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On Levine pairings

by

Sadayoshi Kojima

$1 Introduction
in n-knot will be a smooth oriented submanifold K of Sn+2,

where X is homeomorphic to 5™, Since the complement X = Sn+2-K

is a homology circle, the universal abelian coverfi’of X has an
infinite cyclic covering transformation group. This defines a
unique module structure on Hq(f;z) over the ring N = Z[t,t_1].
Wwe will use the notation Aq = Hq(i) and refer to it as the

g-th Alexander module. Let Tq be the Z-torsion submodule of Aq.

In case n = 2q, J.Levine has defined an obscure linking form
L, ]:Tq)(Tq-———~> 3/Z2, satisfying (-1)q+1—symmetric property,
(L3, In §2, we shall give an alternative description of it by
making use of the =T-Seifert form, defined by M.A.Gutiérrez,
This enables us to answer the classification problem, A simple
2q-knot X is odd finite if T[q(X) is finite and 2-torsion free.

Then the result is

Theorem ; Let KO, K1 be odd finite simple 2q-knots with

isometric Levine pairings and gq>3. Then KO is 1sotopic to K,.

A rough plan of the proof is described in § 3. And sone

corollaries of this are stated.
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§2 Levine pairings

2.1 Ve recall the definition of the Levine pairing. The
property of duality for the Alexander module has been observed
in many ways. The most suitable formulation for us is the
following exact sequence fbr 0<Lq<n:

O———%-Exti(An_q,A)-——%vﬁé-——% EXtX(A \) — 0,

n+l=-q
where qu denotes the right A -module defined from the original
left _/\—struc_ture by usual means. This follows from the duality
theorem of [IM), the universal coefficient spectral sequence and
the general property of Aq. As for a Alexander module Ai,
Ext,z\(Ai,/\) is a Z-torsion module and depends on T., while
Ext/}\(f‘xi;/\) is Z-torsion free and depends on Ai/Ti, therefore

(1) T = Ext/z\(Tn_q,/\) for 0<g<n.

Now, for the finite |\ -module T, - there is a canonical

’
isomorphism as A -modules: :
(2) Ext/z\(Tn_q,/\) A Homy, (T, ,Q/2).
So that we derive the Levine pairing by combining the isomorphisms
(1), (2): |
., J:qu Tpeqg — QW/7Z.
In case n = 2q, it satisfies the following four properties:
a) Z-linear: [mo<,/3]= [ ,m/SJ = m[d,/@] for meZ
b) conjugate self-adjoint: [AK PRI = [o(,}\/g] for Nel\
¢) non-singular: the adjoint to [ , ] is bijective as a
homomorphism:Tq——-> HomZ(Tq;Q/Z)
) (-1)% " -symmetric: [, B = (-1)q+1c/3,o<3.

Remark ; This is almost‘complete algebraic characterization

of the Levine pairing. In fact, for any pairing [ , 1 on Tq
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satisfying a), b), ¢) and d), there exists a 2gq-knot with the
Levine pairing [ , ], provided qx=2, [LJ. e don't know what
kind of pairing can be realized as the Levine pairing of some
2~knot.

2.2 For the purpose of this section, some preliminaries

are necessary. The geifert menifold V of a 2gq-knot K is a smooth
2q+2

oriented submanifold of S which is bounded by K. Writing <

for the torsion subgroup, we define the T-intersection pairing
(classically called a linking number) I:th(V)®th(V) —> Q/7Z

2q+2—V)*———>Q/Z as

and the <t -linking pairing L:th(V)@)th(S
follows., Let cX(}(Hq(V) have order d. Represent K by a g-chain
£, and let § be a (q+1)-chain such that 9§ = d-f{. Then if
/3<ﬂqu(V) is represented by a g-chain ? , we have I(CX,/3) =

Int( S,'?)/d (mod 1), where Int( , ) is the usual intersection

number. And if 6"e—<Hq(qu+2—V) is represented by a g-chain st
with © f = AU for some (g+1)-chain [ in 52q+2, we have

L(X,¥) = Int(&,f)/d (mod 1). Then the L-Seifert form of V
6 vH (V H (V
o (V@ <H (V)
is defined by letting @(CXG@%B) be the T -linking number

> Q/2

L(cX,/3+), where /3+ is the translate in the positive normal
direction off V of a cycle [3.

A finite abelian group G splits as the direct sum of its
Sylow subgroups. Since these are clearly orthogonal with respect
to any»form on G, the whole problem splits accordingly. Thus
without loss of generality, we may assume that ‘CHq(V) is a
p-group throughout this note.

Let {di}ig1 be a basis of (.Hq(V) having order p, with
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2q+2_

Py, and {/31}151 3 th(S V)

pe the Alexander dual basis of {O(i}. The embeddings
2q+2_

elementary divisor p1|p2

e o 00

V are defined by + £-pushes., Then, for
2q+2

PP —

maps M yy C x: TH (V) —— th(S ~V) induced by kK, (,

q
we shall give the matrix presentations:

K*(O(PO(Z".”’O(I() - (/,81,/32,,“,/31{) M,
(/*(O(‘l’o(z’ot-’ O(k) - (/':31’/92,000,/31{) I‘l’i—.
Indeed M, are not uniquely determined as integral matrices,

but are uniquely determined modulo (P , where (P = P-J,

p‘] Q : 1, 1,--0’
P = Py and J = 1 e

1§ D pk » 1,vo-ooo,

and if Mg = (p; O(X® O(j)), then M, = 1Mgy (mod (® ) and

H_ = Me' (mod © ), where 'Me' = P-tMQ-P-1. The result of [Glis

-—

- @ s 0

Proposition 1 (M.A.Gutiérrez) ; The presentation matrix

of T is given by (t:Mg+ (-1)%'H,', P). lore precisely,

there is an exact seguence

%ﬁ‘/\ SHN é/\ > Ty >0

such that A(ug,.ee.,iny) = (Vy,eee,vy) (te2g+ (=1 g, ),

where {u;} and {v;} are bases of %{/\ and é/\ .

In general, the —(-3eifert form of V is not non-singular.
Therefore we demand some minimality of V so that it turns out
to be non-singular. A Seifert manifold V is g-minimal if
K ss (,*:Hq(v)———qu(qu+2-’J) are injective. Now, if /o,

.. . . . . . . -1
is isomorphic, then there is an inverse isomorphism A, .
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Let 1'419—1 be the representative matrix of /C*-1

with respect 1o
bases {/31‘; and {o(.l}, then 1‘/19-1“-'19‘1 = 1:'19’1. Mg = B (mod (P ),
wnere I 1is the identityv matrix.

2.% liow, we shall give an alternative description of the
Levine pairing, Let X be a 2g-knot and V be a g-minimal
Seifert manifold of K. A square matrix Iy = (I(o(i, O(j)) with
entries in Q/Z is the < -intersection matrix of V. By

Proposition 1, the element of Tq can be represented by a column

vector of é/\ . The gquotient form [ , ]e on Tq determined by

the <T-Seifert form @ of V with values in @Q/Z, is defined by
[o(,/g]e = the constant term of tﬁ-?l/e-v (mod 1),
where u and v are representatives of (X and /3 Here, Fﬁe is
a square matrix with entries in /7 EEt,t—1J] defined as follows:
set a Q/Z-matrix U, = UM, I -ln , where H, = (Mg')” ! and
< o ‘e CvVte 6 ~ ‘e
z-matrix Ay = (=1)% ¥y 17" (mod (P ). Then

(=%
~
T

_ oo .n b, \n

Lemma 2,1 ; The guotient form C, ]9 is well defined and

satisfies four properties a), b), c¢) and d).

We recall the formula [GIJ:

6(o@p) + (-1 g(ROK) = -I(e, B) (mod 1),
namely g + (-1)q+11"~ie‘ = -P Iy (mod (P ). This enables us
to Prove Lemma by routine calculus.

Lemma 2.2 ; The guotient form [, lg coincides with the

Levine pairing [ , ] of K.
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The proof is supplied by Levine's observation., Proposition
7.1 in [L1] is valid in more general situation that Hq(V)stq(i).
2.4 We shall expose some examples.,
Example 1 ; 2-twist-spun torus knot of type (2,p).
Here, p is an odd integer. This is fibered with the fiber
punctured L(p,1). Then
Mg = (p=1)
oA N /(ee1,p)
U o= 2,2 (-6)/p.
Example 2 ; 3~-twist-spun torefoil.
In this case, the fiber V has the homology HT(VJ‘its L,®7%5.

1, O
It =
‘IG

b A /\@/\ t+1 1, 2,0)
1 t t+1, 0, 2

. E {can( 0, 1/2)+ ‘t3n+1(1/2, o)+ (3n+2 (1/2,1/2)}‘
n=-00 1/2, O 1/2,1/2 0, 1/2

§3 Summary of the proof and Corollaries

3,1 Our new description of the Levine pairing demands
minimality of the Seifert manifold. For this reasdn, the

following result, which is due to the surgery, is necessary.

Proposition 2 (J.Levine) ; Let X be a simple 2g-knot.

Then there exists a g-minimal Seifert manifold of X, provided

q=2,
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Howi, bv virture of this, we can describe the situation for
the proof of Theorem as follows. ZLet KO, K1 be odd finite
simple 2g~knots with isometric Levine pairings, And‘V, W are
their g-minimal Seifert manifolds., The <t -=5eifert form of V
(W) is denoted by 6 (’Z). Qur process is divided into the

following Lemmas,

Lemma 3.1 ; If the guotient form [, 1y is isometric to

(4 7 , then the T -Seifert form B is isometric to 17.

{
i

Lemma 3.2 ; In cese g is odd and > 5, if 5 is isometric
2q+2

to i?, then the Seifert manifold V is isotopic to W in S

Lemma 3.3 ; If g is even and > 4, then the fact in the

——

above Lemma is wvalid,

The hypothesis "odd" of knots is essentially used in

=z

Lemma 3.2, 3.3. The proof is so long thnat we shall refer to
[K2] for details,

2.2  Here, we shall give some corollaries of Theorem.
Notations and their definitions are followed in the previous

article [K1]. The first result is established by summing up

Theorem and [X1].

Corollary 1 ; Let K be an odd simple fibered 2g-knot and

N

> 3. [Then the isotopy class of K is completely determined by

&

ne 1st, the 2nd and the T- Seifert forms.

|




Now, the followings are immediately obtainable from this,

Corollary 2 ; 1If a 2g-knot K is as above, then there is

a unigue splitting K = KF#KT such that f[q(XF) is torsion

free and th(XT) is finite, where # denotes the knot connected

sum and Xp (XT) is the complement of a simple knot Ky (KT)‘

1

Corollary 3 ; Let K be as above and p, p':X ——>S5 Dbe

fibrations of it. Then there is a diffeomorphism f of qu+2

such that the diagram

commutes,
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