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We give an example of an orthogonal transformation groﬁp
of (8k-l)-sphere with codimension two principal orbits. This
action possesses just two isolated singular orbité (cf.[11,p.214;
[4]). This example shows that a theorem of Hsiang and Lawson
([2] ,Theorem 6) should be properly modified. _

‘Let V., Y, be theAstandard ?ep;eséntation/of 4Sé(m)
and Sp (n) on Hm and H" respectivély. Here Hm, " aré
the right quaternionic vector spaces.b Lét (H™) * denote'the"
dual vector space of H'. (HEM)* is a left quéternionic vector
space. It is well known that H ® (Hn)* is a real 4mn-
dimensiopal vector <space and Vm% )}n* is a real ‘representation
of Sp(m)x Sp(n) on R4mn = Hm® (Hn)* .

This representation can be rf}algard as “follows. Let M(m,n;H)
denote the set of‘all mxn ’quaternionic matri‘ceé. For an
mxn dJuaternionic matrix X, lét X* vdehote ther transpbée of

the conjugate of X. Then
Sp(m) = {A € M(m,m;H) : A*A = I the unit matrix} ’

-/ -



20

the representation space " ® (H")* is identified with
' H
M(m,n;H), and the representation Sb = ))m @ )jn* can be
H .

expressed by

$((a,B)) X = AXB* ; A€Sp(m),BeSp(n),X€M(m,n;H).
Put

<X,Y> = trace X*Y, Re <X,Y> = real part of <X,Y>

for X,Y € M(m,n;H). Re (X,Y> is an Sp(m) x Sp(n)-invariant
inner product of the real vector space M(m,n;H). For an mxn
quaternionic matrix X, let rank X be the maximum number of
linearly independent column vectors of X as the right

quaternionic vectors.

EX&MP(Q- We shall consider a real 8k-dimensional
representation ¢k = ')/k g ( ))z*fSp(l) X Sp(l)) of the group
Sp(k)x Sp(1) x Sp(l) on M(k,2;H). Suppose k> 2 in the
following. For a kx2 quaternionic matrix X, let Xl’ X2
denote the first and the second column vector of X respectively.

Then the representation ¢k can be expressed by
B @ray,ay)) - (),X,) = (3%, ,5X,T,)

for A €5Sp(k), qiéSp(l), X = (Xl’XZ) € M(k,2;H). Straight-
forward computations show the following :
(i) Suppose that rank X = 2 and <X1,X2> # 0 for

X = (Xl’XZ) . Then the isotropy group at X is conjugate to



, 9, 9) : g€Sp(l) ’

and the orbit through X 1is (8k-3)-dimensional, which is
diffeomorphic to Sp(k)/Sp(k=2) % S3.
(ii) Suppose that rank X = 2 and <X1,X2> = 0 for

X = (Xl’XZ) . Then the isotropy group at X 1is conjugate to

’ qlr q2) : qlESP(l) ’

and the orbit through X is (8k-6)-dimensional, which is
diffeomorphic to Sp(k)/Sp(k-2).
(iii) Suppose that rank X =1 and <X1,X2> # 0 for

X = (Xl'Xz) . Then the isotropy group at X is conjugate to

q 0
( 0 x«] + 9, 9) : g€ SpP(1) v

and the orbit through X is (4k+2)-dimensiona1, which is
diffeomorphic to S4k—l>< SB. ;
(iv) Suppose that rank X = 1 and <X1,X2> = 0 for

X = (Xl’xz) . Then the isotropy group at X 1is conjugate to

q, 0 . '
((01 *) » dyr d,) 3 q; €8p(l) for x4 # 0

ox
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q, O
( 0 * | r ql: q2) : qlesp(l) for X2 #0,

and the orbit through X is a (4k-1)-sphere.

Remark. (a) The representation 9Qk induces an action

of Sp(k)x Sp(1)xSp(l) on a sphere s°%71

. The principal
orbits of this action are of codimension two, and this action
possesses just two isolated singular orbits which are diffeo-
morphic to a (4k-1l)-sphere. (b) The representation 9bk is
an example of a reducible compéct linear group of cohomogeneity
three (in the sense of Hsiang and Lawson [2]). This e#ample

shows that a theorem of Hsiang and Lawson ([2], Theorem 6)

should be properly modified.
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