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Pundamental groups of the spaces of regular orbits

of affine Weyl groups of rank 2
E. Bannai (3R A M 3 %Fik&rf—)

In (2], E. Brieskorn has proved that the fundamental group
of the space of regular orbits of a finite real reflection group
W is the Artin group of the same type as W. The purpose of this
paper is to consider the fundamental groups of the space of
regular orbits of affine Weyl groups.

Let W be an irreducible affine Weyl group of rank 2. Then
W acts on R2 naturally. Let Zi be the set consists of all the
reflections in W, and for s € > 1let H; be the hyperplane in R°
which is fixed by s pointwisely. Let C be an open chamber, i.e.,
a connected component of 82—;\)H;(see (1 ]). Let {H;}ses be the
set of the walls of C. Then it is well known that § ={sy, s, SQX
and (W , S) is a Coxeter system, i. e., W has a presentation with
generating set S and relations (ss')m(ss') = 1, where m(ss') is
the order of ss' and m(ss) = 1.

Now, let W acts on ¢? naturally and let Hy, s € J_ , be the
hyperplane in 02 which is fixed by s pointwisely. Let us set

= ¢°- \JH_. Then we have obtained the following:

Y
W s(_):.s

Theorem The fundamental group of the space of regular
orbits YW/ W of an affine Weyl group of rank 2 is the Artin
group of the same type as W, i.e., it has the following
preéentation with the generators 8gr S € 3, and the defining
relations:

B 848500 = B8 8y .

m(s,t) factors m(s,t) factors
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Remark It is conjectured that the same result also holds

for affine Weyl groups of rank > 2.

Proposition 1. Let W be the affine Weyl group of type Kz

acting on CZ, that is , W is generated by three reflections Sgr

s,, and s, defined by s, () = U - 2(3, &i)b?i , i=1, 2,and
so(a) =7 - 2(3,&;0&0 + 2&; for u € &2, where ( , ) denotes
the ordinary inner product 63‘.‘ G}2 and &i’ i=1, 2 ana 0, are
vectors in C€2defined by &)l: (J3/2,=-1/2), &2= (0,1) and

—&O :&l +&2. Let us set
£1= exp23Mix /3 + exp(~/3%x,+3x,)Mi/3 + exp(-/3x -3x,Mi/3,
f,= exp'(-2\/3-7[ixl)/3 + eXP(ﬁxl-sz)T(i/B + exp(fixl+3x2)ﬂi/3-%’

2

Then fl.and f, are invariant under the action of W. Let P:¢C S

define by P (u) = (fl(u), f2(u)) for u € €°. Then the map é

induces a biholomorphism 5 between c2/w and &2

and the image
of Yw/ W under this map is the complement of the algebraic
curve in ®2 defined by

: = 3 3 2.2

h(z) = 4zl + 422 - 2]%, - 18z

Proof It is clear that f. and f,. are invariant under the

1 2

action of W. We can also show that @ is onto and one to one

map and §(UHS) = izé ¢ l h(z) = O} . Since YW/ W is dense
sel. —

in C2/ W and %_EE(YW/ W) is dense in Gz, P is a biholomorphism

between Cg/ W and €2.

Proposition 2. Let W be the affine Weyl group of type 32

acting on 02, that is, W 1s generated by three reflections Sg s

= —
s and s, defined by sl(i)) =q - (13,&?1)0(1, sz(ﬁ?) = - 2(3,&2)5?2

1
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5 o > -
and so(ﬁ’) =3 - (3,0(0)0(O +0(O for u € ®2, where ( , ) denotes

2 - .
and o., 1 =1, 2 and O are

the ordinary inner product of € i
_ > ' = >

vectors in € defined by 0(l= (1, -1), O(2= (0,1) and

- - -

0(0= 0(l+2 X,. Let us set

il

f

f2 = exp(xl+x2)ZLi + exp(-—xl-xz)mi + exp(xl-xz)lti

exp2mrix, + exp(—27(ixl) + exp 2[tix2 + eXp(-2itix2)

+ exp(-—xl+x2)?'(i.

Then fl and f2 are invariant under the action of W. Let §:®2———> 02
define by @ (u) = (fl(u), fg(u)) for u € G2, Then the map

induces a biholomorphism 5 between CZ/W and &2 and the image

of Yw/ W under this map is the complement of the algebraic

curve in (112 defined by

n(z) = (25 - 429)(z5 - (2,/2 + 2)%) = o.

Proof It is clear that fl and f2 are invariant under the
action of W. We can also show tnhat i is onto and one to one
map and @ (\JH,) = {ze¢®|n(z) = 0}. since Y,/ W is
dense in €2/ ng.%d $ (Y,/ W) is dense in 02, P is a

biholomorphism between 02/ W and €°.

o

Proposition 3. Let W be the affine Weyl group of type G2
> .

acting on ¢, that is, W is generated by three reflections s

O’
. -> - N
5y and s, defined by Sl(u) =7 - 2(3, O(l)/3&71, s2(u)= ?—2(?,1, (_)?2)5?2
: - —» -
and so(ﬁ) =3 - 2(3, 0(0)/30(0 + 2/3 %, for T e 02, where ( , )

2

- —
denotes the ordinary inner product of €° and i=1, 2 and O,

R4
. 2 ) 2 3
are vectors in €“ defined by 0(1= (J3/2,-3/2), 0(2= (0,1) and

6?(): 231* 3d,.  Let us set
f)= exp2Rix, + exp(-2Rix,) + exp(ﬁxl—x2)7ti
+ exp(—Bxl+x2)Ki+ exp(fjxl+xz)7(i + exp(—ﬁxl—-xz)TLi.,
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£,= exp2j§tixl + exp(~2f3Kixl) + exp(J§x1+3x2)mi
+ exp(-J§Xl-3x2)ni exp(J}xl-3x2ﬂti + exp(—J§Xl+3x2)1(i,

Then f 2

and f, are invariant under the action of W. Let B .¢°—s¢?

1
define by P (u) = (fl(u),fz(u)) for v e &2. Then the map
2

—

induces a biholomorphism &P between ®2/W and € and the image
of YW/ W under this map is the complement of the algebraic
curve in 02 defined by

h(z) = (22— 25/4 - 3)(z§+12(2+zl)z2-4(z%-9zl—9)) = 0.

Proof It is clear that f, and f, are invariant under the

1 2
action of W. We can also show that ?E is onto and one to one

map and §_ ( UHS) = iz € 02\h(z) = O} . Since YW/ W is dense
in €°/W and g (Y,/ W) is demse in €%, % is a biholomorphism

between 02/W and ¢°.

Proof of the Theorem.

Case 1. W = affine Weyl group of type Ké. Then S = {SO, Sy 52§and

m(so,sl) = m(sl,sz) = m(so,s2) = 3. By setting z, = zi - zé

and z, = z{ + 25 , We can show that YW/ W is isomorphic to
the complement of the algebraic curve zg

+z§—8zi+1825-27 = 0. Then we can calculate T[l(YW/ W) by the

method of Zariski(3l.In above equation Z, has four distinct

solution exqept for z2q = 3, -1 and -3/2. As the generators of

2 2
- 2(zl+12zl+9)z2

the fundamental group, we can choose 8gr 811 85 and g in the

2y = 0 plane as the figure 1 shows. Here the base poilnt is taken

far enough from the origin O.



figure 1 (zl=0 plane )
If we move z along a closed path z(t) (t € [O,l] and z(0) =
z(1) = 0) in € which surroundsonly the point 3, then we obtain
the relation 818581 = 858185+ If we move 24 along a closed path
z(t) (tel0,1) and z(0) = z(1) = 0) in € which surrounds only
the point -1, then we obtain the relation 8y = 8- If we consider
a path which surrounds only the point =3/2, then we obtain the
relations g.gg; = 8g;& and gy&8, = g2é0g2. Therefore 7fl(YW/W)
is the Artin group of the type Eé. Moreover ‘§i—l(ao), §i—l(a)
€ HSO/ W, ?Efl(al) G-Hsl/ W and §E:~l(a2) € HS2/ W . Therefore
the correspondence between the generators of W and 7Ll(Yw/ W) is
natural. Thus we have proved the Theorem for the Case 1.
Case 2. W = affine Weyl group of typetgé. Then S = {so, S 32}
and m(sl,so) = 2 and m(sl,s2) = m(so,sz) = 4. By Proposition
2 we can calculate T(,(Y,/ W) by the method of zariski(3). In
the equation h(z) = 0 in Proposition 2, z, has four distinct
solutions except for 2 = 0, 4 and -4. As the generators of
the fundamental group, we can choose 8pr 81 85 and g in the
z, = i/4 plane as the figure 2 shows. Here the base point is

1
taken far enough from the origin O.

L/

Oa, da

figure 2 (z;= i/4 plane)
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If we move z, along a closed path z(t) (t€ 10,1} and z(0) = z(1)

= i/4) in € which surrounds only the point O , then we obtain

the relation 8, = 8- If we move zq along a closed path z(t)

only

(t €00,1) and z(0) = z(1) = i/4) in € which surrounds)the point

4,then we obtain the relations 81858185 = 8,818,87 and

808808 = 88088(" If we consider a path which surrounds only

the point -4, then we obtain the relation 8180 = 8p87 -+ Therefore

1(1(YW/W) is the Artin group of the type'ﬁé. Moreover we

nave @ Y(a)e H. /W, T Na )eu /W and P aa,})eH S,
0 8 1 S1 4 S

Therefore the correspondence betweenthe generators of W and

1(1(Yw/ W) is natural. Thus we have proved the Theorem for the

Caseb2.

ase 3. W affine Weyl group of type G

o+ Then § = {so, Sy 52}
and m( SO’Sl) = 3, m(so,sz) = 2 and m(sl,sa) = 6. By[§§oposition
3 we can calculate q(l(Yw/ W) by the method of Zariskil, In the
equation h(z) = 0 in Proposition 3, Z, has three distinct solutions
except for 24= -2, -3 and 6. As the generators o£ the fundamental
group, we .can choose 89 gl,and_ gi in the 2 = 0 plane as the
figure 3 shows. Here the base point is taken far enough from

the origin O.

7 NI T

a, d, a0

figure 3 (zl = 0 plane)

If we move z, along a closed paht z(t) (t€(0,1] and z(0) = (1)

1
= 0) in € which surrounds only the point -2, then we obtain the

relation 8p8s = 8o83¢ If we consider a path surrounding only

-0 -



the point -3, then we obtain the relation 80818g = 818087 *

If we consider a path surrounding only the point 6, then we
) . W3 3

obtain the relation (glg2) = (gggl) « Therefore 7tl(Yw/ W)

is the Artin group of the type G lioreover we have
(ao)eH /w, (al)éH /wa.nd - (az)éH /w.

Therefore the correSpondence between the generators of W and

7(1(YW/ W) is natural. Thus we have proved the Theorem for the

Case 3. This completes the proof of Theorem.
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