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Relation between Kaup's and Mikhailov's Equations, their Exact Solutions

and Stories How It Discovered

R. Hirota and A. Ramani*)
Dept. of Appl. Math. Hiroshima Univ.
*) Centre de Physique. Théoreque.
ﬁcole Polytechnique. France.
We know that
Kaﬁp's equatidn
2 2

u + Usy + 30(u3xu +'§-uxxux) + 180u u = 0,

Sawada - Kotera's equation

2 _
u, + Usy + 15(u3xu + uxxux) + 45y u =0

and Lax's 5-th order K-4dV equation

2 .
ug tug * lO(u3xu + ZuXXux) + 30u"u, = 0

are reduce, using the potentiaié

to
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w, o+ w + 15w

t 5x

w + 15w
X X X

]
o

3

and

v, + oy + V372 10(w

; 1.2 3
+ — + = .
wa 2 wxx) 15Wx 0

3

Kaup found the inverse scattering transform for his equation (more
than 2 years ago)
+ + = s ed
Y 6u1pX 3uxw AP, (A eigenvalue)

. 2 |
wt = 9kwxx - 3(uXX + 12u )wx + 3(uXXX + 12Au + 2huxu)w .

I found that the form is transformed into the bilinear form (2 years ago)

3 ]
D, £f'a £ + 3DXg o £ = UAf'E
szf'm £f=g'f,
3,45 5,3 15 2
LIPS = . =2 LI =2 LI =2 1o
D f'e f gD, f'>f+ % D8 f+2XDXf £,

through the transformation

D 2f° f
X

f2

Y =f£'/f, u= %
A. Ramani found at my request that Kaup's equation satisfies the
resonance criterion that is the necessary condition for the equation to be

1
of Painleve - type (about L monthes ago).

Kaup found a one-soliton solution to it. (2 ~ 3 monthes ago)

u = 2p2 e+ Ny
(" e,
n = px + Qt + const, Q + p5 =0 .
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Ramani pointed out that Kaup's one-soliton solution can be obtained
using the bilinear form (about 2 monthes ago)

He found, for A = 0 ,

g!

0]
n
Lo

are the solutions to the bilinear form.
About a month ago, I found that Kaup's equation is transformed into

the bilinear form

L -5 12 =
Dx(Dt * 16 % Je- £+ gD g £=0,

L
D fef=gf

through the transformation

2
Dx fof
2

f b

o
1]
=

and found 2-soliton solution (Oct. L4, '79)

£=1+ lL(enl + ene)' + een:L +2(1 + Otlg)enfnz + e2n‘2
. hslg(enl+2n2 ) eenl+n2) ‘e 2nyen, |

g = 8(Plhenl + Pghenz) + 16Y12enl+n2
‘+ BBlg(plhenl+2n2 + P24e2n1+ﬂ2) ,
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where
_ 2 3 L
o4 = (P - pp) o +p 02 | 2. 2 1o
Py TP Py T PPy TPy
_ p) .o 2
6 (2" Poyp Py "R TR
12 p. + D 2 2 °
1 2 pl + plp2 + p2
2
2 gplh + 30,%,° + 25,
Y., = (p, = p,)°( )
12 1~ P2 2, .. 2 ’
Py T RyP T Py
n. = p.x+ Q.t +n 0 Q. +p ’ = 0 for i=1, 2.
i i i i > i i > [y

In his letter dated Oct. 18, 1979, Ramani wrote me that Shabat and

Mikhailov found "L,A" pair for the equation

(Correspondence to him by Mark Ablowitz).
Ramani was able to transform it to the third Painlevé equation, and write
it in bilinear form
DD f-f = 2f(f - g)
A A _ /\2 /\2
DxDTg° g=-2(f" - g")

2

through the transformation
u = loglg/T) .

He and I found two-soliton solution to it independently. I found it on

Oct. 30, '79.

£ =10,
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n n n,+n
1 2 12
= + +
h=1 e e + 812e R
~ n n 2n n,n 2n
g= 1-Lk(e 1y e 2) + e 1y b, e 12, e 2
12
2n.+n n.+2n 2n.+2n
12 17 2 T2
- By ple Te )+ Bye ’
where 1N, = p.x + w.T + 1 0 w, =3 for i=1, 2
i P i i 0 Pi¥y > <>
2 2
12 p. +p 2 2 /3
Sl S TR ST -
L 2 2 L
2p, - Py Py *+ 2P,
b, =8
12

2, 2 1
(p) *+ 2p)7(By" * 212y + 27

To our surprise, the functional form of é is equal to that of f, the

solution to Kaup's equation, namely

=A + 1 3
f(nl, n2) g(nl im, n, + im) .

Furthermore, h is eqﬁal‘to two-soliton solution to Sawada - Kotera's

equation
¥ + 5 =
) DX(Dt D Jas h =0
and to the equation
2
D (D D_=3)heh=0,
X X T
which is the special case of

D(D_-D °D +D Jfef =0,
X T X T X
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which is the bilinear form of the model equation for shallow water waves

(R. Hirota and J. Satsuma, J. Phys. Soc. Japan. 40 (1976) 611) ,

' 00
u - u ~ 3uu_ + 3u udx' +u =0
X xxT 3 T X {; T X ’

Wwhere

u = 2(log f)XX .

Suggested by these facts, I found that the solution of Mikhailov's

equation is expressed with the solution of eq. ¥) (Nov. 1k, 1979)

-
il

log(l - ST) s

w0
1

2(log h)X s

where u and S are the solutions to

=% %0 . Mikhailov's equation,

+ - =
SXXT 3SXST 3SX 0

or DXZ(DXDT - 3)h+h =0, Shallow water wave eq., respectively.
Furthermore, the inverse scattering form for Kaup's equation (for A =

0), namely

is satisfied by
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2 ' 2
£'=1n°, g'=-D h:+h, £=h" -DDhth,

prbvided that h satisfies
5 _ 1
+ . - .
D (D D )h h 0, Sawada Kotera's eq

Hence, N - Soliton solutions to Kaup's and Mikhailov's equation are

expressed with h:

1 .2 .
5 (1log f)xx, f =h" - DD h-h

o
1

et
i

log (1 - ST), sT = 2(1log h)XT,

fespectively, where

; § ‘ (g)
h = exp { H.n, + B. .U, U, }
1=0,1 =1 Pt ogsy M

2, 2 2
- - +
(pi pj) (pi P;Py * Py )

2, 2 2
+ +
(py pj) (p; * B;Py * By )

exp (Bij) =

SR

. 0
= +. + + + s
M. p;X Qit WiT - im hi ;

Qi * Pi5 =0, w,p, =3 for i=1,2, ..., N.



