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ON SEPAﬁABLE POLYNOMIALS IN SKEW POLYNOMIAL RINGS

Shuichi IKEHATA

Department of Mathematics, Okayama University

Throughout this paper, B will mean a ring with 1,
p an automorphism of B, D a p-derivation of B (i.e.
an additive endomorphsim such that D(ab) = D(a)p (b) +
aD(b) for all a, béeéB). Let R = B[X;p,D] be the
skew polynomial ring in which the multiplication is
given by aX = Xp(a) + D(a) (a&€B). In particular, we
set BI[X;p] = B[X;p,0] and BI[X;D] = B[X;1,D]. By R'(O),
we denote the set of all monic polynomials é in R with
gR = Rg. A polynomial g in R(O) is called to be
separable if R/gR is a separable extension of B. Let ~
f be a polynomial in B[X;p](o) (resp. B[X;D](O))
such that the cdefficients are fixed by p. As was
shown in [3]1, if f', +the derivative of f, 1is
invertible in R modulo £fR, then £ 1is separable
in R. In this case, f is called a g-separable
(resp. 5—separable) polynomial. In this paper, we
shall give some sufficient conditions for a separable
polynomial to be {g-separable (resp. 5—separable).
The study contains some generalizations of the results
of [3].

We shall use the following conventions:

Z = the center of B,  C(A) = the center of a ring A.
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B° = {a€B | pla) =a}, B” = {a€B | D(a) = 0}.
u, = the right multiplication effected by ué€ B.
Iu = the inner derivation effected by u € B;

Iu(a) = au - ua.
p*: B[X;p] » B[X;p] 4is the ring automorphism
. * i _ i
defined by p (Zix a;) ZiX £(a;) .
D* : B[X;D] »B[X;D] 4is the inner derivation defined

by D*(J,x'd,) = J.x'D(d,).

1. In this section, we assume that R = B[X;p]
and f is in R(O)f\BD[X] ‘with deg £ = m. First,
we shall define the discrimnant of f. As was shown
in [3, Remark 1.3], f is in c(B”)[X]. The free
¢ (B°) -module C(Bp)[X]/fC(Bp)[X] has a basis {1,x,
m—l},

where x = X + fC(Bp)[X]. Let w. Dbe

P i

theprojection on to the coefficients of xT. The trace
map t is defined by t(z) = Z?;é wi(le) (z € c(B°) X1/
£C(B®) [X]). Then the discriminant &§(f) of f is

defined by §(f) = detl]t(xkxz)ll (0

I

k,Z7 <m - 1).
By [4, Theorem 2.1} and [3, Theorem 2.1}, £ is ©§-

separable if and only if ¢§(f) 1is invertible in B.

Lemma 1.1. as(f) = 8(£)o™™ 1) (a) for all aes.

Proof. For k > 0, we put xk = xm-lbm_l +
-2 §
X" b o +...+ db; + b, (b;€C(B")). Then, we have
k_ m-1 ; k _
X"= X" b 4 +...+ Xb; + b,y (mod fR). Since aX =
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kak(a) (a&B), we have abi = bipk—l(a) and so,
awi(xk) = T, (xk)pk l(a) (0 £ 1 <m-1). Since t(xv) =
Z?;é Wi(xl+v), we obtain at(x’) = t(x")pla). Then

the assertion is now easy.

In the rest of this'section, we assume that f =

™+ anlam_l +...+ Xal + a, is a separable polynomial.

Then by [3, Theorem Al, there exists y €R with deg vy

< m such that pm—l(a)y = ya (a€B) and Z?;é ijXJ =

m-j-1

1 (mod fR), where ‘Yj = x + xmIT2,

o+ Xaj+2 + aj+l° Under the above hypothesis and notations,

we shall proVe the floowing Lemma.

Lemma 1.2. AssUme that au = upn(a) (or 'pn(a)u =
ua) (a€B) with an element ue B and a positive iteger
* = * vy =
n. Then f' (zk o P (y)u) (Zk Op (y)uf') = nu (mod fR).
Proof. Since ue B , au = up (a) and uy = yu,

o* (L2 ép*k(y)

we have vyu = uyp*n(y) = p*n(y)u. Heﬁce
Zﬁ_lp*k(y)u. Then, notlng YJ e c(8°) [x] (I3,

Lemma 1.2]) and f°' Z Y yXJ we obtain

ZW’ Y. (Zk_o p*k(y)u)xj |

= f! (Zk 0 T (y)u) = (Zk 0 o*% (y)u)f' (mod £fR).

1

nu

Corollary 1.3. (£']1727F o*¥(y))a, =

(zm i-1 k(y)f )a = (m- 1)ai (mod fR), for 0 < i < m-1.
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. p =
Proof. Since fé&R(O)/\B [X], we have aa, =

aipm"l(a) (aeB) and p(ai) =a, by [3, Lemma 1.3 a)l.

Now, we shall prove the following theorem which
contains a generalization of [3, Theorem 2.2] and a
partially generalization of [5, Theorem 2.7].

1

Theorem 1.4. Let f = X" + xX™ *a +...Xa, + a

‘ m-1 1 0
be in R(o)f\Bp[X]. Assume that £ is separable. 1f
there holds oneAthe following conditions (1) - (6),
then £ is 5—separab1é.

(1) There exists a regular element u in B and
a positive integer n which is ihvertible in B such
that au = upn(a) (or ua = pn(a)u) (2 €B).

(2) m(m - 1) is invertible in B.

(3) Both a and a are regular elements in B.

0 1
(4) a 4 is a regular element in B.
(5) plz2=1, and m-1 is invertible in B.
(5') plz = 1, and m 'is in rad B, the Jacobson

radical 6f B.

(6) p|lzZ =1, and a;, is in rad B.

Mdreover, if (2) 1is satisfied then every separable
polyhomial in R(O)/\BD[X] is p-separable.

Proof. Case (l). Let v = up(u)...pn_l(u).
Since au = upn(a) (a&e B) and pn(u) = u, we have
apv(u) = pv(u)pn(a) and p(v) = v. -Since Vv 1is regular

element in B, so is in  R/fR. Hence by Lemma 1.2,
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£f' is invertible‘in‘ R .modulo fR. Thus, f is
p-separable.
Case (2) and (3). By [l, Lemma 1], there exist a,

B €B such that age + alB = 1l. By Corollary 1.3,

. - 1 '
there exist Zqs zzeii such that ma, = £ zla0 and

(m—l)al = f'z (mod £fR). Therefore, if both a

2 1 0

and a are regular elements in B, f' is invertible

1
in R mdodulo fR. Next, if m(m - 1) is invertible
in B, then f' is invertible in R mdoulo fR
since

m(m - 1) = f'((m-1)z,a. o + mz ale) (mod fR).

1%0
Moreover, aé(f) = 6(f)pm(m_l)(a) (a€ B) by Lemma 1.1,
and &6{f) is invertible in B. Therefore, every
separabie polynomial in R(O)/\ﬁp[x] is p-separable
by case (1).

Case (4). It is obvious by Corollary 1l.3.

Case (5),(5') and (6). Obviously, (5') implies

(5). We put here y = Xm_lcm_l ...+ Xcy + ¢ Then
we have
2?;% ijxj = Z Y, XJD*J(Y)
= Z-_ o=y V+1)p*j(y)
= ayy 10010 X e 07 (e

Comparing the constant terms modulo fR of the both

sides, we have

- m-1 J
1= a1¢g * z zu 0 j =0 \)+ua\)+lp (cu)'

where bk is the constant term of Xk modulo £R.
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. _ v+u _ m._v_l
Since ab\)+u = bv+up (a), aa, ;1 = a,,.1° (a)

m~1+u - \ J
and o (a)cu c,a (a B), we have bv+uav+lp (cu)
. o _ _

& 7. Since b\)+M ra,,1€B and pl2z = 1,, we have

J - .
bv+uav+lp (c“) b a cu. Then we obtain

_ m-l¢m-1 :
1 =ajc, + zv=lzu=0 (v+l)bv+uav+lcu'
It is easily verfied that b\)+u = 0 (v+u < m-1) and

b B (v+tu < m). Since (v+l)aoa =maga, ;-

v+l
it follows from Corollary 1.3 that

v+pe 2y
(m - (\)+1) )a\)+la0 ’
there exists =zZz€é R such that 1 = a;Cq + f"z (mod fR).

Now, if a; is in rad B, then f' is invertible
in <R modulo - fR.

Next, if m -1 " is invertible in B, then
m-1= (m—l)alcO + (m~-1)f'z (mod fR). Thus, £' is
invertible in R modulo fR by Corollary 1.3 again.
This completes the proof.

As an immediate cnsequence of Theorem 1.4, we have

the following

Corollary 1.5. Assume that B 1is an algebra
over a field of characterisric zero. Then every
separable polynomial which is in R(O)/\BQ[X] is p-

separable.

Corresponding to [2,Theorem], we have the following

Corollary 1.6. Assume that B 1is of prime char-
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acteristic p >0 and op|zZ =1 Then a monic polynomial

7

g = xP 4+ Xbl + bO in R(O) is separable if and only

if bl is invertible in B.
Proof. First, we consdier the case p = 2. Then
by [3, Lemma 1.3}, gR = Rg implies p(bo) = bO' Hence,

if g is separable then it is in B [X] by [3, Propostion

3.1]. Since abl = blp(a) (a B), we have b12 =

l). Hence, if bl is invertible in B, then
bl = p(bl), and so ge;Bg[X]. Thus, the assertion

follows from Theorem 1l.4. Next, we consider the case

blp(b

p > 2. Then by [3, Remark 1.4], gR = Rg implies g

Bp[X]. Thus, the assertion follows from Theorem 1.4.

2. In this section, .we assume that R = B[X;D].
The following theorem is a sharpening of [3, Theorems

2.7 and 4.4].

) p?1 4

Theorem 2.1. Assume that (b ) p* + (b
nr n-1'r

_ . D .
.ot (bl)rD =T with some biéIB . If b is

b 1
0
invertible in B, then every separable polynomial in

R is D-separable.

proof. Let f = x® + x™ 1a +...+ Xa, + a be

1 0

separable in R. Then by [3, Theorem A] there exists

m-1

vER with deg y < m such that ay = ya’ (a €B) and

1l

Zm—l v -YXJ

. D
5=0 Y3 1 (mod fR). Since bi &€ B, we have
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n #N-1 * —
(bn)rD* + (b _4),D +.o..4 (bl)rD Ibo*.
Then ‘
_ _ _ th %l _ n n-1
0 = yby = Boy = Ij3 D¥{y)by = DX(J{_ ;0¥ (y)by) .
We put here u = 22=1D*1_l(y)bi. Then Xu = uX and
Yju = qu (I3, Lemma 1.2]}). Therefore, we have
_ om-1 n _,i-1 i
b, = Zj=0 Yj<2i=lD (y)b;) X
= Z?;é YquJ = f'u = uf' (mod fR)..

Thus, £ is ﬁ—separable by [3, Theorem 2.1].
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