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Non-null Distribution of the Largest
Latent Root in Multivariate Analysis

GHRBERM fu B

1. Summary. A study is made of the non-null
cumulative distribution function (cdf) of the
largest latent root which arises in testing of
equality of two covariance matrices. This
result in the null case reduces to the formula
given by Sugiyama [1&]. The non-central cdf
of the largest latent root in the MANOVA

situation is also discussed.

2. DNon-null distribution of the largest latent root for

test of equality of two covariance matrices.

‘Let §, and S, be independently distributed as
Wishart W(p,n,,3,) and W(p,n,,Z;), respectively, Let
the latent roots of 8,83* and Z,Z3* be fy,...,f; and
Wy seee,Wp, respectively, such that o > £5 > oo > £, > 0
and o > W; > ees 2 & > Oe  Then the distribution of the

latent roots f; depends on the latent roots w; and is

[g]
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(1) g(f19'-"fp)
= Const ,Fo[2(n,+ny);-2"1 P]IFlzni'E(p+1) I}(f,—f )
i<j

[ef.[7],eq.65]
where F = diag(fy), 1 = diag(w ),

Const=|g| ™/ 2[aP%/ 20 (4(n,+1ng)) /T (30)T5 (31, )T, (402) 7,

and

Fo<%<n1+n2>;—g-1,g>=[ \Fo ($(n,+n,) 5-0- *HFH' ) (aH) .
0(p)

Since

(2) oFy(o,B5v;32)
= |1-2|-8,F, (y-2,8;v;-2(I-2)"1),
then ,Fo(%(n,+ng);-0"*HFH')

= oF, (#(ny+ny),8;8;-0"*HFH’) is defined for F > O

and Q > O, whenever a > 3(p-1).

Formula (1) may be rewritten as

(3) £(fy,.00,F,) = Const }: [(=1)%(%(ng+nz) )e/k!Cc (I)]
K

s

-[ p| 22222+ g, (g7 0~ 1pp) y?(fl—f3>(dg).
o(p) i<]

Using the result

(4) 'f ng‘t-(p+1)/20x(391) TT(%;-%j) TTdki
>N > e 0 e>N>0 tei o
= wPt+k PP(%p) rp(t’K)Pp(%(P+1))
G ) s P

[ef.[2]eq.22 and [13]eq.2.1]



where D, = diag(N;), Iy(ajze) = Ipj(a)(a)e,
and R is a positive définite symmetric matrix,

we obtain the cdf of the largest latent root f, from

(3)

P(£y<x)=[T} (£(ny+n5) )T (£(p+1))/Tp (402 )T, ($n, +3(p+1)) ]
(5)

30y +2(p+1) e k!

.lxﬂ-lﬁﬂiii . (2(ny+n5) )i (31 )i O (=x272)
L
k=0 x

Applying (2) to (5) we get
(6) P(fy<x)=[Ty (F(ng+n;))T, (2(p+1))/Tp (3n2)T, (30, +3(p+1)) ]
*IXQ“1(1+XQ'1)“1{n1/2
" 3Py (3(-np+p+1) 30y 5in, +3(p+1) 52072 (T4x-2) - 1),
When Q=1, (6) reduces to the expression given by
Sugiyama [14] (In [14] eq.1.7 and 1.8, 1/(1+y) is correct-
ed to y/(1+y)). We note from the generalization of the

Gauss formula ([14], eq.1.13) that P(f,<x)»1 vhen X-wo.

Pillai and Sugiyana [12] derived (6) in terns of a doubly
infinite sum, and Khatri [9] expressed the probability
density function by a zF, hypergeometric function.
Under the assumption that %(n,-p-1) is an integer,
Constantine énd Venables [L] gave another polynomial
expression. |

Since

oFy (0,85732) = 11-8]7"%P,p, (v-a,v-85732) ,
(6) may be rewritten as a positive series by
(7)  P(fy<x)=[Tp (3 (0 +n2))Tp (5(p+1))/Tp (312 )Ty (30, +3(p+1)) ]

. I}d}‘iln:’_/z!;.’_xg_il-—(niq.nz)/z

o oFy (3(ny+np) ,3(p+1) 530, +3(p+1) 5xQ- 2 (T+xQ2)"2) ,



Theaorem 1. Let §, and §, be independently distributed
as Wishart W(p,n,,3,) and W(p,n,,3,) respectively.

Then the cdf of the largest latent root of |§1-f§2 =0

is given by (6), or equivalently (7).

3. Non-central distribution of the largest root in the MANOVA case.

Let X be a (pxn,) matrix variate (p<n,)
and Y a (pxng)  matrix variate (p<n,) ‘and the columna
be all independently normally distributed ﬁith covariance
matrix 2, BE(X) =M and E(Y) = Q. Then the distribution
of the latent roots £1 (c>fy>e0e>fp>0) of |XX/~fYY’|=0 is
(8) g(fyseee,ty)

=Const |I+F|~ 2(n1+n2)1F1(3(n1+n2) 330y 530, B(I+F)- 1)

.;Ex%(ni—p-1) T](f‘_f’)

i<
[efe[7]eq.73 and [2]eq.L1]
where w; are the latent roots of IMM"QE] = 0,

2 = diag(w;), F = diag(fy), and
_ eEtrl p3/2n (4 1 1 L
Const= e ~( rp(2(n1+n2))/rp(EP)Pp(Zni)rp(2n2))'
Using ([2],eqs1) and ([3],eq2.18), Leach [11] proves by
applying the Laplace transform to § that
(9) |1-2|-2.F;(2;1;8,2(2-1)-2)

( )){LK -z (P‘” )

— (8)Ck (2)
2)—:<b)xk!c=,c(;)
K

[\/js

0

w
1

Now (8) may be rewritten as

A



S(fis"’,fp)
(10}
=Const L L[( )% ($(n+15) ) LE™ ~E ) (10) / (4m, ) k10 (D) )
k=0 k

g1 2P =26, (m) H(f,-f,)
i<]

where L,‘;(-'g-g) is the generalized Laguerre polynomials.
Then, using (4) as before, we obtain the cdf of the
largest latent root £,

(11) P(f,<x)

=0 ERIT (4(n +m,) )Ty (H(21))/Ty (4120, (31 +(p+1)) ]

son, ($(ny+15) ) LE™ "2 (2+1) (100, (xT)
* L Z, (30, +3(p+1) I k1Cc (I) o

k=0 «

Since IE(Q) = (r+2(p+1)),cC,c(I) we obtain from (2)

and (11) the same cdf given by Sugiyama [14] when 2=Q.
Theorem 2. Let S, be a matrix having non-central Wishart
distribution with n, degrees of freedom and matrix of non-
centrality parameter {, and S; be a matrix having the
Wishart distribution with n; degrees of freedom. Then
the cdf of the largest latent root of l§1"f§z =0 is given
by (11) which converges for |x|<1.

Let f, = £y/n,e Vhen n, tendsr to infinity

we obtain from (411) the cdf given by Hayakawa [6] of

the largest latent root (¢, of ROB -central Wishart matrix
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(12) P(ey<y) = e TRT ($(ps1))/2EP™D (4n, +3(ps1)) ]

k=0

wrEe g
%J (30, +3(p+1) )k <2y> .

The non-central cdf of the largest latent root in

4MANOVA case has been studied by Hayakawa [5], Khatri and
Pillai [10], and Pillai and Sugiyama [12] who all expressed
it by double infinite sums. When +(n,-p-1) is an integer,
Constantine and Venables [L4] derived the cdf in a polynomial
expression which is simpler. We note that these results do
not converge to (12) when n, tends to infinity. It would
be useful to find a transformation such as (2) which we can

apply to (10).
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