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On some evolution equations of

subdifferential operators

By Kenji Maruo

1. Introduction

In this paper we are concerned with nonlinear evolution

equations of a form

ST+t ramu®) s £(8), 02t T (L1

in a real Hilbert space H. Here fqr each fixed t, awt is
subdifferential of a lower semicontinuous convex function wt
from H into (-», ], wt ¥ » and A(t) is a monotone,

single valued and hemicontinuous operator which is perturbation
in a sense. The effective domain of wt defined by

{fueH: wt(u) < +»} = D is independent of t. We denote the
inner product and the norm in H by ( , 2 and || || respectively.
et T be a positive constant.

t

We assume the following conditions for v and A(t).

A - (1) For every r > 0 there exist a positive constant

Ll(r) such that
0w - P ] g L) [h(e) - h(s) [{eF ) + 1)

hold if 0 g s, t < T, ue D and |u|] £ r, where h(t) is
continuous function with bounded total variation.
A - (2) If u(t)e€e D is absolutely continuous on Ia, b]

(0 g a<hb £ T) then A(t)u(t) is strongly measurable on |[a,

b]



and for any fixed tO € [a, Db] A(to)u(t) is also strongly
measurable on [a, b]l]. For any fixed u e D, A(t)u is con-
tinuous on [0, TI. |

A - (3) There are Riemann integrable functions wi(t) on

[0, T]'and.aconstant 0 < kr < 1/2 such that
Ao ul £ kvl + w_(t) for any  Ju] £ r.

A -(4) If wu(t) is absolutely continuous and |¢t(uﬂ + [ u(t)]

< r, then A(t)u(t) = w_(t).

Under the above assumptions we consider the uniqueness and
existence of the solution of (1-1) where the solution is
defined as follows:

Definition 1 - 1l: We say that u(t) is a solution of
(1-1) if and only if u(t) is continuous on {0, T] and
absolutely continucus on (0, T] and if (1-1) holds almost
éveryWhere on [0, T]. |

Theorem 1 - 1. Suppose that the assumptions stated above

are satisfied. Then we hold the unique solution of (1-1)

where f G-LZ[O, T ; H] and the initial date u, & D.

0

Remark 1 -1. The continuty assumption A-(l) 1is weakexr:

than those of 'J. Watanabe [3] and H. Attouch and A. Damlamian [11.

2. The outline of the proof.
[

Using wo(a) 2 C'laj + D' and A-(l), we get the following

lemma.



Lemma 2 - 1  There exist constants C1 and C2 which are

independent of t and o such that
vEa) 2 Collef + c, for any & € H.

We take a sequence {t,}"

= < Ko e e
ifi=1 such that 0 t t

<tn_l<tn='l’ and t; €I forany 1i=0,2, **+, n and

|t
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i - t; ;/l—> 0 as n—r « for any i
We denote by

t.
vi) =yt A (£) = A(t)), for t, <t <t

We consider the following evolution equations

Sop ot VS e a enul s g e <y,
3 _ i- 0, _ e
un(ti) = u_ (ti) and un(O) =u,& D for i = Q.1

{ ++on-1 ana f(t) € z2[0, T : H]. (2-1)

The solution of (2-1) is defined inductively by the solution
of a operato:;: with constant coeffiéeht‘s . For the sake of
simplicity we wright u, (lt) = ui(t) .

' Using that {un(t)} are the solutions of (2-1) and

lemma 1 we get the following lemma.

Lemma 2 - .2 There is a constant Y independent of n

and t such that

e 0l < v.

On the other hand since we get
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TEn )+ lSge]® = ) - A mu, Suy et

from H. Brezis [2], u (t) is astrong solutionvof: (2-1) and A-(3)

we see
t t.
wz(gn(t)) + G\S ‘it nl dt £ wnla%Jti”

P -

t 2

+ -cd(nfﬂ +w_)“ds (2-2)

t. :

i ‘

from our assumption A-(3) where & and C6 are positive

“conctants independent of n, t and t;. Combining (2-2) and’
A-(l) we see

t t A '
Vol (e s - sw *(u (£)) {1+L, (1) |h(t; _y) = h(g;) ]}

ti+1 9
+ Cd(.f(s) +W (t.))“ds
J ot 1

i

+ Ly (y) [h(t; ;) - hik)]. (2-3)

We puﬁ

T 2 T, L0
K= {\ 2c (f}|d@s + 2 |\ wo(t)dt + L. (y)V(h) + |y~ (u,)]|+1}
o § o Y 1 , 0
then from (2-3) we see

KLy (Y)V (h)

[W (w (£))] < 3Ke (2-4)

where V(h) = tolal variation of h on [0, T].
Combining (2-3) and (2-4) we get the following lemma,

Lemma 2 - 3 We know

du
lpE(en] + g I x2l%at < ey



where C3 is a constant independent of n and t.

From the above lemma we know that there exists subsequence

| %Eun.} which is Lz—weakly convergent. For the sake of
J
simplicity we put u, = u, . Thus we see that un(t) is

. J .
. weak convegence to u(t) and u(t) 4is absolutely continuous
on [0, T]. On the other hand since un(t) is the solution

of (2-1) we find

T T T
s s
&Own(v(S))ds - Sown(un(s))ds 2 go(f(S) = A (s)u (s)
- é—u (s}, v(s) = u_(s))ds >
ds ' n ’ n =

T .
§0<f<s) - 2, (s)v(s) - Sov(s), v(s) - u_(s))ds +

+'1/2]uy - v(O)] 2.
Then
T s >s (T d
g (Y7 (v(s)) =y~ (u(s)))ds > g (£(3) - A(s)v(s) - Fgv(s),
0 0

v(s) - u(s))ds +ll/2ﬂu0'— V(O)“z.

Next we put v (t) = pul(t) + (1-p)w(t)' where w(t) € D and is

absolutely continuous.

Thus we obtain the following inequality

T (T V
S (p° (w(s)) - p5(u(s)))ds 3 S tﬂs)—.A&)uw)—-%?(ﬂ,
0 o 0

w(s) —.u(s))ds.

Next for any fixed ¢ € D and 0

lia

tl < t2 T .we put



wi(t) ={ £ : tl+s§t§t

5 =€
pu(tl) +gf t=ptl+q(tl+s)

u(t) : Oétgtl,tzgtsT

kpu(t2)+q£

t = pt2+ (t2 -g)g

where p+g=1 p>0,qg>0 and € > 0.

If ¢——>0 we get

£ £ t
2 ¢ 2 ¢ 2 a
vEErar - ) GPmenacz | Em® -amuw -G,
t £ Jtg

- u(t))dt.

-For any Lebesque points of wtu(t) , £(t) A(t)u(t), %{__—u(t) ;, and

u(t) we know
VR - vRue) 2 (58 - Amule) - Spuce), € - ule).

Considering that atpt'+ A(t) ' is monotone opeator we can

show the unigquniss.of (1-1). If u,€ D We can proved the

0
theoremn.
. 2 = ’ _ 0,-1
Next if uoe D. We put um,O = (1l+1/mady ") uo. We ;
denote by um(t) the solution of (1-1) of initial date w5
,0°

Since Bwt + A(t) is monotone operator we see that um(t) is-

uniformly convergent on [0, T] then lim um(t) = u(t).
. m--w

Using that um(t) are strong solutions of (1-1) and A~ (3)

we know fbr any 0 < 8§ < T,
St
Vo lenae <y

I
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where C, is. 2 constant independent of & and m.

There exist 0 < Gm <§ m=1, 2, --- such that

°m 1 (¢ : cC
v (8)) < ‘gjowt(um(t))dt < -_6i =c;.

We denote by V _(t) the solution of (1-1) for the initial date
V(5m) = um(ém) € D on [Gm, T]. Then we find Vm(t) = um(t)
on [Gm, T] from the uniqueness of the solution of (1-1).

On the other hand noting the method of Lemma 2-3 .we get

t
lwnn(v;(t))l sc, for te [§, T

‘where C, is independent of n and m.

Thus we get
T du , T 4dv
— e 2 _m 2
i;“ T (B[ “at < ol [“at < c,

m
Using the above same method on [§, T] we can prove the

Theorem.
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