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Manifold @ Ball Covering)<= 1%

dkx K -
EIR  BaAEZ

compact manifod 1FAO O ball T cover Sh%, =0
B EdEA 5 6\ < Topological imvarianl THz. = 0Fe< B
Kz, —BE230, varient X0 &) aMEEFHS, L
DS HOARITED GO, S0 mole TRIMHK7 0T
ODMERERAHZ S LR U, §EBH 0 % < 13EBBT % [Kobayashi-
Teukui ). &7 PL category 0% 2% (Top. Dif. @4 = 0 1
RIBMTETH? ) LBOMD) . WRETS T 0FR Y, man-
fold 134T compact 9 > commected PL manifold T'\ map %
42T PLLL TP, |

Definition 1. M'& n-manifold, B={B: }3[‘4 U)EPI“ 5 3 a-
ball (closed ball) @ finte sel 2 ¥ 3 .
M UB=M"ox=B% M D weak ball covering g7,
@ M'© weak ball covering B=1Bi} #% B.BjeB. Bi¥By
<20 T BinBj=2Bin0B;: @-v-manifold ( comected T% <

/
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TEEW) THHL&BE M o ball covering >,
gM") = min.{ #B; B1IM'0 weak ball covering } ,
b= min.{#B; BIM 0 ball covering }

LR&E4T 0. (#B 14 setB o element 0B EXT. )

manifold Mo (weak) ball covering 3 &% #B=b(M) (or B(M)

Y ERPBEmnimal £ . LN M) £ b(M),

Lemma 1. B={B:il /& manifold M o (weak) ball covering

T, aBi,gBj € B, Bi¥Bj, BinBj=¢.

=> F R Mo (Weak) ball covering T #P<#P .
Proof. Ba'M 0 ball covering Ot T 0SEER LT 3.

M comected ©5*5 K\ﬂ/’j’ka X T Bie By E#B 3\ simple arc

T &£x ). ¢0 vegular neighborhood & N=N(s M)z 3%, BV

NVB; 1T ball KH5 Bir L. Bk=CQ(Bk=Bi), ksi,j & 3 AU,

B = {Bk }K*lj?i MO ball coveringT #B=#B -1 .

Corollary 2. B #"manifold M ® minimal % (Weak) ball
covering & 5 13, VBYB € B, Bi¥B K2 v T BinBj# .
lemma L.2< Y EULEBO 3 MBS S,
Proposition 3. b(Mi# Ma) < max.{ b(M, b(Mz2)} .
TR dmM k¥ ML O BMERK > 0 X E 2T HA S,
Mh= ROV RV v

M0 handle NBE £ %%, (14P< - <Pmsn) .
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lemmal ® 335K &Y HIL index ® handle (m-ball) & 1 &£
¥ B Sk inductive =457 z1%.

Proposition 4. M'#tY o & 5 & handle HfE & £ T (&,
bM< m+1, T&>,

M KR 73 51T MY 1S index £ K X T o handle IS 5 EES M
0\5,

Corollary 5. M MK = bMY £ k+ 1.

@ oM"#= ¢ = bMH <M

® M-A N K®, M"closed = bMM <rtT2.

fE> T bM) & dimM OB & L T - MR KK,

Theorem 6. bMMH < m+ 1.

Example 7. b(sPxst) =3, (Pgz1)

SPx ST 1% 0,P. 4. pr] O index » 4 0 handle i< HFEES
#, B 2> general posilion T p-handle ¥ §~handle 1d 7% H 5 %
WD bSxSt)<3. ko STSY 1 closed T, bM2
74 5 MI3 Sphere iX b(s'xS%)=3 452,

Contractible Manifolds 15> © < :

Lemma 8. M": m-manifold, bMY=2 >3 3, {B, B:} oV
M'0 ball covering’a 513,

(1 T(M): free group of rank= Tank Ho(BinB2) .

3
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@ HiM" 2 Hia (BinB2) = Hiuy (aBin3B2) , 2gcism,

@ mg4 T3, Ha(MHIS free abelion T, ¢ 0 generator
1% 2-sphere CEEL M3,

Proof. p: & Bi o cenfere 3 4113" Bi™s pu* (9Bin3 Ba)
fE> T M'=BVYB2™ pix (3BindB)* P2 = S (9Bin2Ba) =

2 (BinB2) ( suspension). V@13 0 B o fs8 .

XC S*, kg3 %5 Hi(X): free abelian =B ,@)H5
Hz2(MM = H,(9B,n2B2) , m¢4, 12 Free abelian . Hi(3Bn3Bs)
@ generator 13 Simple loop T HKIBI A2 4\ B H2(M") 0 gerte-
rator & ¢ o suspension £ LT ERTI 5,

Theorem 9. M": fomology m-sphere, bMD <3 71 513"

Mh oy ST,

Proof. bMY=3 /&R L. {B),B2,Bs} EM" © minjmal 7o
ball covering £ 3 3. lemma 8 & Fu(BVB)=0 0 5
H.(@B,n3B2)=0. Poincaré duality 75 9(BinBy) =2@B,
naB:) 13 Hfomology M-2)-sphere TH . FE> T M4 4 5
9BinB.) > 8" C2B", BnB,2B"". #> T BVB.2B"
EY) M2 8" m252E, M(BYBDEM(Z(BnBY) =0
¥ Qenem,ized Poinare conjecture &bH M* 2« s* .,
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YOSEBHERHBEXARLL T A,

Corollary 0. M": geyclic manifold, b(MD<2, n=4
= Mhe BY,

BREMETXSOBIXELL 3<, bMY=2 T'(all 27
" v) contractible manifold M*"#HB3AEFT 2. HBK o 5 Zode
PO BERS 21N, M24 T ontractible manifold U ¢
S"S U™, mE"™~UM) 40 %5 example (Newman 3 (Neuzi|)
ERL B,

Proposition 11. (Glaser] mz4 Kk > u T, (ballTm ™)
contractible m-manifold M" 2 BMY=2 733 £ o NBEF
P |

20 Glaser 0BT M25 TEF PMY=bMY =2 FFEI D
EHRDN N=4 I< >v T cofollary 10 & FER 3 & ;

Corollary 12.  contractible 4-manifold M* RBALT

pMO=2 KA bM=3 T Hm.

Glaserq Exemple MY I& 2:% T @ Spine P?; M*S P* £ 3%
7205 corllary 5 5 b(MH) £ 3, corollaryio &) bMY=3.
Glaser 1& m26 TRFSHIY G ¥ 1< T IR Proposition 110
Bt m=4 OREBRTELT1E>T B, Y08 @ /0
K3y, L LF¥5 08 %5, (Brid 1z sBLAR.

contractible manifold M*, m256 K> v i3 fandle 5 F%

5
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T q cancelling DEETHND> 2£€ b(MDE 3 HA2Tuh,

Proposition 13 (Wall) M*: Rometopy 4-Sphere

= 3rz0, b(M'#R(S™*SH)£3 .

SHIE Dift. case T 0 Wal o MS% (82x8H /g
¥ example 7, proposition 3 M S/ 3.

=% [Zeewon) 13 MY A-commecled, c\oseol@@(w)éa
ERx LTy A

D&Y I< ball covering |8 4:RE THokHDBIABE ¢ -
W, XOMKIRETHSNIBREHAT HLD,

’(kc ©xg)

3WRET.

wonifold o handle 2B% ¥ ball covering o) BEikk 7> v 213
Wil -MEIK RT3 RN, 3T mawfold TEF V> 25 B
EfAE handleH B — Heeqaard Sphitting — v o BR5EH >
M. SERAEBI T L 7 K — kA3 o THRO 4 ER
§rerdB.  S05 disjoud AR balls o MEHe
BY > & manfold (witk boundary) & Punclured 2-
sphere £#%3Tzik§ 3. |

Proposition 14.  M®: 3-manifold, oM+ .

M 13 1-handles (non orientable T € B v) i o punctured
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3-sphere T& 3

& b =2,
Theorem 15. ™M3: closed 3-manifold.
b(M®» =3

<= M 2 R(S'xSH#H e(8*<S?)  for some krex1
€= O on 1 (¢=1: M’ monorientable ).

2T $'%$ 13 twisled $* bundle over S' % 9.
Theorem 16. M3 closed 3-manifold, M2 S3, M(M)=0
or H2(MD=0 ( TOLS theorem 15 n5 bM*)=4 °H3.) .
{Bi, B B3, Bel EM O ball covering £33 &.

() BinB;=9B;A2B;, 13 ARO O 2-ball T & 3,14
@ (M;B,VBi.,B,VBu ) 1&ZM 0 Heeqoard Splitting
’E2TV D, ¥l if k+h .

ARTETIS.
FA8 Bln,m) @ M": closed m-manifold, B(MI<m=>bMIsm,
FA CO : ML, ME ¢ closed m-manifolds,
=>  b(M#MI) = max{ b, b(MD}
Bm,m 1 closed” BFBHT%53Av & corollary 12
RRETHs. REZND B (md), Bln,w) RU CD
ME Lo S e 13RS AN, Theorem 15,0\ 5 C)HEL V.

7
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Propesition I7. Py T 4% % Poincare 338 , SC T" Schoen
flies PR EXRTL. o FRNES A5,

ORIE<MENTY2r50RBDERED.
0 : M& homstopy 4-sphere & F 3 & proposition I3 & K o)
AE k&) BML3. B@3) ME LY 2F3L theoren §
&y M*a st,
@ : B KM E homolopy 4-sphere & 53 . proposition 13 o
Yy, % R20 K> v T b(M*#k(©S*¥SH) £ 3. CAONE
LuZa 513 b(MY£3. BV HReoremd kFH MY 2 ST,
@ M':closed, BMD=2233, {B,By 2" Mo mm-
mal Weak ball covering €T3 ¥, B o boundmy co lay
&Y BICImtB2 ¥ LTAEY. SC &) UB.—BYAE
33 £ M= BV (AB.-B)) , Bin CR(B:-B) =B, ={AB.-B},
W Mtes 2 bMO=2z. (@ a BNAEL v NE S » Ko
5T b,

t U, BA.2DHE LS L ITHIT theorem § &), FIM* 7
BMY=2 (je. z‘ofo/o(?;m/ ke 8H £ bMY=8 4,
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TotrnBgr.
1 1¢b(MM € mr1 (theorem 60 TH 3 8, MR 1, n+1
43 b(H) £ £ 3 manifold 5T T3 0B, £ v d 0 RLEK
OB 3, T'=S'% -~ xS (m K> v T bM=mr1
WA Tu3, fE>T T O ball Covering ‘f3=§“136, -, Bn}
BL3Y Mp=T"-Bn, Mas=R(MaBuy)= UB
M2=B.YB,, K2vT bMMp=Yy &0> zux.
- Ut U closed manidold © w3 RiTRe > 32, B4,
b(SPx - x TV =1 R5eBh MW, Ao o>
FEBRT Z U 790,
2. XEAMR L33 £X, X0 subset (chsed) T X'C cont—
Mt T3 C: kouT X=GQu--Uey rBHbEs e
~0 &3 T8 R 2 B cat(X) & X0 Lusternik-Schnrel-
man ca?fegory rus. Xod 7 cntract, &'C: 88
contractibles Yu YRR TCEsBLke s Cat(X) L& %
S'(frotz; Ca,fejory Vo3, 14CatCD € mt1 e ShZ v
<. theorem b6 o BBIMALRGET < 1N, ball 13 contractible
B dat(MD S BIHY £ (MY TH2. b (X @2k
R homotepy, chomobgy theory ¥ o kL H 2R 7
T LM, Sk -xSP) 2 mr] Bt M5BT RET

Ky HnInn.
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3. @-manifold M*1<> 0 T, Mo combinatorial manifold
v L {0 triangulation T 0 m-simplex o BN E (M),
Mo handle AFE T 0 hondle BBk R L F B &,
cat (M) £ Cat (M) £ B(M)£b(M) £ h(M) £ S(M).
R(M) L b(M) £ pEI<NFT) ) X%y 7" WHY EFHT
BORKK > TR0 & 7 QB ball covering WERI 2 ¢ L
Mgh, PB=1Bi} AM o ball covering 0 k= BRrAG &
207, BuBjeP, BitBy v T,
© BinB;=0Bin2B; : onnected - manifold,
@) DBindBj = Finite Um-1)-balls
@ BBy 2 B oem)-ball
4. ball covering 1% 0RHo BHKI 05, < o FIAEE
ball covering 0 EETEAMLFH > LT 2B, Fohr
Yo TMBABBURB FH20E 70 TAHR E2Ls R3
BUHAHI. Cclosed m-manifolds & comected boundary & F
2 1)~ manifolds ¥ £ % 2T, bM) o FMETHDB o
bordism £z B> L4 THETHD Y.

10
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