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Open Holomorphic Maps of Compact Complex Manifolds

Makoto Namba

1. Introduction. Let V and W be connected compact

complex manifolds. We say that two holomorphic maps f and g
of V into W are equivalent if and only if thére are an auto-
morphism a of V and an automorphism b of W with g = bfa.
We want to introduce a nice space structure into the set of all
equivalent classes. It is a kind of moduli problems. However,
easy examples show that it may not even be a Hauédorff space with
respect to a natural topology. Thus 1t needs some restrictions
on manifolds and holomorphic maps. In this lecture, our main
restriction is that the holomorphic maps in the consideration are
open holomorphic maps.

We formulate our results as follows.

According to Douady [1], the set H(V, W) of all holomorphic
maps of V dinto W is an‘analytic space whose underlying topology

is the compact-open topology. Here, by an analytic space, we

mean a reduced, Hausdorff,'complex analytic space. We denote by
O(V, W) the set of all open holomorphic maps of V onto W.
Then O0(V, W) is an open subvariety of H(V, W) wunless it is
empty. Let Aut(V) and Aut(W) be the automorphism groups of
V and W, respectively. They are complex Lie groups. Now, the

product group Aut(W) x Aut(V) acts on O(V, W) as follows:
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(b, a, ) € Aut(W) x Aut(v) x O(V, W)

Le ov, w

— > Dbfa”
Applying Holmann's theorem [2], we get the following theorem:
Theorem 1. Assume that Aut(V) is cbmpact. Then the orbit
space O(V, W) / (Aut(W) x Aut(V)) . with the quotient topology
is an analytic space.

As an example, we consider the following case:

V=T : a complex l-torus ,

=,
1

Eg‘: the complex projective line

Then O(T, ]Pl) is the set of all elliptic functions on T.
We denote by on(T,'ﬂ?l), n=2,3, -+, the set of all elliptic
functions of order n. In this case, we have:

Theorem 2. The analytic space 0(T, E>1) / (Aut(ﬁﬂﬁ x Aut(T))

is decomposed into the connected components as follows:

o(r, P1) / (Aut(Ph) x Aut(m)) = My UNy U ---

where each M = 0O (T, ﬂ?l) / (Aut(ﬂ?l) x Aut(T)) , n =2, 3, ***,

is an irreducible normal analytic space of dimension 2n - 4.
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(M2 is one point.)

In this lecture, we only'giVe an outline of the proof of
Theorem 1. Since we use tﬁe deep result of Holmann, everything
is easy.’ On the other hand, the proof of Theorem 2 requires
some facts on the local structure of the analytic space H(V, W)
and on the concrete construction of the analytic space O(T, Y?l).
(For the details, see [3]).

In Theorem 1, the assumption that Aut (V) 1is compact can
not be dropped. At the end of this iecture, we'giVe a simple

counter example.

2. Outline of the proof of Theorem 1. We see that Satz 19,

[2], and the following proposition imply Theorem 1.

Proposition 1. Assume that Aut(V) 1is compact. Then the

map

¢ : (b, a, £) € Aut(W) x Aut(V) x O(V, W)

— (bra”!

, £) e O(V, W) x O(V, W)
is a proper map.

In order to prove Proposition 1, we first prove:
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Proposition 2. Let {fv}v=l,2,--- and {gv}v=l,2,-" be

sequences of open holomorphié maps of V onto W converging to
open holomorphic maps f and g, respectively. Assume that,

for each v, v =1, 2, «-+-, there is an automorphism bv of W
with gy = bva . T@en there is an automorphism b of W such
that (1) g = bf and such that (2) ‘{bv}v=l,2,-.. converges to

b.

Proof of Proposition 2. Let @Q be an arbitrary point of

W. Let P e f_l(Q). We put ‘R = g(P). We show that R does

not depend on the choice of P € f_l(Q). Using the assumption

that fl’ fé, +++« and f are all open maps, we can easily show

that there is a sequence {Pv}v=l 5 .. of points of V converging
3& > °

to P such that fv(Pv) =Q, v=1,2, -+ . Weput R = bv(Q)’

v=1, 2, +++ . Then

RV = bv(g) = beV(PV) = gV(PV)

Since {gv}v=l,2,--- and {Pv}v=1,2,--- converges to g and

P, respectively, {R_} _ converges to g(P) = R. Since
viv=l,2,.--

each Rv = bv(Q)’ v=1,2,---., does not depend on the choice

of P e f_l(Q), R does not either. We write R = b{(Q). Then

b is a map of W into itself. Since f = b;lgv, v=1, 2, «--,

the condition is symmetric. Hence ‘b 1s a bijection of W onto
e
itself.

We show that b is a homeomorphism. We put
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A={(P, Q, R) e VXWxW]| £f(P) = qQ, g(P) = R}

Then A’ is a closed complex submanifold of V x W x W which

is isomorphie to V. Let
A VXWXW——>>WxW

be the projection map. Then, by the proper mapping theorem,

A(A) 1is a closed irreducible subvariety of W x W. Let Ay

and A, Dbe the restrictions to “A(A) of the first and the

second projection maps: W X W —— W, réspectivély. Then

1

A, and A, are bijective and b = A A] Since A(A) is

1 2 271

irreducible, Al and X2 are homeomorphisms. Hence b 1is a

homeomorphism.

We show that b is an automorphism of W. We put

)
L[}

{PevVv | (df)p has rank < dimW} ,

£
Ep = f(Df) s

1 -1

Df =f (Ef) .

Then Df and D} are proper closed subvarieties of V and

Ef 1s a proper closed subvariety of W. Moreover,
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£:V =Dy ——W-E,

is a surjective holomorphic map of maximal rank at every point.
Hence f has local holomorphic cross sections 1t on W - Ef.'
Then, locally, b = gt. This shows that b 1is holomorphic on
W - Ef. Since b 1is a homeomorphism of W, b 1is a holomorphic
map on W. A similar argument shows that b"1 'is also a holomor-
phi¢ map. Hence b € Aut(W).

By the construction, g = bf. Moreover, we can easily show

that the sequence {bv} converges to b. This completes

v=l’2’...
the proof of Proposition 2.

Q. E..D. of Proposition 2.

Now, the proof of Proposition 1 1s easy.

Proof of Proposition 1. Let X be a compact subset of

O(V, W) X 0(V, W). We show that ¢‘1(K) is a compact subset of
Aut (W) x Aut(V) x O(V, W). It suffices to show that, for any

. -1 '
sequence - {(bv’ a,, fv)}v=1,2,-~' of points of ¢ ~(K), we can

choeose a subsequence converging to a point of ¢-1(K). By the

assumption that Aut(V) is compact, we may assume that {av}v=l 5 ...
3 E)

converges to a € Aut(V). We put g, = bvaagl, v =1, 2,

Since K 1s compact, we may assume that {(gv, fv)}v=l,2,---

converges to (g, f) € K. We put h = fva;l, v=1, 2,

Then g, = boh, Vv =1,2, - . Th¢ sequence i{hv}v=l,2,---
converges to h =Vfa—1. By Proposition 2, there is b € Aut(W)
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such that g = bh =,bfa‘l and such that {b_} _
Viv=l, 2,

converges to Db. Then (b, a, f) € ¢‘1(K) and the sequence

{(bv’ a converges to (b, a, f).

v? fv)}v=l,2,-'-
Q. E. D. of Proposition 1.

3. A counter example. Let ﬂ?l be the complex projective
line. Then O(]Pl, _]Pl) is the set of all non-constant rational
functions. Note that Aut(ﬁ?l) is not compact.  We show that
O(ﬂ)l, ﬁ?l) / (Aut(ﬁ?l) x Aut(ﬂ?l)) with the quotient topology
is not a Hausdorff space.

Let £ be an inhomogeneous coordinate in ﬂ?l. We consider
a one—parameterrfamily {fk}ke{} of rational functions defined as

follows:
£,08) =3+ a8, 2 eC

Then fo and fl are not equivalent (under thé action of
Aut(ﬂ?l) X Aut(ﬂ?l)). In fact, arranging the ramification
exponents, the types of the branch points of fo and f1 are
(3, 3) and (3, 2, 2), respectively. On the other hand, if
A # 0, then fl and f, are equivalent, for

-1

=7 s

Pafada 1

A

1
where b,, gk € Aut(ﬂ) ) are defined by
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b, (8) = (1 / VX3,

a,(8) = (1 / /X)e

Hence fo and fl can not be separated in

o(Ph, PH 7 aut(PhH x aut(PH).
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