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An embedding theorem for polarized manifolds
By Takao Fujita
Department of Mathematics, University of Tokyo

0, Introduction

In this note, using the theory of /\-genus, we establish an
embedding theorem for polarized manifolds,

A pair (V,L) of a variety V and é line bundle L on V will be
called a prepolarized variety, If L is ample, we call the pair (V,L)

n n .
a polarized variety, Let /'K(V, tL)= Z (-l)pdime (V,tL)= sz (V,L)t[J ] /51,
p=0 j=0

.1 j-1
n=dimV, t[J]=TT (t+a), be the expansion of the Hilbert polynomial,
=0

‘Then we define d(v,L)=,?jn(v,L), g(v,L)=1-2’n_l(v,L) and A(V,L)=
n+d(V,L1)-dimH) (V,1), We remark that d(V,L)=L"=(c,(L))™{V} and that
Zg(V,L)-2=(KV~+(n-].)L)Ln-1 for a smooth V, KV being its canonical bundle,
Now we formulate our main result:

Theorem, Let (M,L) be a polarized manifold, i,e,, a smooth
polarized variety, Suppose that |L| has at most a finite number of
base points, Then L is very ample‘if d(M,L)EZA(M,L)-!—l and if g(M,L)2
AQLL),

In what follows we shall prove a little more general result,

Notation, Convention and Terminology

We employ the same notation as in [1], which is analogous to that
of EGA, An analytic space is assumed to be compact, and a sheaf on it
is assumed to be coherent, A variety is an irreducible reduced complex
analytic space, A smooth.variety is called a manifold, A vector bundle

is not distinguished from the locally free sheaf associated with it,
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By a divisor is meant a Cartier divisor,
hP(S,F):=dime(S,F), where F is a sheaf on an analytic space S,
x(s,F):=i(-1)Php(s,F), where n=dimS,
{Z}: The gzgology class associated with an analytic cycle Z,
[/\]: The line bundle associated with a linear system J/\ of divisors.
Bs/\: The set of base points of /\,
ij: The rational mapping associated with A\, which turns out to be a
morphism if Bsf\=9§,
|L|: The complete linear system of divisors associated with a line
bundle L on S, |
LT: The pull back of L to a space T by a given morphism T—S,
KM: The canonical line bundle of a manifold M,
We use additive notation for tensor products of line bundles, and
use multiplicative notation for cup p@®roducts of their Chern classes,
An abbreviated form of this notation will be used when there is
no danger of confusion,
1., The case of curves

In this section C is a curve, i,e,, a variety of dimension 1,

Remark 1,1, A curve is locally Macaulay, i.e,, (OC)x is a
Macaulay local ring for every x€C,

Definition 1.2; A sheaf F on C is said to be quasi-invertible
if it is invertiblé on an open dense subset of C and if it has no
subsheaf whose support is a point,

Remark 1,3, i) Any~invertiﬁle sheaf on C is quasi-invertible,

ii) The tensor product of an invertible sheaf and a quasi-invertible

sheaf is quasi-invertible, too,
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iii) Any subsheaf of a quasi-invertible sheaf is quasi-invertible,
iv) The canonical sheaf W of C is quasi-invertible,

Definition 1,4, For a quasi-invertible sheaf F on C we define
degF to be JX(C,F)-1l4g, where g=g(C)=h1(C,O ). A(C,F) is defined to
be 1+degl?‘-lflo(C,‘F)° Needless to say, this definition coincides with
the usual one when F is invertible,

Proposition 1,5, Let F,G be quasi-invertible sheaves and let
¢ :F—G be a non-trivial homomorphism, Then ¢ is injective, degF<
degG and hl (F)Z_hl (G). Moreover, if degF=degG, ¥ is an isomorphism,

Proof, Supp(® (F)) is not a finite set since 0% P(F)C G, Hence
P is bijective at the generic point of C, So dimSupp(Ker(¥))<0
and this implies Ker(ff)=0, The remaining assertion is clear since
SuppCoker (¥ ) is a finite set,

Corollary 1 6,6 If hO(C,F)>0 or if degF20, then A(C,F)=O0,

Proposition 1,7, Let F be a quasi-invertible sheaf on C such
that degF22 A(C,F)+1=-1, Then /A(C,F)=g(C),

Proof, Note that g(C)-A(C,F)=hl(C,F)° Assume g > A, Then there
is an effective divisor D of degree (A +1l) such that hO(C,w[-D])=
g-A-1. We have Hom(0[D],F)%0 since hO(F[-D])z hO(F)-degD=
l+degF-A -(A+1) =1, Thus we obtain hl(F)ghl-([D])=hO(w[-D:|)=g'A‘lc
This contradicts hl(F)-:g-A .

Proposition 1,8, Let F be a quasi-invertible sheaf on C such that
degF 22 A(C,F)=20, Then F is generated by its global sections,

Proof 6 Let G be the subsheaf of F generated by the global sec=:

tions, Suppose G%F, Then degG<degF and A(G)< A (F) since degF- A(F)
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=degG- A(G), This also yields degGy 2 A(G), Hence g(C)=A(G) A(F),
This contradicts A(F)=g-hl(F) .

Theorem 1,9, Let F be a quasi-invertible sheaf on C with degF2>.
2g(C) and let L be an invertible sheaf with degL 2 2g(C)+1, Then the
canonical homomorphism: HO(C,F)® HO(C,L)—>HO(C,F®L) is ‘surjective,

Mumford [5] proved this result for a smooth curve C, After a
slight modification his method also works in our general case,

2, Higher dimensional cases

Definition 2,1, Let (V,L) be a prepolarized variety, A member
of |L| is called a highest rung if it is irreducible and reduced,

A sequence of subvarieties V=V DV ']_D---)V of V is called a

ladder if Vj 1 is a highest rung of (V LV ) for each j=2,:-

Proposition 2,2, Let D be a highest rung of a prepolarized
variety (V,L), Then Zr(D,L )=}{r+1-(V,L) for r2 0, In particular,
d(d,L_ )=d(V,L) and g(D;LD)=g(V,L),

By definition, this follows from the exact sequence of sheaves
0—9OV((t-l)L)—9OV(tL)—+OD(tL)~9O,

Proposition 2,3, Let V,L,D be as above, Then A(D,LD)g. A,L),
The equality holds if and only if |L| D=’LD}’ or equivalently, if
and only if the restriction‘%r:HQ(V,L)-?HO(D,L ) is surjective,

This is clear since A(V,’L);A(D,L)=dimCoker(r),

Definition 2,4, A line bundle L on a variety V is said to be
fully generating if the canonical homomorphism mt:HO(V,tL)® HO(V,L)
-—aHO(V,(t+l)L) is surjective for every t=Z21,

Proposition 2,5, Let D be a highest rung of (V,L), Suppose
that ]LD]=[LID and that L

is fully generating, Then

_4_—
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a) r B0, tL)—E° (D tL.) 1 fective fo 21
" , (D, p) 1s surjective for amny t2z1,

b) L itself is fully generating,

Proof, We use the following commutative diagram:

~ ¥, @
H (v, kL) @ HO(v,L) — & 15 100, k1)@ 8O (0, L)
A '
imk lmk
Vd r

1O (v, kL) —— 10 (v, (k+1)L) —FL 5 100, (t1)L) |

The dotted arrow is defined by 30\—; 9’?@8, where geHO(V,L) is the
defining section of B, Assuming a) for t<k, we see that ml'{o(r:k®r1)=

“

LLE is surjective, This implies that r is surjective_,6 More-

k+1
over, combined with the exactness of the lower row, this yields the
surjectivity of ms too,

Proposition 2,6, Let (V,L) be a prepolarized variety with
g(V,LY2 A(V,L), Suppose that (V,L) has a ladder with D being the
highest rung of it |
a) If d(V,L);ZA(V,L);l, then IL[D=ILD} except dimV=1,

b) If d(V,L)2 2A(V,L), then Bs|L|=@,
¢) If d(V,L)Z2 2 A(V,L)+1, then i)g(V,L)= A(V,L) and ii) L is fully
generating,

Proof, We use induction on n=dimV since the result is proved
for n=1 in the preceding section, When n22, we can apply the induc-
tion hypothesis to (D,L) since A(,L)Y< A(V,L)<Lg(V,L)=g(D,L),
Assume that a) is false, Then A (D,L) < A(V,L) and conseciuently
d(D,L)=d(V,L)z 2 A(D,L)+1, It follows that g(D,L)=A(V,L), This con-
tradicts g(D,L)=g(V,L) Z2 A(V,L), Thus a) is proved, Now we infer that
g¥sE) Bs|L| =leL]D= Bs{LD! =@ if dz24 and that g(V,L)=g(D,L)=

AWM, L)= A(V,L) if d224+1l, Moreover, c-ii) follows from Proposition

2.5, -5 =
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To establish a sufficient condition so that (V,L) has a ladder,
we use the following result of Hironaka,

Theorem 2,7, Let /\ be a linear system on a variety V_ Then
there is a smooth variety V' with a birational morphism T{:V'—>5V and
a linear system A' on V' with Bs _/\1=¢ such that T[_*_/\_=F+/\'_ with
F being the maximal fixed component of TL*/\__

We remark that W= P_/\—, (V') is independent of the choice of (V',ﬁ-/)

Definivion 2,8, /\_ is said to be degenerate if dimW<dimV, |

Proposition 2,9, Let (V,L) be a prepolarized variety such that
V is locally Macaulay, dimBs|L|< 0 and that |L| is not degenerate,
Then (V,L) has a ladder,

Proofi, Let T:V'-V, A', F be as in Theorem 2,7 so that ﬂ*[L\=
F+ A\'. Then a general member S of _/\1 is non-singular and connected
(see [4], Theorem 2), Letting D be the member of |L] corresponding-
to S, we infer that D=T((S) is irreducible and generically non-
singular, Hence D is reduced since it is locally Macaulay, Since
dimBs[LD\ <0 and ILD] is not degenerate, we can repeat such processes
to obtain a ladder of (V,L),

Proposition 2,10, Let (M,L) be a prepolarized manifoldvsuch that
dimBs|L| £0 and d(M,L)ZZA(M,L)—‘l. If |L| is degenerate, then a
ge@neral member of |[L| is non-ksingular,

Proof, It suffices to show that for each p €Bs|L| there is a
member D of |L| which is non-i-rsingular at p, If otherwise, letting
q:M'l-%M be the monoidal transform of M with center p, we infef that
the fixed part of q*\Ll is mEp with mZ 2, where Ep=q-1(p). Let /\l=

* o
q [L] —mEP and let M', ‘[T:M'—;Ml, /\! and F be as in Theorem 2,7 so
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that TI“/\1=F+_/\_' . Then we have dimW< n=dimV and [ /A\'] is the pull
back of the hyperplane bundle H on PNs LHn-liM‘} =L(L—mEp-F)n—l=Ln> 0
since Bs|L] is a finite set, Therefore dimW=n-1_ Letting w=degW we

0
have 0 £ A(W,H) £ (n-1)+w-h (M,L)=w-d+A-1, On the other hand, letting

Hn‘1=(L-mEp)H“"l=

Ll=[/\1], we can easily show that LM em =L n;_L

1 1

- © n-1
Ln-mEpHn 1° Hence EpHn =pr{_X}>O

general fiber X of JO/\J and therefore EP{X}g 1, Now we have d=d(M,L)=

LPoLi? -l (B+F4E ) 1> mEpHn -1

2mw22w22(@-A+1), This contradicts
the assumption d22A-1,

Corollary 2 .11, A prepolarized manifold (M,L) has a ladder if
dM,L)22 A(M,L)-1, d(M,L) >0 and dimBs|L|< 0,

Proof, In view of Proéosition2,9 we may assume that ]L] is dege-
nerate, Then a general member D of |L|[ is non-singular, As is well-
known Bs |mL|= @ for a large integer m, because Bs|L| is a finite set,
Then lle is not degenerate since d(M,L)>0, Hence we have hl(M, -L)=0
(see [4]), Therefore D is connected and becomes a highest rung, It
is clear that we can repeat such processes, |

Theorem 2,12, Let (M,L) be a polarized manifold such that
gM,L)Z A(M,L) and dimBstlgo° Then
a) Bs|L| =@ if d(M,L)=Z2AQ1,L),

b) L is very ample and fully generating if d(M,L)Z2 A(M,L)+1,

This follows from Proposition 2,6 since (M,L) has a ladder,

3, Applications

Theorem 3,1, Let (V,L) be a polarized variety, Then dimBs[Ll<
AV,L)

For a proof, see Fujita[l],
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Now we show a simple application of Theorem 2,12, 6 Of course
there are many other applications which will be published elsewhere,

Theorem 3,2, Let (M,L) be a polarized manifold such that d(M,L)
1

o

=3 and hO(M,L)=n+2.,‘ n=dimM, Then M is a hypercubic in ,Pn+
Proof, Since A(M’,L)=l’ we have dimBs|L[ < 0, Hence it suffices

to ﬁrove the following lemma in order to apply.Theorem 2,12, -
Lemma 33 Let (M,L) be a polarized manifold such that g(M,L)=0

and (M,L) has a ladder, Then A(M,L)=0,

Proof, Let M=Vn) Vn 17---3 Vl be a ladder, We claim that

nP (Vj,-tL)=0 for 0<pgj, 1£t<£j-1, To prove this we use induction
on j from above, Suppose j=n, Then the claim follows from the vanish-

ing theorem of Kodaira for p<n, As for p=n, we have h" M, -tL)=

n=-1

hO(M,KM+tL)=o for t<n-1 since (K +(n-1)L)L" "=2g(M,1)-2< 0, Suppose

that the claim is true for jx k+l, Then hP w '-tL)=hp+]'(V -(t+1)L_)

k+1° k+1°
=0 for O0£psk, 1st<£k-1, Hence hp(Vk, -tL)=0 since there is an exact

sequence HP 4 ~-tL)— uP (Vk,'-tL) — Hp"-1 v -(t+1)L), Thus the claim

k+1° k+1° ]
is proved and in particular hl(Vj,-L)=O, Therefore we infer h (Vn)é
1 , ,

h (Vn_l)é‘“ = hl (V1)=g(V1)=gCM,L)=o, “and consequently AM,L)=
A(Vn_l,L)-‘-" = A(Vl,L)=0 since V

%
1—P d
Similarly we can prove the following

Theorem 3,4, Let (M,L) be a polarized manifold with d(M,L)=4 and

AM,L)=1, Then M is a complete intersection of type (2,2),.
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