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ON EXISTENCE OF TOLERANCE STABLE DIFFEOMOREFASMS*

Fh

Giko Ikegami

§1. Introduction

We consider a compact smooth manifold M. Diffl(M) denotes
the space of Cl—diffeomorphisms of M onto itself with the usual
Cl—topology. In the research of the gualitative theory of
dynamical systems there is a desire to find a concept of stabili-
ty of geometric global structure of orbits such thatkthis
stable systems are dense in the space of dynamical systems on M.
Structural stability does not satisfy the density condition in
Diffl(M). Tolerance stability (see §2 for definition) is a candi-
date for the density property [7, p.294]. Concerning tolerance
stability there are researchesas [6],{7],18], and [2].

If fe Diffl(M) is structurally stable in strong sense, f
is topologically stable in Diffl(M)(see §2 for definition).
Moreover, topological stability implies tolerance stability [A.
Morimoto, 2}. The proof of this property will be introduced in
§2.

The main result of this paper is to show the existence of
diffeomorphisms on any compact manifold M which are tolerance
stable but not topologically stable in Diffl(M), so that, not
structurally stable in strong sence. This will be proved in

§8§3,4 and 5.

§2. Definitions and statement of results.
We denote by Homeo (M) the set of homeomorphisms of M onto
itself; the topology on Homeo (M) is given by the neighborhood

Ne(f) of f e Homeo (M)

* The auther is partly supported by Grant in Aid for Scientific Research

Project No. 546004.
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N_(f) ={g:dlf,g) <€}, €>0 .
Here, for a metric d on M, d(f,g)<e means

d({f(x),g(x)) <¢ for XeM .

To state the definition of tolerance stability, we need the

following definition :

Definition (2,1). .f,ge Hcmeo(M) are orbit-c-equivalent,

€ >0, if

1. for every f-orbit O¢s there is a g-orbit Og such that

(@) Op U (0,)

f
(b) Og c Ua(of)' and

2. for every g-orbit Og, there is a f-orbit o such that

(a) Og c Ue(of)
(b) O

Here, U. (%) is the €-neighborhood of =.

c UE(Og).

Suppose that a subset 9 of Homeo(M) is given a topology not

coaser than that of Homeo (M).

Definition (2.2). An element fe¢® is tolerance-stable

in @ if for every € >0 there is a neighborhood N of £ in @
(with respect to the given topology on 9) such that, for every

geN, £ and g are orbit-e-eguivalent.

Definition (2.3). An element fe€2 1is topologically stable

in @, if for any € >0 there is a neighborhood N of f in 2 such

that for every g€N there is a continuous map h: M~-+M satisfying



(a) 4df(hn, iM)<e , where iM is the identity map of M,

(b) hg = fh.

The following property is mentioned and proved by A.Morimoto

in [2]. We introduce this :

Proposition. If M is a compact topological manifold and
f € Homeo (M) 1is topologically stable in © then f is tolerance

stable in £, for any subset © c Homeo (M).
Proof. For closed non-empty subsets A and B of M, let
d(A,B) =max {max d(a,B), max d(b,A)} ,
aehA beB

where, d(a,B)==gég d(a,b). Of(x) denotes the f-orbit of

X ; Of(x)=={fi(x) ;1iez}. Put 6f(x)==Cl(Of(x)). By the assumption,
for every €>0, there is a neighborhood N of f in 2 such that

for every g €N there is h:M » M satisfying (a) and (b) in
pefinition (2.3). By (b), h(Og(x))==Of(h(x)) for every x € M.

Hence,

d(ﬁg(x), Op(h(x)) = d(6g(x), h(Gg(X)) <e .

Therefore, for any g-orbit Og there is f-orbit O, such that

bil

0 Of) and Of CUZQ(Og)’ Since M is a compact manifold, We

gCUZE(
tan prove that d(h,iM)< € implies that h :M-»M 1is a surjection
if € >0 is sufficiently small. We may assume that € is taken so

small that this property is satisfied. Hence for every xeM

there is y €M such that h(y) =x. Then

E(Gf(x), 0 _(y)) =Ei'(5f(h(y)). 0 _(y))



226

Hence, for any f-orbit Of there i1s g-orbit Og‘such that

O.cU (Og) and Og(:U (O Therefore, f is tolerance stable

£ 2¢ 2¢

in 9.

f)'

Definition (2.4). Two elements £f,gce Diffl(M) are

topologically €-conjugate 1if there is a homeomorphism h :M->M

such that hg=fh and d(h(x),x)<e for every xe M. f£f,g are

topologically conjugate 1f there is a homeomorphism h such that

hg = fth.

Definition (2.5). An element fe¢ Diffl(M) is structurally

stable in strong sense 1if for every €>0 there is a neighborhood

N of £ in Diffl(M) such that every geN are topologically

g-conjugate to £. f is structurally stable, if there is N such

that, for every ge N, f and g are topologically conjugéte.

Structural stability in strong sense implies structural
stability and topological stability in Diffl(M). If fe Diffl(M)
satisfies Axiom A and strong transversality condition then f is

structurally stable in strong sense [4].

Theorem. Let M be a compact differentiable manifold. There
is a diffeomorphism £, in the boundary 9I of the set I of all

structurally stable elements in Diffl(M), such that

(a) f is tolerance-stable in Diffl(M), and

(b) { is not topologically stable in Diffl(M), so that,

f is not structurally stable in strong sense.

§3. Construction of f.

Theorem is proved in §8§3,4 and 5. In these sections M 1is
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assumed to have dimM >2. But to the readers of these sections
the proof of Theorem in the case dimM =1 will be obvious.

f will be constructed as follows. If fo is a diffeomorphism
which 1s structurally stable in strong sense and has a periodic
point p that 1s a sink or source, then f will be obtained from

fO by isotopically replacing f. on a small neighborhood of p.

0
Let fO be a time-one map of the flow of the vector field Y
obtained by Theorem 2.1 of [5]. Then fo is a Morse-Smale diffeo-
morphism having a fixed point p which is a sink. By ([3], fo is
structurally stable in strong sense.
By replacing fo by an isotopy on a small neighborhood U of
p we obtain £, such that
(1) every point in a small closed ball neighborhood B in U,

with center p, is a fixed point of fl' and

(ii) for every x in U-B, lim ft(x) exists in 9B.
K >0

Let B be a closed ball in the euclidean space R™ of the
same dimension as M, centered on the origin with radius r. Let
Sr==aBr, a (m-1l)-sphere. After this , we regard B as a closed
ball BrO in an, and p as the origin of r™

To construct f we will define a vector field V on B. On a

neighborhood of p, f will be the time-one map of the flow of V.

(1) Construction of V.

For this purpose we at first define a vector field X. Let

2
yo(r)=el/rsin% , r>0 .
]
Take rle Hg‘ such that ry <r0, gb(rl)> 0, and
(2.1) —J;< r, < S - for a fixed ne Z, .
2nm 1 (2n=-1)m7 +
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Let a :[al,oo) ~ IR be a Cl-function such that o(r) <0 and

a'({r) <0 for every re [rl, «), and that the function defined by

0 if r=0
g’(r) = g*o(r) if O<:f<rl
a(r) if rl<r
is Cl.

Define a vector field X on B by

Wﬂﬂbﬂfﬂ if x#0
0 if x=0

Here, ||-|| is the euclidean norm on R"

1

We show that X is C~. Let X=t(xl,---,xm) e R" be a row

vector, i.e. the transposition of (x --,xm). If x#0

1"

3 _ _8__ (Hxl H}
&-XX ox )x x.
i X3

an ¢ (Ixbli=ll - @lixlh, , 2dxlh s

I1x ]2 Ixl] °%:

Il

_ X dllxlbllxll - @dlxlh, , dlxld 3

x| x| 2 x|l °%

(& lixlh _ lxld) o, £dixlb 2

= X

TP RRTIT PTRRE

Hence, for x#0

px_ = (LAl _gdix]b,, €, =D
S M-I T Lol

’

where DXX is the Jacobian matrix, and I is the unit matrix.
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For a matrix A==(al,"',a ) with row vectors @yrttray, we

m m

define the norm of A by

|al] = max {la.]] .
ex 1oy

Then,

|| Dx ||_§_ ‘M_LX_“_)_ - ?(“XH)"HXHZ + Iff’(”x”)|
* IE1s MG x|l

DXO==O since ¢'(0) =0. Therefore, since @ is Cl, X is a
Cl-vector field.
Next, we difine a vector field Y on B. Let u:[0,®) > [0,x)

be a Cl—function such that

u>0 , and

u(r)=0 and p'(x)=0 if r=0 or r>ry .

Let C be a Cl—vector field, on the unit sphere Sm_l,
such that C has two singular points p, and p_ , where p, is a
source at the north pole and p_ is a sink at the south pole, and
such that every other trajectory of C goes out of P, and into p_.

Then Y is defined by
U(”XH) CX/HXH if X#O
v 0 if x=0 .

For the calculation of the derivative of YX, we take a

Cl—extension C :U(Sm—l) ~®RY of cC :Sm—l-+ﬂfn, where U(Sm—l)
is a neighborhood of Sm_l in an. Then, for x#0, we have
C = C .
u x| x/|| x|l w(lx{h /|| x|
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. . . _ X
Let ey be the i-th row vector of the unit matrix I. Let y-—n;aT

and let D be the notation of the derivative of variable x.

Since
d X et 1
= = ——= x + e. , and
aXi Xl HXH3 X[ 1
— .~ - C - X
DY, = D (|| x| Cy + (x| Dcy D(le) ,
we have

2 _ 8 = e LD X
v Vo= aXi(u(IIXH))Cy + ullx|p-pc, T NE

X,

I ; .DC - (-
T[] ¥ (Ix|p €, + wudllxlh-pC,-(

X.
Ly + ——e.).
Ilx|P IR

Consequently, if x#0 then

~ ~ 1 t 1
DY = u'(x[pC_-ty + u({x|)-DC- (-—— x-"x + —T).
% Y x| E
Since p(0) =u'(0) =0 we have DY0==0. Therefore Y is a

Cl;vector field.

The Cl—vector field V on B is defined by

Fig.4 shows the orbit structure of V. Here, we denote B(k)::Bl/kﬂ

and S(k) =0B(k). Every singular point of V is hyperbolic except

P

(2) Construction of £.

Let VY, :B~>B Dbe the time one map of the flow V¥ of V.

1

¥y 1s a Cl—diffeomorphism such that B-Wl(B) is an annulus‘A

which is diffeomorphic to 9Bx[0,1l). Every fixed point of Wl
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ijs hyperbolic except p. The property (ii) of £, and the orbit

1

structure of V enable us to obtain a diffeomorphism £ :M->M

satisfying the following property ;

(i) f[B=wl ,

(ii) £] (M-U) = £, (M-U) ,

(iii) if xe U-B then 1lim £5(x) is the north pole
k>0
or the south pole of S(2n).

Moreover, f| (M-B) is obtained from f by an isotopy

1

supported by U. Since Wl is isotopic to 1

isotopy Wt, te [0,1], £ is isotopic to fl by an isotopy supported

B==fl]B by the
by U.
In 884,5 it is proved that f possesses the desired properties

(a), (b) of Theorem.

84, Proof of tolerance-stability of f in Diffl(M).

Let sufficiently small €>0 be given.

Lemma. There is a diffeomorphism h :M->M such that

(1) h=1identity on M-B_ and (ii) f€==hf is structurally

/4’
stable in strong sense.

Proof. We may assume

(4.1) —E3-<rl

Let 2 be a sufficiently large integer satisfying the following

unequalities.

(4.2) —21—7T + e
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2
Put T’%'ﬂ +e (am= r, - Define a disconnected function
ﬂo : (0,r2) ->IR+ by
2
_ - (km) ‘ 1 1
r-e if (k+l)1r< r < e
no(r) = ,
r—e-4(2ﬂ) if l‘<r<r

|
(&}

28T

where k=22, 2%2+1, 22+3, ---. Let n: IR+->IR+ be a

Cl—function satisfying

ﬂ(r)’:r lf r>'m%TTT,

n(r)<ﬂ0(r) if O<r<r2 R
(4.3) <

n(o) =0,

n'(r) >0 for every r2>20 ,

| n'(0) <1 .

In fact, n exists. Especially we can fined n .such that

0<n'(0) <1, since in a neighborhood of 0 the following properties

hold.
-(3-m?
(4.4) no(r) >r-e ’
1 -Em*
(4.5) lim _(r-e ) = 1.
r
r>0
Define h :M->M by
n(HxH)ﬂ%” if xeB
(4.6) h(x) =
X if xgB

-10-
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gince B==Br and ry<r the map h is well defined by (4.1),

Ol
0
(4.2) and (4.3). h is a diffeomorphism. Define fE by

fe(X) = hf(x).

By (4.3) f_(x)=£f(x) if lx]|| 21/(22-1)7.

Next, we show

1

(4.7) e, Il < x| if x|l NVIEIE

Remember the definition of the vector field X, then we observe

1 1 .
that || £l %[l when = <[[x|| < T35 - since ndixlh2 lixl,
it follows that
(4.8) lecaoll < llxll if s <lixll< mdys « k22
. £ Jxm Zk-1)7 "’ =* -
Nest, let  —mmom— < [|x || < == Let ¥, (x) be the flow of X
’ Zk+L) 7 2k t '
so that @0(x)==x. Since V =X +Y  and Hf(x)”=||Wﬂx)H=||@lbUH,
we have
l .
4.9 Il = lxll+ | U, wlhat,
0
1/r2

where ¢(r) =e sirr% as before. 1/(2k+l)m < ||x|| < 1/2kn

implies 0 < sin(1/||x]}) < 1.

Bence,

2 2
Slx|) < e MIxIT o= (2Kkm)

Therefore, by (4.9),

2
IEGol <lx|| + e (2%™

Using this and the defimition of Ny we have

_ll_
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e, ol =l neG]l = ndleeolh
2
<n(xl] + e (2KT7,
2
<ng(lxl + e (2KT)
—(2km) 2 —(2km) 2
< (x| + e Ty - e = x|l .
Hence,
(4,10) e ol < |lx]] if 1 x| < =
! € (2k+1) 7w = = 2km °

By (4.8) and (4.10) we have (4.7).
Hence f8 contracts to p in lnt B(2%2-1). We have £ =f 1in

M (4.3). By the definition of £, f| (M-B

By /(20-1)n BY 1/(24-1)7)

1s Morse-Smale and 3 is f-invariant. Therefore £

B/ (20-1)7

is Morse-Smale. Since a Morse-Smale diffeomorphism is structur-

€

ally stable in strong sense by [3] this completes the proof of
Lemma.
Since f,. is structurally stable in strong sence there is a

neighborhood N, of f_ in Diffl(M) such that every element in N

0
i1s topologically €/24-conjugate to f_.

0

Since h is a Cl—diffeomorphism the map h, :Diffl(M)+Diffl(M)
defined by h,(g) =hg 1is continuous [1, p.229,(B.8)]. Hence,

for the neighborhood N, of hf=f_, there is a neighborhood N of

0
f in Diffl(M) such that

geN = hg=g€eN0 .

Hereafter, let g is included in this N. Since h =identity

on M-—B€/4 by (4.2),(4.3) and (4.6), we have

-12-
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(4.11) fE and g, are topologically ¢€/24-conjugate

f€=f and ge =9 1in M—B€/4,.

There is a homeomorphism hg :M>M such that

.12 h g=f£fh d d(h , X) < ¥x.
(4.12) gg g an ( g(x) X) <e/24, X

We may assume that € 1is so small as there is an integer k
satisfying 3/me <k <24/7we . Then we have

£ 1

€
t 51 “%n 3¢

(4.13)

ESy

(4.1),(4.13) and the definition of f imply that sl/kn is
f-invariant. Denote Sf=Sl/kTT . Since Sf is contained in the
complement of Be/4’ (4.11) implies that Sf is also fe-invariant.
Since fE and g. are topologically €/24~conjugate, (4.11) and
(4.13) imply that hg(Sf) is contained in M_Bg/4 and is both

g and ge—lnvarlant. Denote hg(sf) =Sg, Bl/kTT =Bf and

f ](M—Bf) and g l(M—Bg) are topologically_%—conjggate.

hg(Bf) =Bg' Since 3Bf = Sf and BBg = Sg we have
J' fe =f in M-Bf ’
(4.14) 1 g€=g in M—Bg R

Precisely, the last part of (4.14) means that there is the

commutative diagram

(M - Bf) —f> (M - Bf)

Ing Ing

- g _
(M Bg) — (M Bg)

and d(hg(x), x) <e/24 for Y¥xe (M—Bf). (4.14) implies

-13-
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Bf is f-invariant ,

(4.15)
By is g-invariant .

For every g in N, we must show that f and g are orbit-e-

equivalent. First, let Of cM-B.. Then, Of is a fE—orbit Of .
3

By (4.14), hg(Of):Og€ is contained in M-Bg and Oge is a g-orbit

Og' Since d(hg,iM)<€/24 then the conditions (a) and (b) of 1
in Definition (2.1) are satisfied in this case.

Next, let Of € Bg. Take any orbit Og in Bg (by using(4.15)) .
Then (a) and (b) of 1 in Definition (2.1) are satisfied. 1In fact,

for any xe Bf and ye By , by (4.13) we have

x -yl <llx I+ lyll

1 1 €
S S TERA Y Y

€ € €
<3 v (3 Tam)cE

Hence, the condition 1 in Definition (2.1) is satisfied.
Similary we can show the condition 2 by dividing the case in

OgCM--Bg and Og<ZBg. Therefore f is tolerance-stable in Diffl(M).

§5. Proof of topological unstability in Diffl (M) .
Suppose that f is topologically stable in Diffl(M). Then,
for any El >0 there is a neighborhood N of f in Diffl(M) such

that for every g in N there is a continuous map T :M~+>M satisfing

For the fixed interger n in (2.1), let

-14-
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€ = L
1 2nm  °

To introduce a contradiction, we take following g ;
g = hf ,

where h is a diffeomorphism defined by (4.6). But we must take
g such that geN. By (4.4),(4.5) and the definition (4.3) of n
we can choose n, by taking & sufficiently large, such that

[n(rL-—rl and |n'(r) -1] are arbitrarly small. Hence we may
1

I S . .
assume that geN and (22-1)7 €;- Then any invariant closed
subset of g, included in B, contains at most two fixed points.
1
(See Fig.6) Therfore, in Be there is at most finite fixed
1

point of g.

€ .
If v is a fixed point of f satisfying |ly|!<3;' then 1 l(y)

contains a fixed point of g. In fact, since 1g9=f1T , T-l(y) is

a g-invariant closed subset. By the condition (a) above, each x

in T_l(y) satisfies

Hyll+ lly - x|

x|

| A

Iy ll+ [[mx = x|

it

™
[

€
<2—l-+ = € .

V]
—

Hence, for each fixed point y of f in BE /2 there is a fixed
1

point x of g such that T(x) =y and X € B8 . There are
1

infinitely many fixed points of f in Be /2 " but there are at
1
most finite fixed points of g in Be . This is a contradiction.

1
Therefore £ is topologically unstable in Diffl(M).

-15-
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