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A property of higher order asymptotically sufficient statistics

By Takeru Suzuki

1. Introduction. Suppose that n-dimensional random variable z,=

(xi,X2,...5Xy) 1is distributed according to a probability distribution
P, . parameterised by QG@CR,1 and each x; is independently and iden-

tically distributed. In LeCam[l] it was shown that every estimator t,,
with the fomm t, = é\w+n"'-1~' (é\n)§:)(zn ,é\,‘) ( T(®) means Fisher infor-
mation number), which is constructed using a reasonable estimator é\n
and the logarithmic derivative {fs)(zn,’) relative to §of density of B}n)
is asymptotically sufficient in the following sense; t, is sufficient
for a family {Qe,n ;@e@} of probability distributions and.that

il B = Q0 =0
uniformly on any compact set in @( where []| means the totally vari-
ation of a measure). This implies that the statistic (é;, @i)(zh,é}‘))
is asymptotically sufficient up to order o(1). As a refinement of
this result it will be shown in this paper that for k21 thestatistic
th =(80, 80 (20 16), o, Br' (20 ,6.)), vhere 39(z, L6 ) means the (i-1)-
th derivative relative to @ of ?2’(2,( ,8), is asymptotically suffi-
cient up to order o(n-'%—l ) in the following sense; t¥ is sufficient
for a family{ng ;&(—@} and

K=

,hl_)jﬂ n* P = Qull =0

uniformly on any compact subset of €. From our result it follows

AX
that if we use the maximum likelihood estimator , as the initial

. A L. A ) AX k) n .
estimator @, then the statistic (6, {:(zn - P fh (z,,6)) is
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%1symptotically sufficient up to order o(n 'ﬁi’" ). In Ghosh and
Subramanyam [4] it was mentioned that for exponential family of dis-
tributions, (ﬁf, @(i)(zn,éf), fi)(zu,cg:), @f’(zhc‘f}) is asymptotically
sufficient up to order o(h") in poiﬁtwise sense relative to ¢ . Our
result is more general and accurate one.

As an application of our result we try to improve arbitrarily

given statistical tests or estimators.

2. Notations and assumptions. Let@(#¢) be an open set in R .
Suppose that for each 6¢® there corresponds a probability measure E
defined on a measurable space (X,A). For each n¢N= 11,2,... } let

™) .’,A.M) ) be the cartesian product of n copies of (X,A), and P, ,

X
the product measure of n copies of P;. For a function h and a proba-
bility measure P, E[h;P] stands for the expectation of h under P.

We assume that the map:f~—>P, is one to one, and that for each
be® P, has a density f(-,€) relative to a»-finite measure /M’ on(}&,ﬁ)‘
We assume also that f(x,6)> 0 for every xeX and everyfeg. We denote
by /’Lu the product measure of n copies of the same _component;‘,..k . We
define &(x,8)=logf(x,8) for each xeX and g¢f, and @,‘(zh,ﬁ):;i; F(x,,9)
for each neN, each z,=(x, ,x,,... ,X“)e‘%(:” and each gef. For a posi-
tive integer k we consider the following conditions which will be

called Condition(Ck) in this paper.

Condition(Cy). (1). $(x,6) is (k+2)-times continuously differen-

tiable with respect to & in@for each x€X. For each j (1« j=k+2)
- "
. S . }__ N P C’Q‘
we define ¥%x,)=0'€(x,6)/5¢° and Tz, 6728 090

(2). For eachde@there exists a positive number g such that



(kt2) 2
a . Sup. Eg&ghl§ x,0) 3B, ] <oo

b sup  E[[&*™x,0)|  uglx,2); R <o and Blug(x,0);8 ] <eo
= where ug (x,z)= la-flil?ﬁa ]f “(x,m)/f(x ,z)l

c. Var( ?fckﬂ)(x ,Z);Pz) are positive and finite uniformly for
every T satisfying [Z-g[gE .
(3). Define Z(x;i’,w) =sup{§(kﬂ) (x,2)-E[ §(KH) (x,z) ;P ] ;Ze@,lz‘dsi}and
ﬁx;zﬁv)=-inf‘{§ékﬁ) (x,7) -E[ @K (x ,2); P, 1; ze, 13‘0‘755/} for each
i/> 0 and ~€f. For each €@ there exist positive numbers % and £ such
- that for every (t,2' o) € (-F,f)x(0,2]1x®-7£+7) the moment generating
functions of E(x;i’,m) and Z#(x;sf,r) exist and converge uniformly
with respect to fNin (9—7 S+1).

Remark 1. An example satisfying Condition(Cx) is the following
one. Le“C/"l be a ™-finite measure on Q(,é) and the density function
f(x,80) of Py relative to/'(be givir: by
£6,0)=h(c(O)explZ  s; (@)t ()]

where c(@),s; (®) (1gigm) are (k+2)-times continuously differentiable
real valued functions of # only, and h(x),t;(x) (1<i¢m) are real valued
A-measurable functions of x independent of #. Let S—{ (S{ 5S2 s+ ++sSm)
e’ {exp[z 56,00 Th X)X () Cew  and S@)=1 (51 @) - ..,sm(a))‘&e@}
If S@¢ int S (interior of S) and 1fZZ S: )(19) ﬂ}(B)Cov( A Do
for every @@, then Condition(Ck) is satlsfled by the family {Pa;gé@}'

(K*)

Here for each i ss means (k+1)-th derivative of s 7 -

3. Asymptotically sufficient statistics up to higher orders. An

estimator of # depending on zp=(X; ,X, 5. - ,X, )i)i(“) is an _{\f" -measur-

able function from X to R' . Such estimator will be called strict
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if its range is a subset of . For each J satisfying Xd<1/2 we
denote bwa_(é‘) the class of all sequences {é:} of strict estimators
of § such that for every compact subset K of @

&R B ( (Tl8u-6[> n® )=o(h'§i—).
The notation o(a,) means that “1_’1‘1,21, o(ax)/a, =0.

Remark 2. For every § (0<$1/2) C(8) does not empty (cf. Pfanzagl[Z])
Lemma 2). The maximum likelihood estimator is contained inQCQ_(S)
under suitable regularity conditions(cf. Pfanzagle[3], Lemma 3).

Let $,=1/[2(k+2)] and C=\_ C($).

eSS,

Theorem 1. Suppose that Condition(Cy) is satisfied, and that {éjec
then there exists a sequence { Qg,n ;96@}’,néN, of families of prob-n
ability measures on QXJ") ,é_"" ) with the following property:

(1) For each neN, the statistic tﬁ =(§:‘,§?\)(zn ,9:[) ye ooy ﬂvé(.f)(z,l ,51))

is sufficient for {Qg N ;36’ﬁ} . (2) For every compact set KC@,

' ~Rs
. 5’56112' ” Psfn - Q&n ” = O(n * ),

The proof is omitted.

4. Tests based on asymptotically sufficient statistics. Letw(@FP)

be a subset of@f. Suppose that it is desired to test the null hypoth-
esis that €W against the alternative that @¢f)-W- For a statistical
test 4?;» based on znew)i‘“’ we denote by ﬁn(&; ‘R) the power function
of vh , 1.e., /?h(a;¢")=E[¢n ;Pe,m 1. Let %@x‘) be the class of all

test sequences {¢h} such that for every compact subset K of w,

Ll o o] <ot =),
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In LeCam{1] such a test sequence, in the case of k=1, is called asym-

ptotically similar of size &« uniformly on compacts.

Theorem 2. Suppose that Condition(CK) is satisfied and that{é‘n}
is a sequence of estimators bélonging to C. Then, for any sequence
H’n ;n=1‘,2,.. . } of statistical tests contained in ‘i—(‘*) there exists
a sequence i‘}t; ;n=1,2,... } of statistical tests contained in %/(04)

with the following properties: (1) For every compact subset K of ®B-w

K=/
o [Bn 0380 -B.h ) | o™ )
The proof is omitted.

5. Estimates based on asymptotically sufficient statistics. For

each positive number s3l we denote by Dg the class of all sequences
{’0:} of estimators of & satisfying the following properties (1) and
). |
(1) For everyf> 0 and every compact subset K of @,
~ ~ =l
S Pow (1002 -6>f ) =om™ %)

(2) For each 8€(® there exists a probability measure ;ke on R' , which
is weakly cc/mtinuous relative to 6, such that /%( { 0} ¥ 1 and that
for any compact subset K of @ the distribution of n".: (8. -8 ) converges
weakly to Ay uniformly with respect to & in K.

For any real numbér p(p21) we define k(p)=p+l if p is an integer,
=[p]+2 if p is not integer where [p] means the maximum integer not

exceeding p.



Theorem 3. Let p@1) be any number. Let{é,‘,fégand let tf= ((9/: ,§‘i)(2..,52,)
e ues écfw)(zn,ﬂ”)). Suppose that ®=R' and thét Condition(Cy) is
satisfied with k=k(p). ,Then, for any {19:}6&1 there exists a sequence
iﬁ? of estimates of # satisfying the following properties (a), (b) and
(©); (a). f@:} is locally uniformly ConsiStent (i.e., for anyf;> 0 and
for any compact subset K Of@’ﬁlgiﬂ sup Py (| %(z“) - 8> )H)=0

s .
(b). For each neN &, is a function of th .

(c). For any compact subset K of G

11’“‘SUP sup fﬂéf(zn)-ﬁlr b, / [ﬁ:(zn)-&lPdlgj' < 1.
ndoo BEK W, g
X ’ X

The proof is omitted.

Remark 3. 1In the case where @is any open set in R‘ , we can conclUAE

the same result as above theorem bei/ncfj exchanged the class D,

foerFH

6. Concluding remarks. A similar result to Theorem 1 is obtained

in R.Michel [5]. His result asserts that the order of asymptotic suffi-
: K-z
ciency of t: is of order o(n % ).
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