility in £ is defined in the same way as 1K,

Remark 2. Following two rules can be derived in 48.

i. r 5 5 A S s A7
S5 5, A4
e o, T ™, —
M, — a4
lheorem 3, If the sequent rr — A1,..., Ap is provable
in LK, then the sequent = [T ——> AyVeeo VA, 1is provable in A&,

(.When m = C, i.e, r— is provable in LK, ™ —>B is

provable in & for any formula B,) Conversely, if T —> Aq,..., 4p

is provable :n A then T —> A Ae.e ANAp 1s provaple in LK,
In order to deal with a program on a particular domain, e.g.

a program on natural numpbers, we need to define a theory on &

A theory T on lK is defined as a system obtained by adding some sequents

of the torm — A to LK as beginning sequents. In this case, such

a formuia A is called an axiom of T, A theory T(AL) on b is a system

obtained from ¥ by adding a beginning sequent ——> A for every

axiom of a theory T ( on LK ). 'heorem 3 holds also for T and T(s ).



Next, we shall consider thne systems in which countebly infinite
conjunctions and disjunctions are admitted. So, in these systems

/\Aj and \/AJ are formulags if I is at most countable,
Jel Jjel

Now, let LK* and £* be the formal systems obtained from LK and
&4 respectively, by changing tne rules of inference concerned with
conjunction and disjunction as follows. ( For LK*, S is empty in the

following. )

1a) Ay, T 8 s A for some i€l

/\Aj, T '—-_-—-—as NAY

jeI1
1b) r 55 Ai, A  for any i€1I

S
I _— /\Aj, A
jel

2a) Ay, T 5 5 A for any i€1
| Va, T 25 A

jer 12

| r s . | |

2b) ——> A, A for some i€ 1

r —'E;——-—? \/Aja A
jel

We can prove also tnat Tneorem 3 holds for LK* and X%,

2. Interpretation ot _X in LK*

in this section, we shall define an interpretation ¢ of each
sequent of &£ . For eacn sequent | —°5 A of &L, a sequent
$C I Sy A ) of LK* is defined so that &( [ BLA 1s
provabie 1n LK* if' ™ —S—%A is provable in 8. Tnus, we can say

that every sequent provable in & is 'true'. As shown in the following,



our interpretation has a close relation with the verification
condition of the induvctive assertion method,.

Let S be a statement or empty. We define a formuia SFS(A) of
IK* for each formula A Of_xg as follows,.

1) Pga) = 4 if S is empty.

2) 9s(a) = ApF(Xyyeeegxg)l  If S is  yi=f(XqyeesXpy).

if S is  if F(Xq4...4%X,) then S else So.
L) Sy = /\Co“n(A) if 8 1s  while F(Xy,essyxy) do Sy,
n=C

where O ,(4) 1s detined by
O olA) = TTP(Xyyeee9xpg) D4
et (B) = F(xyyeeeyxy) 2 Fl0 (A,

50 Fsw) = FslPgl evr (Fg(@) vev ) if S is
begin Sq43 So5 ... 3 Sy end.

Next, define & by

FCT =25 agpeeey ag) = T —> _/Egos(Ai).
We can see that PB( T -5 A) 1is the verfii;tion condition
for the statement S.
Theorem &, If a sequent T"iie>£s is provable in,xg, then
EE(,r-ji>éX) is provable in LK,

We don't know whether the converse of Theorem % holds. We can
only show that when the statement S contains no while .ee 4O cse-
statements the converse holds, by using the cut-elimination theorem
of 1K*, Cn the cther hand, we have the following theorem.

Theorem 5, I T S54A) is provablie in LK* 1iff T S
is provable in )g*, where T and /A are sets ot formulas of IK*,

The above theorem means that the system‘xg* is ‘'complete!'.

o~



130

References

[1] G. Gentzen, Untersuchungen uber das logische Schliessen,

Math. Zeitschrift 39 (1934/35) 176 - 210, 4G5 - 431,

(2] C. A. R. Hoare, 4n axiomatic basis ot computer programming,

CAGM 12 (1969) 576 - 580, 583.

[3] Z. Manna, Mathematical theory of computation, 1974, McCraw-Hill.
[4] H., Ono, 7°B 7°7 4 o HIEIR K ( Introduction to mathemati-
cal theory of computation, in Japanese ), Seminar note on mathe-

matics, No.2, Tsuda College, 1974,

( Revised February 1975 )



