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ON NAGUMO'S EQUATION OF A NEURON

Norio KIKUCHI

(Keio University, Yokohama, Japan)

1. Introduction

In this lecture we shall consider an equation of the type
DZU/ = 3 u i ‘ Py
) >t A IR (T
This equation is a general form of the equation

3 g <D .
T = T e T (mur e 0 —

]A >0, & >0,

which was proposed by J. Nagumo(1962) as an equation of a neuron.

R. Arima and Y. Hasegawa(1963) have proved that there exists a unique

solution of (1) with the initial and boundary conditions:

; 24U
- Ulx, 0d = Uy, So(xo> = U= Lov x20,
Ulot> = \‘-\/d—) Lov T zo0,

under suitable conditions.

Here, we shall consider the equation (1) with the conditioms:
oU . £ .
e lx o) = k—\/u>6 C“—Lo/ 11,

U o> = Pd € c*lo.1]
UL td = b e C3[o,t>a>f

(3) s
Ulot) = Qe e C Lo =),
Now, we put the following assumptions on £, g:

4') i € (:2(_00) o),

(4) “Flu+1) = £ = T,
gl = Gl

The compatibility conditions are the following:

Acod = Slod |  be> = e,
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G/(o) = \-\/(o) 5 \D/CO) = \\/U),
a“te> = \-\///ca) -+ :-?(aio)D ated —+ 3{(&(0)))
b o> = \.k"(\) — :F (b)) blod> —+ 3(\:(&)

(5)

Under the assumptions (3),(4),(5), we have the following result. Let T
be any positive number.

Theorem. There exists a solution u(t,x) € d%[O,T];dﬁO,l]) satisfy-
ing (1) and (3). |

By using the fundamental solution of heat equation R. Arima and Y.
Hasegawa have obtained the integro-differential equation associated with
(1),(2) and obtained apriori estimates. They have constructed a local
solution of the integro-differential equation by the method of successive
approximations and obtained a global solution by using apriori estimates.
Our existence proof of a local solution is achieved by replacing 3%&§t
by a difference scheme and by a compactness argument. In the’conmstruction
of a iocal solution we don't use any particular properties of heat equation,
However, we ceuld'nt simply obtain global apriori estimates, unless the bouhdary
condifions are homogeneous. Hence, in order to obtain a global solution
we use an energy form for our problem, which is similar to that given by

R. Arima and Y.Hasegawa for the problem (1), (2).

2. A construction of a solution

We transform the equation (1) "to a system of equations

2V - 4
© /at UT o Lo VT qlw,

‘b~4/317 v

Let N be a positive integer sufficiently large and let us divide

I

the interval [O’To] (To< T) by points tn-_=nh (h—_—_TO/ZN, n=0,1,...,

. . N N
ZN). We define functions {un} (n= -1,0,...,27), {vn} (n=0,1,...,2")



inductively as follows:

uo = cf)
v = - {0 et wx vt )
- A . ‘
~l52__;L. = U]« flua) U+ g lual),
) —
U'V\’ﬁ‘ Um—{ UM:
Un(od = G&ctnd,  Vam(id = b)),
U_‘ — uo — ’e\ \)—D)

vy = v, — & v, «&_—g(u,.ovj, — & q (ued

Further, we put

V, — Uy . .
(8) z = — = v+ £lul) Ve w glul)

and for each n (n ==142,...,2N)

m — i
(8') 'ZM == —— ""‘E‘ ) ') \'\-}_M — %“"21\—1
; £
In the Banach space X =C[0,1] with the supremum norm

Htug = su?p \ ‘U\(a:)\
ocsx =\ 2

we construct Cauchy polygons by

P> = ¢ ) - € m >
@N > — (4& «-‘V,“q) WUa + (‘t.“ -t um_\ ‘Q";{-te L‘“tm—t/_tu]
4

(12w =2N),

Suppose, for a moment, that there exists a compact set K ¢ C[0,1] (inde-
pendent of N) such that

{uwy () (=) C K

and {xd}‘} is equi-bounded (independent of N). Then, noticing that
-*+
+ —
AT S = =,

o\*@.q(‘b/d—t- = U, —go\( T €& ETM_\)TM ) -

2

‘ AP/
we can conclude that the sequences {?ﬂ > }) {@N &)}) {d‘ P 44&}
A*(I ¢ . . .
and { C;“*}£¥ } are equi-continuous in t and hence are normal

families in X. By the construction (7) we have that
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d-‘—PN&)A-t' _ ?“”c-\;“) -+ :‘i(@NCﬁ_‘)) PN(‘%,,\) -« %(QN&M.‘}))

¥t fpi— = T, chad Lov telt, t.),
?N (&) — \-\’ —_— {(\——1) —g—ai’io) - X ‘?’2\' B/Za) })
Q\\l(°> _ %’

Noticing the closedness of the Laplace operator and d/dt, we have by the

continuity of £ and g that

4 P(*')At- = Pl £(O&) P> + 3(@&0)

AOL-&)/O\—L—— = P> Loxv t € Co 71,
’P(D) — \‘}/ (;[O) — Cf P
where
Pee> = 2"_;""‘» PN &>, (e = g"‘__’;";‘o Que.
By the construction of ’LLW we have that P(t)(.) & C[0,1]
satisfies

Pees (o) = Qetd, Ped(1) = bad Lov t 2o,
Consequently, we shall construct ("\AMB, {\)‘“} , which satisfy (7) and
prove the equi-boundedness of {UM} s &U’M} s {i‘“} 5 {\J'M},Which implies the
existenlce of such a compact set K as stated above.

If we could find {\JM}, we can find {‘um}, {U‘M} and {%’“}és follows:

. ZM = 'Z,“_‘ - /E\ "O—M —_— -2’4/\——2 ey .‘e\wm~‘ — ,a W,

= ?o-\_»&(w\-i-w,_—\---. 4 \JM‘),
U, = Ve ’—\-/e\(g\ﬂ‘. FEa A ee o _2“'))
W, = U, "“"B\(U—\ +'_U_1+ < ..+ l)—-v\),
The equation that W, (n22) should satisfy is the following:
2 Vs -
£ w, = £ (.‘\AY‘M—"\JM_,‘>~——’ 42 £ (uoy) W
(9) - E :%('u‘hﬁ) -2 4“"««—23 ~ ':@(\./\,“._3)] Uﬁm-—\

—_ &E:Q(umﬂ) - flu,» i‘_i——(_'g(u,h_‘) —2G(uU.> =+ 3(“~-z>j,»

4



I

'UJ' (.D) — aM - 3 a‘“—i -‘"3 a‘v\—:_ e C{’»\.‘;

bm — 3 h'1«-\ * 3 \o«‘v\—;_ ——\O'v\—-3

WL, (B = 3
—&

The equation that UC)—‘ should satisfy is the following:

J&Lw“\” = Bw — RO (Vi- )+ (fun)d - fludd Ve
(10) — (flud — qud) — & 27,
w“‘ (D) —_ -Z‘(D) — %OCG) \ Uj((‘) Z\(\) -——-‘2-0(\)

4 - *
In order to find a solution of (9) and (10), we shall construct majorant
and mimorant functions for (9) and (10). By the compatibility condition

(4) and the smoothness condition (3) of £, g there can be shown that

there exists a positive constant M, such that

[ Uncesl, Vo, (vuco Vuncnl \Zawl, 1Zaol,

Lwieol, twaml = Mg (wzl) , B0 vvil 2™

The functions ~e3 (> ==Mg’x\, Lio=-M ~ ¥\ and 5, =Mx (s @ 0 =-M - X'ﬂ}
X\ = wmax { o, W £ “Mo“ Fi =+ :?/“/V\: \ro\ll+ “3/‘5\4:«%“ W2 ~'\<})
1D (=2 oD X, = o+ = £l D=2 £, D~ Fu ¥ w vl
4R~ £l pHE § W= 2§D~ Gl
can be shown to be majorant, minorant functions for (10) and (9),
respectively. Hence, there exists (\JM} (n Z 1), each of which satisfies (9), (10).
Next, wé shall show that f\um}}l‘ U‘M}J &21.} and (w,,} are equi-

bounded. If we put

v, = \)"M _— {(J-—x) U, (o) —+— X OM(\)} (V€ g 2 >}
J, satisfies
R N \ J— e
U‘M/ - }e\ V. = — =3 Ve — :%(u'“—\) U

-—{(\—1) £, ) U ted + x £lu,D U"M(,\)}
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— @(u_“_‘) — { (W=D =, (o> + X Z, D })

U 6> =  VUn (> = O.

From the property of the Laplace operator we have
Np— o e— e e ) . g 2
12) | Uul =600~ AT uo £ G U, N+ ‘ﬁ/‘/\o\:'(“l&...‘\ﬁ\)*&/\/\o.
From _
Uy = Upy — & {VM 4+ (L= Un(ed = x Tl },

we have for 1 gn_f.;ZN

(13) Fu, b = vu v~ Aoy /\/\o) .

Determine successively &, and @M by
x, = |\ @\,
B, = wun ~ 4

@“ = B, _\_-&'\T%M’t"E\Gro(ﬁ_\ﬂ-’e\/v};\:(o(mi&-\)-k’e\/\/\o,
R O A

Then the inequalities (1Z) and (13) imply the estimates ‘
uwl = K, W VLN = @M ‘&O‘( 0 = wn=< 2“1)'
which can be verified by the induction with respect to n. Denote by o{ )
?N(_t') polygonal functions with their vertices (nh, &), (nh, &3“). If we
have N— oo s {dﬂ(ﬂ} ’ {?Nm} converge to continuous functions oA,
Ga,-) , which satisfy the following differential equations

4 - + x2+1) * Gt + M

- B g °

with

K(c> = \\Cf\\) (;Lo) _ \‘-\/\\ — ﬂ_,
If we put

2 2
Yc—b) = oK (Ed R?C“t) P
\(Ct) satisfies the following differential inequality

"\\%t = CCy+
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where (:, is a positive constant depending only on F,G,P% This\inequality

has a continuous solution on [O,To], where

= 3

C{l+vg®+ e } _
which means the equi-boundedness of %xd&€§ ’ {@&&)) and hence of {UM}

. 1

{U}} The method of such estimates as stated just above is due to that by

M. Hukuhara, which simplifies the estimation for the system of such

inequalities as the type (12),(13). By noticing the equalities (8,8') and (11)
we can similarly conclude that {ZQ}, {\J;}are equi-bounded(that is, “LMN,“U;K

fZH% hwt £ M) - Consequently, the following estimates

7 _ ’ , : ) ‘ N4
b U, SWEL +0 :F\\M B, + “3“/\/\ _ﬁ_Mﬂ-M\\%l\M*\\g\\M =M,

| ,
LT T N Y R AL R E ol T S UL PV S  wr AV W

Y/, N B
Azl = v/ -v ==, - £l DOV = §lunad
—z’\n—\ i {;UAM_l) vu—\f ?{(u'\«-o.)“
" - o Ve 2 .
A (vwun v u £ Bt Ve = fh nZ0h + “f!/“/v\“ L)
= B(M + M2« MmN g )

Ce | = sup L] |
(\ :{L " for example, means that 1 -{'“M “3“;‘?/&:{; )

imply that there exists a compact set K ( C[0,1] such that
wy vy, (=) < K.

Hence, we can construct a solution of (1) and (3) on [O,TO].

=

Similarly as R. Arima and Y. Hasegawa have done, we can construct an

energy function to our problem and have a global solution.
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