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Parometrices for Degenerate Operators

of Grushin’s Tyvpe

CHISATO TSUTSUHNI

Department of Hathematics, Osaka University

Introduction. Grushin studied the hjpoellipticity of an

dégeneraﬁe overator A of the form given in %l. In his paper[é]
he used 6perator valued ?seudd—differential operators essentially.
In this note we'construct a left parametrix Q for the operator
A as a pseuﬁo—diffefential operator By symbol calculus instead of
his method. ZFor the construction of Q,we use the fundamentel
solution of parabolic equation studied in[4Jand [51. Also we
discuss estimetes for A.
e give mein théorems and several exampnles in %1 . In §:z
énd §3 the method of construction of Q will be shown. We devoile

’§4 for vrooves of Theorem B anc Theorem C .

§ 1. iain theorems and exemples.

In this note we treat operators defined in R3 for simplicity.

Consider an operator
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' E’ Y, ¥ ol o, o

(1) A= A(xq,y,D, ,D_,D ) = g, 4% ¥ D DD >
Hbspm

;3= TR0~ me

where ay yare constantis, Dj=3/d@xj) d;(dl,ag,q%), 7}=(Zi,7%,1 ),
Tag_l (i=1,2), X:(Yly 0:Y3); 0—=(¢i7 0,1}, Lqin(T1712)>61>0

3

3 Pt
and (T,e) =§< 1i%0(
Let Ao be the principal part of A in a sense, that is,

'(2)' A = A(x,,y,B_ ,D_ ,D :E x y o D S
?cl Xy M‘sn L1 X X, J
X)) ={T,H~m

We denote by A(xl,y,é,q) the differential polynomial correspond

to’Ao.

Condition 1. Ao(xl’y’Dxl’sz’Dy) is elliptic for |x|+|yl}o

AO(XlaY1§: rl ):% 0

for lxl\+ly\¥o,§é}fa|zGRl, end ]q+¢q\%0.

Condition 2. For 211 gfiRl and for all - nonzero vector §GRZ

the equation‘Ao(xl,y3%;Dy)v(y):O has no nonzero solution in)g(Rl).

Wle get main theorems as follows.
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Theorem A. ;Under corndition 1 znd condition 2, there exist a
neighbourhnood Qof xl:y-:() .and a left paremetrix Q for 4 in a class
of pseudo-differentiel opei'a'tors;

QA= I+¥ in Q, vinere i is a smoothing operator.

By the construction of Q we get egtimates for A and Ao.

(3)8 "u“m+s ..<-=. CK( “Aou_“é + “u\‘g ) VuC—CZ’(K),
(4), Eoheey < 0 haall gy sy ) Yue oo,

where ““m is the usual Sobolev norm, K is any compact set of

such thai K(\{O,xz,oﬁ =<35 , H u“(m):“Ni(D)um and A,:is a vseudo-
" o o

-

2, ~
differential oparstor with symbol Z{;J.rt&-}— HU +1 .
o

lMoreover we get the following statement.

€8

N /=
If AueHi’oc(Q) and u €D (Q), then u.eﬁigg/t— (€2)

where Ezma:-/;(”r,l’ T, )

Remark. If =1, then condition 1 means that A is elliptic

.

in case lxll +|y| is sufficient small.

fle may assume :E}l by the above remark.
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Theorem B. If (4)0 hold, then we obtain the following estimate

for all xle‘Rl and nonzero gé RQ.

“V“ £ C “ Ao(xl,’y,%,])y)v“ ¥ VE,X (Rg_f)

—
==

wiere || .|l is the norm im LQ(R;).

Owing to the above theorem we get:

Theorem C., Assume that A satisfies (3)0 and (4) . Then, A

holds condition 1 and condition 2 .

Now let us give some examples
‘ 13 L
Exzmple 1. A=4 =(-A_) =+ ;y2k(——A )Y din R2,
o J *2
where §and k ere positive integers. We can take’[:(la—k/}d,l),

0=(0, 1) and m=2 . In this case condition 1 2nd condition 2 hold.

¥ 2 2y, 3 3
Bxample 2. (Grushin 127]). A=A = ——5 + =P + =)
Y Bxl 3%y

+i’k,~%~. . In this case we can choose [=(2,2,1), 0=(1,0,1) and m=2,

Condition 1 holds. Condition 2 holds if ll‘(l or Im)ﬁ’go .

- ; o ...k o d ...k O k-1 D
Xanpl . =A =L Jav™ -2 g _ 9 :
Bxanple 3. A=A =(Z--iay ax2)( 5y iby BXZ) ¥ iUy

-
. 2 . . -
in R~, wvhere k is a odd integer, a,b and c are real constents

such that 2b{0. In this cese T=(k+l,1), 0=(0,1) and m=2. Condition i

4
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alweys holds. Condition 2 holds if and only if

afb “\::ﬁ 0,1 (mod (k+1)).

This result is due to Gilioli end Treves [_L]

~

§ 2. Notations and theorems for pseudo-differentizl operators

For. a pair of real vectors ?z(ﬁ, 332, e g’n) and g':(Sl,SZ,
~°/8n) we say §>>g if j)j>6;j for all j. In this section we fix

Qand § such that §>820.

Definition (cf. [57]). We say that a C®function Mx,E) define

n

g

conditions below:

. n . . . s - PR
in RXXR is a basic weignt function when ’)\,(x,g) satisfies the

-

sy | 7LE°(3 (e8| <A A, g (0 eop)

(6) 1A§7k(X+y;§)§.A(y>t°>\(x,§) (t20) ,
| . |
where  A(E] (G, g)=(3/05) 1 - - (Y g,n)%uia/gxl)gl. BTy

N:‘:,ﬁ) end <y>:(lyi2ﬂ)1/2 .

We denote by s™

A ?’8(

. . n n
defined in RXX RE

(009 Sogr 006D

—w<m<oo) the set of all C”~functions p(x,£)

which satisfies for any oend @

m

for some constants Co(, % . For a symbol p(:-:,g)E S we define

'\
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a pseudo-differential operator by

Pu(x)-«-p(x,nx)u(x):fe“'fp(x,g)m 9%
where ﬁ%z(Zﬂ)”ndg and 3(%) denote the Fourier transform of ulx)

_j11}g defined by

v'a(g)zb/;“ix'Eu(x)dx.l

Wle call o pseudo-differential operator a smoothing operator when

m

its symbol belongs to S
Eys§»8

for any m.

How consider a pseudo-differential operator of parabolic type.
= 2 + p(x,D_)
Y = X

We call an operator B(t) a fundamental solubtion for L vhen B(%)

satisfies

L E(t) =0 in 0<t<K 0 ,

E(0) =1

By [51, we get the next theorem

Theorem 1. Assune thaﬁ:p(x,g)éésfr satisfies
? ¥

Re p(x,%) + C g;coﬁ\(x,g)ﬁ

for positive constents ¢ and Coe Then, there exists a fundamental

- -y o O . i o
solution E(t) which belongs to S 8~wlth pareneter . and whoge
?

P



symbol e(%;x,%) has the following expension

: N~1
e(t;x,%) = jzlei(t;x,%) 4 rH(t;x,g)
1=o°
- ~ oo — 8] Y X S o L-sor —m ) A
where ej(u,A,g)E"bmjg>g ,rﬂ(u,“,g)e QL’?’S , W=min (fj—ES) and

N is any number such that wizl. lioreover we gebt eo(*;x,é}
= exDp {»tp(x,%)} and

ej%é%(t5x’§):aj,i, (t5x,8)e (t3x,%) (iz1) ,

k
where aj,x,Q(t;X’g) Satisfyj
aj,oa,p“?x’%)lécj,d,ém}:,g)‘“’i-( 9,0 +(8,§)

W2

X T%;Q{t Rep(x,g)}k

About the behavior of e(t;x,%) for large t, we get
Theorem 2 (Tsutsumi [5). Tet p(x,g) setisfy the assumption

of theorem 1 8ng
Re(p(x,D)u, w) > cp ||uf? uef (@)

with 2 positive constent cq. Moreover let ﬁ)O and kﬂx,?) satisfy

a
IMX’i )2 a(lgl+ x|+ 1)
for some positive constant: a . Then the symbol e(t;x,s) constructed
in theorem 1 holds the following estimate for any integers J end k

and positive constant &
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NG [ () e, P[00, s o2 exn(c,t)
(t.;o)

for any dand@ R
vhere ¢, is any constent less then c, and C(j,k,d,%,z) is

independent of t .

Now assume that the basic weight function Aﬁx,z) is

. . - - -1
independent of x and D

BT B (g2 (%, >0)

Yie denote the Sobolev norm by

et
i, o= e
where W ll.is tThe norm in Lz(R“?_.

. Let {)be 2 open set in R™ end let p(x,%) hold the estimate

below
(7) ‘pg?"‘%(x,i)-lch,d,? x(%)fc'l~(‘)>,°{)+(&?) Vj:gK
_fér any compact set XK in () .

Theorem 3 (Tsutsumi [b]). Iet P:p(x,DX) satisfy (7))

¢

2 1 ' co,
uu nm,7\=<= Cz{(uPull +\lullm;%) ué Co(h) .
vhere Mam=0, m>n and K is any compact set in (2. Then, +for

every K and every integer W one can find ¢ so thet when xe¢X andgﬂfl
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METIIS j | 2 2005 A0 Pt | %oy

d.‘\'f; [<N

%,Mg)zrh 28, Lm &%Z £ y‘%}f‘u\ ay> , 1{60‘2’(3“)

1 dz
Here @=(%,@2? R G ) is chosen such that € _1r:11n(§>;l 8 GJ ,@ 20

and both dl and 612 are constants indevendant of ¥ .

é 3. Outline of construction of a left parametrix Q.

Ve introduce some notations.

b (s, )= [ [y ])

5
—v<xl,y,§ vp Zh(xlm g0+

ot Zl%a %
,ug,vp Zli\wqw 1

+ 1

We denote by S Ty, Ko X) (~omces) the set: of all C”—functions

1 .. -
p(xl,y,g,ll) defined in R;{(R%R?R}L vhich satisfy

for eny 0(:(0{1;°(2’°{3), (5*:(%1,0,@3) . Ve define a psuedo-differntial

operator Pu(xcl,x2,y) with a symbol (r(P)_p(}l,;y £, I’L)G (\)’P"X) by

Pu'(xl s Xo 7y')=~fei(x‘ SRR 'L )p(xlﬂﬁr 27‘2);\1( E’Y_)E/Sd,)z_

for Iu € ,&(RB) .
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We get the following lemma for operators of this class.

m.
Lemma 1., {Psutsumil[bl) (i)IF Pj belongs to S 3(}],%,’){)(;&1,2)

My M,
then PP, belongs to S (\),P\’,‘}(,) and

U‘(Ple)(Xl:Y:gﬂl) ”Q‘(pl(xl73)’7§7~Dy)p2(xl’y’%’Dy) )
§

belongs to S °° (\},}L,‘X), where gazmin(tl-,IQ)—*Ui
(i1)If P belongs to S°(vV, BK,X), then P is a bounded opzsrator in L?R3)

(iii)P GSm())‘)P\,‘X) has pseudo-local propety, i.e. For any g})yeCw(R‘))

P is 2 smoothing operator when suppﬁ)[\supp‘j/ = 5()

The main result of this section is the proposition below,

Provogition 1. Under condition 1 and condition 2 there exist
.. ‘.2 N m .

a neighbourhood {J<R”.of xy=y=0 and A(Xl,y,g,il)é S (V,}L,X) which

. satisly the following pwoperties.

- . . . -M . -"\/ .
(i)We can construct a left parametriz Q€S (y)}i,x) for £, i.e.
"\\" .y k) 3 Wy v -+
QA= I + ¥ , vwvhere w is a smoothing operator .

(ii).(kr’f‘m(Klyy‘}g:‘(): 0 if (*hlyy) < Q./ .

By this provposition and lemma i one cen’prove theorem A, noting
that, AH.C belongs to Sl(’)_)g ’L;)O and that Q is elliptic for || + %0,
i.e. The symbol q(xl,y,g,tl) of Q satisfy [q|2c(l5+ “[H‘l)'—mfcr'

<+ lri% O .

V/e need several steps to show pronosition 1.

10
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Lemm=z 2. For all oznd @ ve have

m— | 31

|35 2o ey 5, LS 0 (V™ e s

N v
doreover ii we Tix a C‘:(i{l)—-fuﬂc”cion j’, then 37( [:{l\l%\y\ )Ao(}:l,z,r,g,\z)
belongs to S(Y, ),L’X) and Cy({y. YI-}-\J\)(A )(Al,y,g Q) satisfies (3) . for

¢, hix y)gi (> 0) instead of the constants C in (8).
d.’% R 1 e - ’ = d”Q

Lemna 3. If condition 1 hold , thenwe get for some constant

cC >0

s, (xl,y,g q)i<>}(z.l,y, SIS C 4, ey, l)\ :

Lemma 4.(Grushin [2]). We find a constant €,>0 such that

“ u“ écl “ £ *-]_h 7% DV)U-‘ ‘Ylué,g(Rl)

for eny E when g%kal

Set ?\y(y,vl) with parameters z:(}:l,g) by

1/2m

2
?\.Z(erl) = (‘AO(Xl’y’%’Yl)‘ + 1)
then by lemmz 2 end lemma 3, we getb:
Lemma 5. IF )g(:-l y 'bhen we geb
(1) Rz(s;,ll) is a basic weight function which holds (5) and (6) for

Ao! 5 ang@ A indcoendant of parameters z.
4

(13) Js5, Gy, 8|2 w1 20 A0, *
(131) ‘9€3§ Ao(xl’y’g’q)‘éé Co,q Al 5)

where Cd (Dare inGependant of z .
’

11



low, by lemma 5 we can apply theorem 1 for Lz:Lxl, x (1el =1)

Kad

iefined by

i 2 ,
L =15 = - i}
- Xl’}', 3t + p(}*lryigr ) ’
rherc J(Al,y,g D )=A (}»l,y gL } ! (Xl,y,g D) end

g,

l’d 7§ :) )

is the adjoint operator of A(Al,u ,§ ,D_) .

Let e(t;y,D _;z)¢€ DR 1.0 be the fundemental solution for L, with
?

y

parameters z. ([]= 1).
For any & (E};l ) we get
Lemma 6. If condition 1 and condition 2 hold, then there existe
the fundementel soluviion U.(t;,y ;z) for LZ vhich admits the expansion
below for Hz2m,
n-1

u('b;y 3%) = Zv (t59,052) + v (657,752)

=

bat u. (L,y \fl z)‘<(, (v + P)—-j——\«\ )ljﬂg}\e}ip[_~00(v+}k)2mt1

3,0{7

‘35?93 V;-{:(t-;y',q;z){gc;,d,@(v+}k)~1-z—m }in-ng_n ’
(9) l )1351,7('t,J, )i (\)F}L) K- !wl’x{l-lﬁi _'7[_ Hth:{
m

for K $2¢8>0 end 211k

Proof. TFor \g |=1 by lemm= 4 end theorem 2 , one cen find a

constant C independent of z such thub .

max sup ‘f(f[*DsD e(*»kﬁ,y,'l;5:.)!§chp[—02t] (t=0)
ne(lrumg,h-wkk ‘36R‘ *Lé‘( 1

for any §£>0, i and C,<Cq

Ao(xl,y,g,f() is cuasihomogeneous in the sense

12



A (0 Uixl,?fly, Ve 7@%2 e )=Xn.fao(xl,y, &5
then v.(t;y,kt;z) is given by
00 w5y 5)=e P 7 e, 6, T 5)
where }L:P\(%) is the positive root: of the ecuation Z;{"’ 2E§§:1.
By (10) and theorem. 1 we get the assertion. )
oo

rut r(xy,¥,%, Yl) 1(y,'l X1,E)= Su t,y,‘}v;xl,g)d‘t. for [g\z=1
Then R(Al,g):r(;y,l)y,xl,‘g) is a left and right inverse of
p(xl,y,g,Dy) . Let us define a I;seudo—-differential operator K(xl,g)
with parameters by

K(le%):R(leg)ﬂo(xlybﬂg;by) .

.Z‘

Then for §l>‘1

Lerma 7. K(Xl,§) is a left. inverse of Ao(xl,y,%,Dy) with a

symbol I’(y,fl g) k(}_l,y, '1) which admits for eny J and B

( V+ )TI‘-IO() 141
wy YRR
Ioreover 'j?( [Xl\3‘+\y{z)k(xl,y,g,"l) belongs to S“m()),}l.,’)() for any

g€ Cg"(z—zl) )

|art 92 O =

Proof. It is sufficient to Show thei r(y,vl;xl,g) satisfies
L% s / —2:3-;\0(! igl
ENE) r(y,q,hl,g)lgcwar 'y p!®

2 -1
and that Bo(bclslﬂyﬂr(xl,y,g,’l) belongs to S 21(\),}(,%)be lemns 2.
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Ve vrite

K"eE) oo
r(ny;leg)=\§u(t;y7ﬁfxlyi)dt + u(t;y’n;xl7§)dt
¢ K™
= I, + I
l 2 L3

For Il we fix Il such that N Z2m znd use the expension in lemma 6.

Vie apnvly (9) taking k=2m for 12 . Yor derivabtives with respect.

t0 parameters xland %, we can write for example

43 (y,Dy;xl,g)z—r(y;,Dy;xl%)pgj(xl,y;‘g’,Dy)r(y,Dy;xl,E)
Then, by lemma 2 and symbol calculus of pseudo—Cifferential
operator with parameters z:(xl,g) and also noting that R(Xl,g)

has psewudo-locel vroperty with respect to y, one get the assertion.

if {xﬂ +{y)€l . DNow let us construct z pseudo-differential

- .. = R _; . F" - 1: - 3 i il ) Fa 8"1 + . :{ _
operator QO QO(X1,3,JX1,DX2,Dy) vhich is a left paremetrix for
~ - .

AO(Xl’y’DXl’DX279y) by using k(xlyY1§’Q)-

Put q;(xl,y,g,q)z?l( lxlr}]yT)%E%JET)k(xl,yiqu? +?l([xﬂib?)§i(lgf)
Fp e Gy 60 #9 U iy ey G, 50)

Hore X (2,5, :Ao(xl,y,‘g,*z,)"l, $1€05(aY) suon thet ) (4)=1 frka

14



5?1(1;):0 k2  and Cg2zi~§71 . It is c];ear that 'q;(xl,y,g,tz) belongs
7Y, %) .
/ ~
(1) qo(xl,y,f,Dy)}‘xo(xl,y,?,})y)——l 57 °()J}L,')(,)
vhere S‘::min(sg ;1)?0 using (i) of lémma 1 .

From ({1} one coan get a left parsmetrix Qo€ S-m(v,}l,?ﬂ) .

For any £20 therv exist Q and a( 1,y,§ ’l)é (%ﬁﬁ() such that
. /
A(X1:y7qu) = A(Xlﬁy’i’q) I (X11Y)€‘§Z
v - =1t
(12) l(n—f )(()(Xl,y,g Yl)i<£ SR L T C R
for ((:(O(l’ 0(21 -.3) and §:\§1707G3) .
If¢ is sufficient small, then by (12) there exists RO&SO(\},F,Q{)
the” inverse of I+4Q (»x-»-:g) . Set Q:ROQO, then Q is a recouired

left: psremetrix .

§ 4. Prooves of theorem B and theoren C.

At first we show theorem B.
Define a weight function \(E ,vl} by
NG =95, rp(Z(g e i)
where §€C*(23) such that fy(g) =1 (5|21) 5 Y(5)=0 (5l<1/2) ena
T=aox(T.,T,) . Then by (4), it is clear thot

(3) Yu“m’;\g‘_C(u aull Hiull ) VU.GC(:(Q).

15
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N
‘& ig emsy to see that ) _ - o ol (o T
't is easy to see that tx(xl,y,g,ll) belongs to :,3\’5,,8 1f§> (7T, T
nd 6:(0,0,0). Now from (13 ) we can apply theorem 3 in §1 for

|=0 ,choosing @j such that Gj=(tj+crj)/2 (3=1,2) ana G3=1 .

Men for any K

Cldl “‘}3 DO+ (el ‘l%l‘)@.a‘\"l A—1p, 1

WME,0) ™ if < ¢ JIZA( )(Al,v,g 0) A(s;

lf'Y'\)\\N

14) .
FIRY5) /a1 a§+)\(g,o)2‘“*2fe1‘~+ﬂl 18 }

N‘&Kﬂrt
liow take N such that: 2m[-2 EQI‘-?+6;1=2;11+E’0 .Note that L4) is

—

triie for \L(‘E) insteazd of 7\,(§ 0) and put xy=t +x i,;,r:o. and.

§j=tt&§g (j=1,2) such that }«L(ﬁo):l . Then quqsihorn.ogeneity of

},L(g) and }a%%g(xl,y,§,0) we got the following estimate

s o || Zaofersos o sy Ll o |

0

where Y = min( 81,(”‘2 0“)/2 ).

Kote that: Z (0,0 °‘)(x°,o, °,o)§%“r el=A (x2,&,%%,D. W ena
chTi.’)KN(O ,0, 672 5 s A=t 0G208, 30505 ) e

guasihomogeneity of A (xl R ,§ Q) vie get the agssertion of theorem B.

To show theorem C we take 7\,_(§,‘Z)= (Z[Ej}Q—r ““2 3 1)1/2.
; : }"—‘-L

Then by (3)O and theorem 3 we get for (Xl,y)éK

16
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K52 ol ey v 5| for [ +/ilze >0

By cguasihomogeneity of Ao(xl,y,g,Q), it is elliptic for \Xl\+lyl§ 0.
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