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STRONGLY REDUCTIVE OPERATORS |ZDOW\T

Hilbert spoce H L o opevator T4 yeductive v 5 <
(8. o closed subspace MCH , TMCM = T*McM <D
(1-P)TP =0 for ¥P: P’=P=P* = PT=TP.

Hermitlorn operator 13 veductive = s, )  mon- Hermibian
opevaror tn Yeduclhive 74 £ 13 % < §a 5 gLt v 4 3. MON-
normal opevator v reductive rg operator \F&D 5 L T vy 7oy,

Lo ENLBERIILLT W FREAE LS s,

| Reductive operator conjecture ‘

Every veductive operator is mormal .
30 ML 1L h 1= 5T, operator theovy o P T v ]V BFE 1
MRRT & 3.

!Inuowca,vvt subspace conjectuu"el

Every operator on o Hilbert space has oo mon-trivial

woriant subspace .
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2o MBR»REMBE R A v NEEBRS = [DPP],
normal operator ro@ o 11 .  Which normal operators ore
reductive 2" & v ) 2R I1L . Wermer (1452) \)AZ:%‘%; < o 5 F oo
nrh.

@j [W] Mnovmal operator T 12 1 v T . T o spectrum,

O, B E2®E 59 %5 unw (06) o complement 2" connected)

. RELIFELG W ) T3 reductive v 5 2 .
[Treorem | [5:1] mormal opevator T 1z37vt. Tav reduclive
thar <O TFe the closure with vespect to the weak operutor’

Topology, of the set of Poﬁznomiwls T,
Y“eol.wd,—\,\r;‘cg o spectval oriterion 25 v TR,

| | HEOREM HSIZ] normal operator T 12¥fL T . M & o

,Lw»vce positive meoasure in the plane which ts mu&:\'wo.ﬂg absolule—
LJ conbinmouns w, it shedral measure of T ¢4 2 ¢ 5 . T
# eductive Tha. <) the set of polynomials s weaR-

Star dense wn L7¢).

Yeductive operator 12 B L T, Harrison (3 Strong

Y*eduotbu‘d"a o;ﬂ{’fi- & ﬂi—i—)\ L & [Har],

IDeFinITION]  operator T av strongly reductive w B

Y for Y870, 3550 UPTP-TPI <& = ITP-PTI<E

2
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for all p = P2=P=pP* < &x(§) = sup {n(-PT*PI :
NG=-P)TP 1< & ) =0 for §NO (@p P13 p=pP=pPFti&r v
1Brh<Vaed s, (B2 vziz " amost Lwariant " Lnder”
T 2O "almost vreduces" T ¢unr - &.)

oL 3. ko TR AREILE L ED L.

'IHEOQEM' CAFV:27) Every StY‘onng reductive

operator s mormal .

IStr0ﬂgL3 reductive oprrators o 44 | [Har)

1. Hermifian operators 13 strongly reductive -5 %.

2. Strongly Yeductive opevators 13 reductive "hb.

3.» Stronghy vedutive opevrator o adjolnt |3 Stvm«%lj,
;('educ,tbve TUdhb.

| () YT,V P z#fL T, @=1-P e H T3 1 pTRTPI=
VQT-TQl, 10-PTP 1 =10-TQlI Umst Y. |

4. T*» the wunitorm Umit o{- sejuence of po!anombods wm T
:}7 T3 Stronjlj yeductiwe v g A .,
() Yero, ¢ : any polyromsial 3§70 s 1C-PrgmPI<E
11T P s orthogonal proj. T I(FP)TPIKS THmA. it
polznom\,al o degree 1z W T g tndwction T 3e el 3 2 .

G constant polynomial rs 5 @l (O-P§MP=0&Y ). R

3
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12 degree of polynomial = R a X Y I>EF 2. G

degree =k+1 32, ()= (5@)- }(o))z" ERFIE. X
o degree =R. &5 T NQ-PIGO PN = 1C1-P) (4t~ §@1DPI
= (1-PTU=-P+PYV TP € 1 (=P)T (=PXV(MPI + 1 A=PXTPH(TP I

<

ITHEQ=POYOP I+ LQ=P)TPINYDN 4,7 Gizot L T 8% & O,
2217 Yoo, G Polynomial st ATF-GMI<H |, Fro st
1G-PYgmpPI< %

whenevey IC-P)TPI<S 9 515 8 13

NQ=PIT*P I < I C-PY§OPI + %2 <& 44, T T, 85 T »v
S’cron%lq reduchive - & 3 |

5. Tt mormak t 923 ex. OMnFhtsynoe v, A
CLiH- 1wt w DTz Strongly reductive T 4.
) e alXl GudEy tEDS.

Sk ) REadEA T B G T e SR ITEN T <.
T Stron?l; veductive operaterion H, X : operator on

K ( some Hilbert space ) s.t. | X—U}TU"I\——?O (j=0°)
11T Yy (=) g3 undtary ops H— K Tk,
3 X Stronglg reductive

Proof. for 3d>0. P: Kk o ovf—hogana\ pvo]. S.t. ﬂ(l—P)XPIKS
T3~=1)3TIJ3—' ERVT, J P EAKRS

< e>UAIX-TjI< 4=
4ov P3= Uo-'PUé‘ (HEo ovf*\oa,om\( pvoa'_
\l(l«Pé)-rPal\d_ thh. 23 G-ROTP

NC-POXPN & T 4.
tte®d )

4
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Ua-*(\—PNa«PUa = U L-PI (TP + (FPIXPYU; 39 evz %
I -PXPL X T e 1 G-POTRP = i x-Tj
NO=-POTP 0 € IX=Tj+ &(§) BP5 joe v L T
|\(\—P>x*P & (8). &-T X g‘hroy\3|~a yeductive T 5 4 =
SN ST AR I
CI[] T: Strongla redutive operoatoy” on H Cseparable ).
> TET-TT* Compadt .
Proot. 0L the C% a,lgebm with u,m+a, 3eheY‘a)’-20L b}} the
mage T of T im the Calkin algebra BCDL )
Pia fauthful X representation of 01 on a separable
Hilbert cpace Hp & 3. [V:Theorem13] &v D=2
Xz LT, X=T® P@OFE) t <. 2 hid strongly
Y:eoi,uc/‘("bve by, 57 reductive brisy. Pt orw\ogom
Pl HOH®Hp 25 {o0h® ik ReHp ) £33 .
(-P)XP=0 %£.7T I1G-PX*Pi=0 . .7 PEVPE) R =
OEICE R for TheHy BPE § (THAT-TFF)=0. faithful

~ o

, ——————— ~F A
ChAHr»S THT-TT* =TT -TT =0,

'Stron?\_?’ veduchve obexratov o Sped'rwm 4 4"?%' [Hov )

B(H): the cdg,ebv*a. of all opevators onH. L(H)= B(H/K(H) } the
Collkin adgebroe (K(H) : the ideal of- compack operadors on H ).
B(H) »5 £(H) ok Ao anonical map 253 To tmage £ T

5
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s, T=T+KM) 3 5. Tospdrumt O . Left
Spetrum ov approximate point spechrum & QM. T &
essential shecdvium § Ge(r) (= 0GF) ). [left essevitial spectrum
¢ Qe (=GE )T &D F. =k 513 non-empty compact sub-
set of the plane T Zka VFapx ¥ LT 0 5. O '—‘-({(T)uo{j@‘
()= C%;&)uozeﬁ*)”, S0 — 13 Complex c,on(juga,‘l’e & h7.

Ze{»t sped v 12> v 2 k. SR avERI 2 ( bounded below &
W R THEBO T S D ), |

(1) U3Y203 Hali1] )\eoz(r) < 3 (P Y1 529 of unit vedors

ST W(T=NP, 0t — 0 (m—r 0 ).

(2) TFSW1 A€ G (m) < TRy ¢ ovthogoral seg. of Lunit

vedors s.t. ll(f—)x)@n Il — 0 (m—09),

@ T Stronglj reductive , 1Py sed: of unit vedors st
HT=-XFn | =0 (n—=>00) Hor Some X [(TH R)P, 1—>0 (109,

Proof. Pyt orthogonal proj. onte span Pn £9d 3. Bt = (4. 5P
for V4. WA S NQ-PY TRl = NPT ll = Il (FPD (T NBull = 0

(n>060) "% Y. T Shrov\%\j redudtive T 5 5 574 | (1I-RITHRI

=0 (N7109) 782 BpS5S 7%, - PaTiGm |l — 0 (n—>) £ =

322 RPT*, = (T"R,B)P = (B, TPD) P, (B TR > X
(h=r2) THAE A S IGF-X)P. 1 —0 (n—) % 78 2

T Stvon31-3 yeductive :} (T(T):QZ(T) ) CY6(T)=O€'6(T),

6
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Proot. CY(') o Characterization 3o & » oljcr) = q(T*)‘,
Getm = G, T*)“ £=3 7 O(T) =G MU g, = g, )
= C{eﬁ‘)u {e(‘r*Y = OEG(T) R 2 A DS,

T %‘L’Y‘ongli} yeductive :} O () the union ojé Je (1)
and isolated mormal eigenvalues of finite multiplicity.

Proof: &y OM)=0pfd, Ter)= Gplr), X 12 Tper> C G0
CHHMS . NEGMINGMETH. A& G(m) &9 ker(-N)
[T finite dimensional L2v 3t (T=X) 1%, bounded below— onv
kex (T=x) YN Oi(‘r) &Y ker (T—X) 13 non-trivial vhA.
T N3 T o finite meLpl;cH'? T4 ei@enva(ue IS
NS T o S‘tvon%(‘% veductwve TV E 3 3 & (I g A 4l
normal Q/i%em}mee‘ %5 T =2P > T*CF:}:CF UV h BNA

SRIZw N # Lsolated poinllof- G R % 9. ker (T-A)
3 Lnvariant undev Ty . T Stmngly reductive & Y
ke (T-2) 13 Yeduces T ha. Xt T=T|kerryt &
5 X . AN&Q, (T ), Oi(‘r') compact set T B 2 4 Igso
St REQED tor Ip-al<d £z 3¢ gm = Wuge)
Wihh p 5 A B lsolafed vn GT) W EE LU,

[AFV:1]) opevator T »l %uaSLWanngaY" [GF 9
) ANEQM 5 dim ker (F2) < dim ker (TH-5) J=¢
(T: Cbmsu‘cnangwmw < AR ¢ prols of funite Yank which

\'7
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conw. To L in the stvong topology st { IRTR TPl Y 0(nse9)

My T shrongly reductive O T q)uasa,tmangﬁlaw 2" &
roenhay () WMMey A& el 1534 L T dhim ker (F-X)
= dim kee (TRX) ;3 » 4 Y.

T caFy T Strongly reductive , OUCT) (= the uniformly
closed , tnverse closed. a.Lgebm\ generated by T4 ) v containg
an operator S st 1SHF 1SN 2 3 proper tnvariant sub-
space tor all operators e 01(T), |

£, Woseapi WELFHET A,

VIl T: quasibriangular- | 0LT) 3,5 st 1SH= 1S

= 3 {Paja ¢ finite vank pvoi’s st

(1) 1 U=-R)LP Il =0 (n—eo) for Y e 0LET).

@) Pn—A vwea,b.lj (n—00).

3> AX A (ot kscalav multiple of L Evn =€),

Proof E spedtral mealure of (S*S )}ﬁ , fxsome P50 st
NSh<p<ust Lt Sp=SE(rusil) L w <. Lo,
IS € CTP{(S*S)ZJ boint spechrum. Sf D finite Yank oL a2

v

3*)3?=,S;,5 UHh 5. Fx X>o0 st A< ((l,Sll-f)-‘ isn , ‘eeH

unit veder 1237 L T T o Oouasa,tﬁ',angwlm o)) ( See «f: [CF:
v, 9

ppnt-122 1) 3 two sequences R Y., 1RJ. st finite
-~ Yank P\roj.'s PP’ YankRo=1 ((g2L Rn=PRi- Phed5)

3
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(Rle,e )y s x £ (Rlee) | VC-PTRIN =0 # >
NO-POTP N —0 . 25,7 WCU=PHOLPIN =20 (n—r02) 3D
NO=POLRD —0 (n=) fov Ve 02 (T) . 5 €4 unil
vechoy- e mage of Ry b33, &5 353 FAa TS e
s deny e, , 1Ry, APY 1 conv v Hwe weak opstor
Gpology € LT &0 T v UTF RS or AR TS
SR UhHh e RY., KorSeh TH v ERE LT,

P/ gt s PP YN, Fweit vechor (ge)=o.

B cxs ¥ ¢i 2 fim(RZ2)= Lm ((eve.,2) =

Lim [(z.e)|* = [(ze))* =0 Qo' Lim (R.2,2) = Lm(R22)
— K (Pi22) = Y- 1&,2 == ¥, A -7 w:
un it ve oy of (S5 )'/z belon?rw}t: the eo‘?rwuwtu Sl ¢33
NSeult = ST, Lim [RxI=VRIZN B2 Lim I SRx - S
=0 f Vx e H, A n s (P/sSP/ u, Spn) =(SRU,Spw)
+ (CRISP/-SRHW, Sp) —> o (Su, Su) = & (4,5 1)
= A NSpmIT = A NSHT . (RSP, Sw) =
(SgPaw, PSew ) —> > ISI™ 4,1 (R/(S-SIPw, Sew)

— (K-S =% (R (S-SpIRU, Spn) =

| (CS-SerRW, BISyw) | € 0S-Sgl RN URSpuwl €5 IR Wi B Spul
— PV MRV Spull = P IS w1z (a-ak™) si* £ PelIS]
or ANSN 2USU-F gty 51 FBT 5,

g
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Proof oWl T 12 strongly reductive & 5 » 5 [ N0 &
Y. T3 %mstﬂiavxgmlw A, VO oA = &5 Sinite
vank o Proj's { Py v

Pa < A , A 13 non-scalay Hermitian

oberator LT ¥ 5. £ 2 27 URTPi-TPall =0 (noee)
T'.C_,hron%lz reductive Sy ITPa- BT —0 (% 5T TAsAT
wziz LA=AL For VL e OLE) . A Hermilian 102y 5 20
5 ¥ on-trivial spedral subspace of A reduces all the
operatst vn 6L(T) . |

Remark| [Sti1] 1T nFn ) Mp={ xeH: (T*T)y‘x=
T § = Sxe H: 1T = 1Tunix) j Lo G non-trivial , finite
Adimensional space | = 1 ¢ T 4 &a/?onormw( 5 13 Me 1T,
bnvariavd wnder T kT A,

T Sfrowj\j reductive |, oim H >1 :> 3 on-trivial
wvarivoant subspace fov T (Y‘educbng subspace fov Te7i3 ).
Proof  qm H< 00+ T 13 mormal operator & risT L3 5 .

dm H > &, ¢+ T1¥ reduce Jih’s subspace e v 2 Sepavable
Gubeprie AAF UL . AmH =K 2138 ¢ F 2 hF § o,
OMir2vwzad X Ey T %uac'vth'ang alay- opevater
EHL s ehrns BAETAY T,

(1) 4or Some Pol‘anoMioJ POy PN 0 Pl

- @ F 3 non-trivial wedwv\g subshbace of T,

1O
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(2) +w om*a pol\tnom\‘a’( b(x) : u'pm n= F(\T/)l‘= I PEIN e F
M5y, T 13 rovmal o Calkin algebra | Ipm 0 = upl
| CE)
(= mox {lpol: AeTE ) ) v: 30 OEC O By,
T #% strongly reductive &y | %2308y TED#FD
¢ Ay v (complement s connectedk eunz &) L. 3D
MEDIHTE B, Lavrentievs theorem [G:pé8 | ( bet K
be a compact plane sef'. Then P(K)= C(K) if and 0"‘(3 ‘ff K

(o nowhere dense and +he complement of K Us connected. )

Foo the map o Pl PO L Clod) — B(H)
) ma(p, I=  Coomelvic a,lg,ebva,\‘u 1= xtend L2 ¥ 2.

(1) O(F) = ANy sumgle pomt = T =2 & T=n+K,
Kt compadk opevator & n b » 5 @I L D
| M) oTE) % S‘wnglﬁ poind™ o ¢ F £,9 ¢ continuous
functions on G(F) net vanishing tdentically s, fg=0
D 4@%o. jOF0 , FOID=0 THE» 5 Tz £,

10 o Ton-trivial null spaces § tnvavriant iz 3

Proof of THEOREM. W3 Separable & L T & vv (see [@)

o Proof. )N/I'M CcH : Tlm : nermal ¢15 3 La,yg,est r&duc/{mg
subopace M & PR W T Zoz o iF v Loma AY . 5 T
fov ¥ subspace MCH 5 Yedwiing T 1333 v T Tp  mot

Noymal LR L1 Forn 1P fuv. dmM=X, i34

11
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(—fi,n;’(e Aimenson i, mormal ¢ T2 L3S ), @; .
Bhix vz on v for ¥ maximal ttally ovdened.
O&xm,;l\a % of tnvariant subspaces K T and fov VK,
€. the (,oyu(-im,;#a propetiea e, VK 1 KEK., Ke%)
=Ko= N ik k2K, KeF J wix )z > oy HeF
has., 1 Shrowal\} redutive fy K €T 13 yeduwee T 2" 5
e o C=T'T-7TTY Y vredwce T2, {52 » 5 T nt normal
7%.1 Cx0. —FM &Y C Oompad"o‘pemw U A. &
finite dime nsional non-3ero @igen-subspact E WhE T 5 .
HIET 5 ovthogmal pvy. Pe 13 veduad by VK e T 4£,2
9 ={KnE: KeF Y 13 same CouJCcnw+7 Proponties ao
Thtd > Thd En fumite wmem;mu,na E3x TR

Wermer's theorem & ¥ 123EBAm L - 5w e o, ko 212

o Special case 127> T v 5. (BEBR g0 )

X] t: on dement of a CFoalpbra £33 Sz
Bz H*r.

(1) t ® normal 70, (1) BV EWLAS g bu L mEL

o2 wtywn.,

(2) ¥ B\ the bwit im movm o o sequenc of- polamw‘ds |

w T

12
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@ N: mormal T S‘\“ronﬁh} e ductive , O(N)YC G (1)
> N veductive .

Proof. T,N ¥ 1= Same Hilbet space H Ll a operator-g
L7 § 1. P& ortegoral projeciion on H st. (-P)NP=0
td%. PN-NP=0 %45, H*: the orthogonal dived
Sum of Cobies of H, imdexed b} the mmfma;ajtslue_ wkegers,
H”E o 0P4>.Y~M"°fs ko dH Iz define, S= TONOND--,
B =o9PoPD---, Pp=090®POP®---, B=0®0®00POPD,
and S0 en . Left Spectrum o) chavadevization g u

W, @ ey, T S-(:»roncal?S movmal om OZEr)" i the sense
of- Stampfli [Se:27 e %WVAQO;(T) ,3 orHomormal
Se‘()wence of vedtors (.Y st | (T—A)CP.\\I—éo‘ and
N(T*-F)Fal — 0 (n—>00d TH3 -1 Stampfli o

‘E@ (St:27 &y 3 Lsometric vsomovphism W @ H — R,
3 compad’op»\a+ow K on RH® s.t. WTWﬂr- S+K |
’r: €+vongl\3 yeduchve fy S+ A Strovely veduckive kg
9. NGRSt KIPa) €1 RSP+ IC-POKPaIl =
FO=PINPUT N (-PIKPL € IKPAL 2230 B — 0 Strong-

L} s m—-)o?, K:Compact 2% 25205 I KPl >0 (n—>09),

-1 WQ-PO(STR) Pall 0 (n902) , Strong veduchvity
Fy N Pa(StK)- (STK)P. Il >0 (m—>6) b: 2 v

13
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NPa(StK) = (STK)Pnll 2 1 PaS-SPull = NRKN —IKPIl =
EPN-NP D= IRKI=- KR, £=F L &5 12 IRKi—0
BU UKPI =0 (m—20) wzi12 PN-NP=0 .

Bl X : compack set in rhe plane whnch eivher dlivides
the plane or has c/vd'e};ow 2 2 vwormal cperator N which
L0 not veduckve and d(N) < X .

Prost. X i the wnion 0§ X and all boundedk components
o} the complement of X Q ¥ ompatt T, Unterior 145,

G & component of ¥he imterior of X , NeG ed A
m: Hhe Aarmonic measuve on X evakwated at A\ [C:eor].
L3 5. Moz pnbabith& MRASUYE T “/\m support , supm,
I3 Ga bobw\daY‘} , oG, T, the wnigue Yﬁprzseﬂ*wg
Measuve v the complex homomovphivm " evaluation at A"
on the Divichlel algebra R(R) [&: thap]) (:: 2 R(R)
1T the dosure im C(X) of the set of all vational funchons
it ples off X ). BpS  for any funchio £ € R(R)
f00) = [f@dm@. s 20 Nt the normak cherator
of muktiphi cation LJ 2 on Ha Hilbert space [2(m) ¢ 3 % .
O(N)= Suppm = 29§ C2X Cax cX. A HA(m) %
the dosure . L(m) 0{» the set of P°|‘3“°V‘“M> [ B NP

HA M) 13+ nmvariant wnder N T, constant fundHon ¢ Hl(‘m)/

14
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Ru ((NEX)1)(2)= F-X &3, Fim 1Z-X1%=
f!z-)\\de\(z) 2 dist (0,26 )2 >0 %£ 51T H¥m) I1:N
L veduce Lty V. Wz 1= N 13 nol veduchve 1" 5 A .

@ T Shrovxgl»a Yeoluchve :> Oc): nei thexr clivides
the plane mow has imfevior.

Proot. ] & v Oc6r) veither divides the plane mor hag
wnteviow & vz argo. a0, B &y 05 5.

T T mormal operatov T4 £ F . SR I3(E" H .
a) T S*trovxﬁl} redudctive .

(2) O neither divides the plane nor has interior,
(3) T* : the wuidotm Lwit of, A Sefuence of polanowais

w1

Preot. M &y (1) D), S’(“Yovxg veduchve operatsy o
BB Iy @20), XEy, 0EG).

i/'Z 12 od%wbwa, o Strong matwc/tiwrat OV THF IEAN T A
Tl 335,
DeFINITION| [AFV 3] al@ebw OL of operodors on H »\
Strongly reductive 154 <D ¥ ={T¥ Teol )
C A Alg [Appr-Lax ()] :: 20 for « sef sLCR(H)
Appr- Lax (L) @ the {amta of all sequences {PSs of

15
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orthogonal Pvojections on B s.t. N(FP)TPal =0 (n>02)
fov Y1 L. Ao s for a arbirrang Ofmwl«} “h
o.g—q:;%wev\ces {Pn}': o{, or%gomﬁ Pwa'e,u\-iows on H ,
Appr Alg (%) : the set of all TeB(H) s.t. 10-POTRI
—0 (n>00) for all RIS €F HKEREMu e
T »\ Stron%l} reduehve 72"-5)6 < Olt ={P(T) P p=
Pol'tnom,{a,( } A1 Stvongl} reduchve aia;ubY‘Uk 2'HA. L
WHZ IR A LEXLEEHIT St%ongl} yeduh've
opLradvY 1¥ movmad T'h A %5 BN Ry, gy L.
E—I_V] T: %’c\rong,l?, reduchve ) the norm - closure 6L+ of
Olt in B(H) s adr‘ead} the C7_ odg,a bra, 3&%»’\«1{0(,
b‘g T and 1.

S o & - BRETES, GEBRG L TE T TR < ).

[Theorem | TAFV:3] (0L C B(H) & O norm Separable
g‘cmn%l\s reduchive commurative a,lg,e.bm wn:!'a,cnwg 1
(=1n ) D  the rorm- losure OL of GL = the Ctalg,ebm,
%enev\-aj‘-eaL ba i .

[Aal C. Apostol, Sur la partie normale d'un ensemble d'operateurs
de l'espace de Hilbert, Acta Math. Hungar., 17(1966),

1-4.

16



159

¢

[AF] C. Apostol and C.-K. Fong, Invariant subspaces for
algebras generated by strongly reductive operators,
Duke Math. J., 42(1975), 495-498.

[AFV:1] C. Apostol, C. Foias and D. Voiculescu, Some results
on non-quasitriangular operators, IV, Rev. Roum. Math.
Pure. Appl., 18(1973), 487-514.

[AFV:2] C. Apostol, C. Foias and D. Voiculescu, Strongly
reductive operators are normal, Acta Sci. Math. (Szeged),
38(1976), 261-263.

[AFV:3] C. Apostol, C. Foias and D. Voiculescu, On strongly
reductive algebras, Rev. Roum. Math. Pure. Appl., 21
(1976), 633-641.

[C] G. Choquet, Lectures in Analysis, III, Benjamin, New
York, 1969,
[CF] I. Colojoara and C. Foias, Theory of generalized spectral

operators, Gordon and Breach, New York, 1968.

[DP] R. G. Douglas and C. Pearcy, A note on gquasitriangular
operators, Duke Math. J., 37(1970), 177-188.

[DPP] J. A. Dyer, E. A. Pederson and P. Porcelli, An equiva-
lent formulation of the invariant subspace conjecture,
Bull. Amer. Math. Soc., 78(1972), 1020-1023,

[FSP] P. A. Fillmore, J. G. Stampfli and J. P. Williams, On
the essential numerical range , the essential spectrum,
and a problem of Halmos, Acta Sci. Math. (Szeged), 33
(1972), 179-192,

[G] T. W. Gamelin, Uniform algebras, Prentice~Hall, Englewood
Cliffs, 1969.

[Hal:1] P. R. Halmos, A Hilbert space problem book, van

Nostrand, Princeton, 1967.

[Hal:2] P. R. Halmos, Capacity in Banach algebras, Indiana
Univ. Math. J., 20(1971), 855-863.

[Har] K. J. Harrison, Strongly reductive operators, Acta
Sci. Math. (Szeged), 37(1975), 205-212.

[S:1] D. Sarason, Invariant subspaces and unstarred operator
algebras, Pacific J. Math., 17(1966), 511-517.

[S:2] D. Sarason, Weak star density of polynomials, J. reine

angew. Math., 252(1972), 1-15.

17



160

[st:1] J. G. Stampfli, Hyponormal operators, Pacific J. Math.,
12(1962), 1453-1458.

[St:2] J. G. Stampfli, Compact perturbations, normal eigen-
values, and a problem of Salinas,

(W] J. Wermer, On invariant subspaces of normal operators,
Proc. Amer. Math. Soc., 3(1952), 270-277.

(V] D. Voiculescu, A non-commutative Weyl-von Neumann theorem,
Rev. Roum. Math. Pure. Appl., 21(1976), 97-113.

13



