goooboooogn
0 3320 19780 104-114

104

. . . *
Solitons and Rational Solutions of Nonlinear Evolution Equations
Junkichi SATSUMA ( Kyoto University )

1. Introduction

It is well known that certain nonlinear evolution equations
have N~soliton solutions. Recently the apparently quite differen£
class of rational solutions was investigated by Airault, Mckean
and Moser.l)

In this lecture, I would like to talk about the close relationw
ship between the two types of solutions; the rational solutions
can be recovered by taking a long wave limit of the soliton
solutions obtained by Hirota's method. For the Korteweg—deVries
(KAv) equation, I would demohstrate the results for the first few
soliton solutions and then show how performing the aboVe limiting
procedure on the Backlund transformation of the K4V equation
yields a recursion relation capable of generating the full class
of rational solutions.

The method we employ can be readily adapted to the other
nonlinear evolution equations that possess soliton solutions, 1In
the case of the modifiéd KdV equation, the nonsingular, rational
solution presented by Ono is recovered from one<soliton solution,
and an algebraic solution with strange behavior is obtained from
two-soliton solution.

The most interesting example is that for the multi~dimensional

problem. For the Kadomtsev-Petviashvili ( two-dimensional K4V )

*) This is a cooperative work with M.J.Ablowitz (Clarkson

College of Technology).
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equation, the long wave limit of a two soliton state gives a mode
which decays algebraically in all directions ( we refer to such a
mode as a lump ). A solution which describés a collision of two
lumps is obtained from 4-soliton solution. The two-lump yields
zero asymtotic phase shift after interaction. In general, a
2M~soliton solution gives an M~lump solution. Another example is
the two-dimensional nonlinear Schrodinger (2DNLS) equation. In

the case, two-dimensional envelope hole solutions are obtained.

2. Rational solution of KdV equation

The KdV equation,

Ut + 6UUx + Uyyy = O , (2-1)
is transformed into
3
Dx(Dt+Dx) {JC = O, (2-2)
through a variable transformation,
W=2CLog Fux, (23)

where we assume u->0 as |xl->00 and use a special type of differen-
tial operators,
¥ - (2 _9\", 2 2 \n
B0 ab= (Gr-52) (35-3%)" ax &) bt /x_z,t . @
Hirotaz) obtained from (2.3) an N-~soliton solution describing a

multiple collision of solitons. The solution is given by

m)

5, = F( +%7/d) (2.8)

/40.

f

]

Te= kex- b2t + 9.,

(2-¢)

‘QX)DA:.) = (A’c‘bj) / ('bé"‘%’j)) ) (27
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where ’&e)are arbitrary phase constants, The first two of (2.5)

are written as

7,
f, = 1+ € (2-8)

7

P+ 72 1"/4:2.

fo= 1teT s e’y (2:9)

The one-soliton solution (2.8) is expressed in terms of u as

k' c£2 / E 0> : (2-10)
{,{_=—2— se ’E‘(kol’b:f"”?, )
) ?(0)
We may choose the phase constant 7,  as € ’/ = -1 and then (2.10)

is transformed into the singular soliton,

2
we -2 coseck® L (babit) . (211>

If we take the limit k.- 0 ( i.e. the "long wave” limit ) in (2.11)

1

we obtain a rational solution,
w—> —2/x* (212)
It is significant that by choosing the phase constants
appropriately, all the fN described above, have nontrivial,
distinguished limits. In what follows it is easiest to develop the
ideas for fN.
In order to best explain the above results we return to (2.5),

which includes (2.8) and (2.9) as the simple cases. Letting

,z’co) .
oy = € , (2.8) is written as
1, = 1+ o Ggl (2-13)
g[, = ke (Z-'/?czf ) ) (214
As kl-ao, we have
JL/ = |+ O/l(l‘f’ g;) + O(klz) . (215)

If we take ¢f, = -1, then
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51 = -k (x+0ck))

= X =0, (2-16>

i

eax+bg with a,b independent of x.

where we define f kg iff f =
It is easily seen that (2.16) gives the same u as (2.12).

The same idea applies to f2. From (2.9), we have

fo = |+, e¥rd, e s 7T G
Choosing o = ~ o, = (kl+k2)/(kl—k2) in (2.17) and taking a limit
kl’ k2 - 0 with kl/k2 = 0(l), we obtain
f, > —F kbl Clrk.) [X+12¢ + 0 ]
*= 0. = P+t 23

which gives a rational solution having three poles. Similarly,

from 3-soliton solution, we have

7[3 - §; = 7C6+ 6oX’t —T20t* (2-19)

In principle this technique applies to any number of solitons.
However the calculations are tedious, and we shall instead use the
Backlund transformations for the KAV equation to generate a recursion

relation for the polynomials.

The Backlund transformation of the KAV equation is given by3)
F3
(DYZ"?NH) fN'fo—/ =0, (2-20)
(De + 3kui) D + D7) Fuv Fuey) =
t + 3Rne) Dx A N Tner = 0 (2:21)

Equations (2.20) and (2.21) yield an (N+1l)~soliton solution fN+1=

fN+l(kl’...’kN’kN+l)’ from an N-soliton solution fN=fN(kl,---,kN),

Furthermore, from (2.20) we have a superposition formula of four

soliton solutions,
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7/
Dx 7(~—/ . fm—; e fvf)v 5 (2-22)

where fﬁ = fN(kl,"',kN_l,kN+l) and fN_l = fN_l(kl,"',kN_l).
By taking a limit of k, — 0, we have £ - eN and (2.20) and (2.21)

are reduced to

2 ' g
Dy Oy - Oney, = O, (2.20”)
(De+ D7) Ou - Ones = 0 ,
+/ , (22/")
respectively. Moreover, noticing’49N = xN(N+l)/2+---, we obtain

from (2.22),
Dx QW, : (9N_/ = (2N+7/) (9,\/2' ' (2.227)

Equation (2.22') is equivalent to the recursion relation of

4)

rational solutions of KAV equation discovered by Adler and Moser '.
We can get higher order rational solutions by using (2.22') and

c(2.21').

3. Rational solutions of modified KdV equation

We consider the modified KdV equation,

Ve + 6UUx + Usxx = O, , (31

under the boundary condition v — vy as [x] 900 . By transforming

the dependent variable in (3.1) as

V= Yo+ il 1/ F ) (3:22

we find that v is a solution of (3.1) if f satisfies a couple of

“ bilinear equations,
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(23

(De+ 6U D+ D) #%F =0
(34D

(D-210 Dx) #F%f =0

where asterisk denotes complex conjugate.

A one~soliton solution of (3.3) and (3.4) is given by

2 #
)[’: 1+ € + 7 , 3-5)
7: = . 7 - (delb; +A7c5)_b + 7.2“) > (3¢)
(37

# i
ev = 1+ik /27,
Inserting (3.5) into (3.2), we have an explicit form of the one~

soliton solution,

v = U+ b’/ (V4U;2+k'2 cosB 7 + 2V, ). (38)

'?lw) .
= =1 and take the limit of

If we choose the phase constant as @

kl-a 0 in (3.8), we obtain a rational solution,

VU = Vo 4t /[ 4V (X-607¢€) + 1] . 3-9)

This solution was recently found by OnoS) and is a nonsingular

algebraic solution.
The two-soliton solution is given by

7(7, -+ 87/*¢l+ 8721*752 . &7/*%7“?';‘1-7’2-/—/4;; (3703
2

™ = Chik) ) (ktk)* G

Choosing the phase constants as
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"Z,“) Vzcu) kn"'kz &, b,
e =-e = kb (1+ Yy , (312)

and taking the limit ki-e 0 ( kl/k2= 0(1l)), we have the following

rational solution;

3 3
. 12Uy ( 3%+ 27/.,‘§z— e ~243t)
U = 'U\o - (3.13)
2
4v.* (5%+12¢ - P £) 4 3(%% ,TV:~ °,

where 5= x - 6V§t. This solution is not stationary and, instead,

has a strange behavior. A rough sketch of time development of the
solution (3.13) is shown in fig.l; It pulsates in the neighborhood

of t=0 and goes to the stationary solution (3.9) as t = tw .
-(-/:-Od ‘t=0 t=00

4. Multi-dimensional systems

4~1 Kadomtsev<Petviashvili (K-P) equation

The technique developed in § 2 and 3 may be extended to multi-
dimensional systems. As one of the example, we consider the K-P

equation,
(Ut + EUUx + Unx ) + o Uyy = 0 4.1

where ¢f is a constant depending on the dispersive property of the

system. It was already shown that (4.1) admits an N-soliton
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solution describing a multiple collision of solitons each of which

6)

has a different direction of propagation. Here we show that a
two~dimensional lump solution which decays algebraically in all
directions can be obtained by taking the long wave limit of a two

soliton state.

Equation (4.1) is transformed into

(DxDe+ DE+ oDy ) F-F =0, C4-2)

through the variable transformation (2.3), where the boundary
condition u = 0 as |x/—>0o is taken. The one~ and two-soliton

solutions of (4.2) are given by

fr=1re”, (43)

_}‘2 = |+ e’?/_‘_ 8772 + e 2042+ A (44
where '

. = ke [Z*ch- (/?;Z-l—a/P.;z) t_? + 723(0) e8)

exp A = [3ck-b) = 0tcpp)?}/ { 3th+k)- o (R-BYS. 46)

£9)

. 7% . .
Taking € = =1 and ki ~>» 0 (with p;= O(l),,kl/k2= 0(1l)), we find

jLI g 82 ’ «4-7)

f" = 68:+ By ) » | (4% )
where

9(_: A+ P\:9-O{P¢2f , @9)

By = 12/ « (R,
and we have used

‘eXPA/z S l +' 12 k:bz /a/(ﬁ'Pz)z’ (4.,’>
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o are generally singular at some position, a

nonsingular solution is obtained for f2 by taking &« = ~1 ( in

Although fl’ f

which case the wave system has so called positive dispersion )

-k
and Py = Py- In this case we have

f, = 6 6% - 12/ Cp-p*)2 >o , (#12)

which gives a nonsingular rational solution,
3

G-+ B4 + P9 4 5 ]

w = i

, L R (413
[ (%P 4D + P, $°+ & 7%
where we have used *

P Pe+ i P ,

i

Ve

pé

X- CR+ POt

yl

\

Ft2ht.

Hence we have a permanent lump solution decaying as O(l/xz, l/y2)
for |¥ , |y] - & . This solution is essentially the same as that

shown by Bordag et 31.7)

We note that when N = 4 one may obtain a
two-lump solution which leave zero asymptotic phase shift after
interaction. In-general when N = 2M this method yields formulae

for an M-lump solution.

4.2. Two-dimensional nonlinear Schrodinger (2DNLS) equation

As another example of multi-dimensional system, we consider

2DNLS equation,

ihe -0 Awe +Ayy = AIAZ + 20004 et

0’@,(‘ +@37 = - (lA)z);(x
415>

(=1 1)
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Imposing a boundary condition )Atz—aff as [x|-% and transforming

the dependent variablesin (4.14) and (4.15) as

A= 9/)L » (416>
Q= 20kgf), (47>
£f; real,
we have a couple of bilinear equations
) , ‘
(iDe-0'Di+ Py -R7) §F =0, c4-18)
( 2 2 'Z f ¥ "7)
UD+Py - ) Ff = -39%. 4
We can derive N-soliton solution from (4.18) and (4.19)., By taking

the same procedure as in §4.1, we obtain from a two-soliton state

the following rational solution;

Jf

]

9/ (92 + O{IZ (4.20)

{4

J

£ e e N Y VY W )+ ot ]

where (4.2))
W = - 0’k2+ 12'* Poa 5 @4-22>

o0
‘9C: x+ b d- ['Zo'k+2—QP;—'—:4'—*Jt (4 23)

< P/
Ac = /\[(0""‘?\:2)/3)?,2) (4 2%)
0 BY (otR)

o)y = , (¢-25)

Fo [Vo+p* Vorpr ~@+6A) ] .

If we choose P,= pI and § = -1, then we have A

*
5 = A and o,,> 0,
and (4.20) .and (4.21) gives an envelope lump solution

2 2 (Al 0/*'{' Al*(9/ )2
’A’ = -Po (7+ 4 2 )
(015/*1"0(/2) °
The solution describing a collision of these lumps can be also

obtained from the soliton solutions.

10
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