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On approximative movability

University of Yamaguchi

Tadashi Watanabe

0. Introduction. Recently many generalizations of the notion of

absolute neighborhood retract(ANR) have studyed. They are approximative

absolute neighborhood retact (AANR) of Clapp [3] and NE-sets of Borsuk [2]
for compact metric spaces. MardeSic¢ [#] introduced the notion of
approximative polyhedra (AP) for arbitrary spaces, and he proved that
these there notions are equivalent for compact metric spaces.

In this note we shall introduce a new notion of approximative

movability for arbitrary spaces, and show that this notion is equivalent to

the above there notions for compact metric spaces. Also we give a
characterization of AP for arbitary spaces by using resolutions.
Recently the author introduces approximative shape theory. However

we do not discuss on it, because it needs many pages for it. The detailed

description of approximative shape theory will be appeared in elsewhere.
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1. Preliminaries. All spaces and maps are topological spaces and

continous maps,respectively. By a polyhedron we mean the realization of
'a simplicial complex» with CW-topology. By an ANR we mean an absolute
neighborhood retract for metric spaces. In this note, coverings are
always normal open coverings. Cov(X) denotes the collection of all

coverings of a space X. ILet U and V be coverings of X. We say that U is

a refinement of V , in notation U ¢ V , provided that for each U e U

there exists a Ve V with U g V. For a subset A of X, put st(A,U)
=v{U e LANU#G | . Putst(U) = {st(U,1) ; Ue UJ, then st(V)
forms a covering of X. Inductively we define ’stn(_q) by st(stn—l(p_)) for

each integer n. Note that any U € Cov(X) has a V & Cov(X) with stn(y) < U

for each Integer n. This fact follows from the definition of normal
coverings. Let f,g : X ——> Y be maps and V & Cov(Y). Then f_l(y) =

= {f-l(V) sV ev } forms a covering of X. We say that f and g are

V-near, in notation (f , g) ¢ V , provided that for each x € X there exists
aVeV with f(x), g(x) € V.

Definition 1 ( Mardesié[4«]). A space X is an approximative polyhedron
provided that for each U € Cov(X), there exist maps f: X—>P and g: P— X

with (gf, 1X)

nA

U , where P is a polyhedron.

Tt is easy to show that §lL ANRsare approximative polyhedra. In [«]

he proved that every LCn—l paracompact space X with dim X £ n is an
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approximative polyhedron.

Let X = €Xa s D ,A} be an inverse system of spaces. Let p =

a'a
= {pa; ae€ A} X —> X be a system of maps, that is, Py = PgrPyr for
each a'y a. We say that p is a resolution of a space X pr'ovided: that it
satisfies the f§1lowiﬁg two conditions:

(R1) Let P be an approximative polyhedron, V be a covering of P, and
f: X—> P be a map. Then there exist an a € A and a map fa:Xa—-) P with
(fapa’f), A

(R2) Let P be an approximative polyhedron and V be a covering of P.
Then there exists a V' & Cov(P) with the following property; if aeA and
f,g:Xa—> P are maps with (f‘pa ,gpa) < V', then there exists an a' e A

1
such that a' 2 a and (fp_, ,&0. .,

)¢ V.
We say that p is an AP-resolution ( polyhedral-resolution, ANR-resolu-
tion) of X provided that all Xa are AP ( polyhedra, ANR, respectively).

These notion are introduced by Mardesié [«], and he showed that

Lemma 1. Any space has an AP-resolution (polyhedral, ANR-resolutions).

2. Approximatively internally movable spaces. In this section we
introduce the notion of approximatively internally movable spaces. Let X
be a space , and p = {pa H aeA} X— X = {Xa R pa,a‘,'A} be an AP-resolu-
tion of X.

Definition 2. An AP-resolution p :X ——>X is approximatively
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internally movable provided that for each a € A and for each U € Cov(Xa),
. there exist an a' e Awith a'z a and a map r: Xa' —> X such that

(pr ) & U

a’ * Para
We show the following prperty of approximatively internal = movability.

Proposition 1. The prperty of approximatively internal movability

does not depend on AP-resolutions.

Proof. Letp :X — X andg= {q :beB]: X— Y= {yv ,q.,
» B } be AP-resolutions of a space X. We assume that p satisfies the
condition of Definition 2. We show that g also satisfies the same condition.

Take any b € B and any covering V of Y, . By (R2), there exists V; e

€ Cov(Yb) satisfying the condition (R2) for g and V. Let V, be a covering

of Y, with Stz(yg) ¢ V;. By using (Rl) for q and V,, there exist an

a e A and amap h : Xa—-eYb such that

(1) (ho, ,q) ¢ Uy
Since p satisfies the condition of Definition 2, there exist an a' ¢ A
with a' > a and a map r: Xa' —> X such that

(2) (pr,p.) <& HiT)

a ’ Ya'a’ = 27"

From (2) we have that

(3) (hor, hp, ) ¢ V,.

By using (R1) for p_, and (hpa.a)_l(z

2), there exist a b' € Bwithb'z b

and a map k : Yb' — Xa' such that
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Y.

) ¢ (hp 5

(1) Ckayy 5 Do) g (o

From (U4) we have that

(5) (hp_, ka, > hp ) ¢ Vs.
From (3) we have that

(6) (} hp rkay, , ho . ko, ) ¢ V.
From (1) we have that

(1) (hprka,, , qrky, ) & Y.

From (1), (5), (6) and (7) we have that

(8) (qbl‘kqb [ ] qb qub U ) =<._ yl *
By choosing of Yi and (8), there exists a b" € B with b" 2z b' such that
(9) ( qbrkqb"b [ ] qb"b ) g .Y'

Hence (9) means that rkqb Y, » —> X satisfies the required condition.

"pr T
Then g satisfies the condition of Definition 2. This completes the proof
of Proposition 1.
Since we have Proposition 1 we can define the following property:
Definition 3; A space X is approximatively internally movable

provided that any AP-resolution of X is approximatively internally movable.

In shape theory the notion of infernal movability was introduced by
Bogatyf’[/]. ‘We characterize AP as follows:

Theorem 1. A space X is an approximative polyhedron if and only if

it is approximatively internally movable.
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Proof. First we assume that X is an approximative polyhedron. We
consider the AP-resolution p= { lX} : X — X , that is, rudimentary
resolution of X. Since X is an approximative polyhedron p is an AP-resolu-
tion of X and obviously p satisfies the condition of Definition 2. Hence
by Proposition 1, any AP-resolution of X is approximatively internally
movable. Therefore X is approximatively internally movable.

Next, we assume that X is approximatively internally movable. By

Lemma 1 , there exists a polyhedral resolution p = {pa 5 a eA} : X—X=

= { Xa sPgrg LA } of X. Since X is approximatively internally movable,
p is approximatively internally movable. Take any covering U of X. By
Theorem 5 of Mardesic [«], there exist an aeA and a V e Cov(Xa) with

(1 p, W ¢ U

Since p 1s approximatively internally movable, there exist an al & A with

a2z a and a map r: Xa — X such that

1

2)  ( DL pala ) ¢ V.

From (2) we have that

(3> par'pal > D) g V.

Take any x € X. From (3) there exists a V € V such that

(4) parpal(x), p, (x) & V.
From (ﬂ) we have that

(5) rp. (x), x € pa_l(V).

&
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From (1) there exists a U & U with pa—l(v) C U. Hence from (5) we have
(6) rp, (x), x e U.
1
(6) means that
(n (o, 5, 1) £ 0,

1

that is, maps b, ¢ X— Xa and r: Xa——a X satisfies the condition. of
1 1 1
Definition 1. Hence X is an approximative polyhedron. This completes the

proof of Theorem 1.

3. Approximatively movable spaces. In this section we introduce the
notion of approximative movability. Let X be a space. Let p = {pa T a eA}
X —s X = {Xa Pyrg »A} be an AP-resolution of X.
Definition 4. We say that p 1is approximatively movable provided that
for each a € A and for each U & Cov(Xa), there exists ana; ¢ A with

ag 2 & such that for each a) € A with a1z 2 there exists amap r :

Xa—? X,  satisfying ( D, T s Py a) £ U
0 1 1 0
We show the following property of approximative movability.

Proposition 2. The property of approximative movability does not

depend on AP-resolutions.

Proof. letp:X~—>X andg = {q,, b&éB}:X—>¥ = {Yb, Gy 1y

B } be AP-resolutions of a space X. We assume that p is approximatively
is
movable. We show that g also approximatively movable.
AN

Take any b € B and any covering U of Yb. Let gl be a covering of
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Y, with st(gl) < U. By (R2) there exists a U, ¢ Cov(Yb) with U, ¢ Uy

satisfying the property of (R2) for g and El' By (R2) there exists a ’\_[2

€ Cov(Y ) with V, ¢ U

>2 0 satisfying the property of (R2) for p and _Ql. Let

23 be a covering of Y with st(y_3) £ U, and st(_q3)__§ V,. By (R1) for p,

there exist an a € A and a map h : Xa ———>Yb such that

Since p is approximatively movable, there exists an a, € A with a a

1 1

nw

1(U ). By (R1) for q,

satisfying the property of Definition 4 for a and h Us

there exist a b,€Bwith b, 2 b and amap k : ¥, —— X_ such that
1 1 _ : bl' aq

-1
) (93

Hnn

(@) (kg >, ) ).

1 0*
From (2) we have that

. (hp .
ala

(3 (ho, ey s Bp) ¢ Uy,

1
From (1) and (3) we have that

U,

N

(4) ( hp_ _kaq O, 10y )
a;a" by > “b b by’

By choosing of U, and (4), there exists an b, € B with b

5 2 b, such that

2 1

(5) ( hp, _kg . +.) s U.
a,a" "bgb; ,, DD =

We show that b‘2 is the required one. Take any b'e€ B with b'z b.
By (R1), there exist an-a' € A with a' 2 a and a map m: Xa' — Y.,

such. that.

L.

©)  (moyy 5 ay ) & Gy (Ug

From (6) we have that



(1) (apmye > 9, )€ Use

From (1) and (7), we have that

(8> (qb'bmpa' 5> hpagapay ) g y2°
By choosing of V,, there exists an a" ¢ A with a"2 a', ay such that
(9)  Cagrg®gngr > ony ) € Uy

By choosing of a5 there exists a map r: Xa-——é Xa" such that
1

-1
(10) ( panaP s pala) é h (QS)-
From (10) we have that

U

(11) ( hpanar s hpa a) =3*

1

Hn~

From (11) we have that

(12) (hpa"arkqb b > hpa

ki S g .
21 I

From (9) we have that
(]—3) (qbempaHavrkqb b 3 hpa"arkqb b ) g (_J.l'

271 271
From (5), (12) and (13) we have that

(l)"') ( qbvbnrpa"arrkqb2bl > qb2b) g U‘

(14) means that mp_,,_,rka. : Y ——> Y , satisfies the condition of
a'a b2b1 b2 b

‘Definition 4 for g . Hence g is also approximatively movable. This

completes the proof of Proposition 2.

By Proposition 2 we may define the following:

Definition 5. A space X 1s approximatively movable provided that

any AP-resolution of X 1s approximatively movable;

37
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Proposition 3. The notion of approximative movability is a

topological invariant property.

This Proposition follows from the fact: Let h : X —Y be a
homeomorhism. Let p = {pa ach { Y—> Y be an AP-resolution of Y.

Then ph = }fpah : aeA} : X— Y forms an AP-resolution of X.

Proposition 4. Every approximative polyhedron is approximatively
movable.
This Proposition follows from the fact: The rudimentary AP-resolution

of an approximative polyhedron satisfies the condition of Definition b,

4, Approximative movability and aproximatively internal movability
for compact metric spaces. In this section we show the following
relations among them.

Theorem 2. Let X be a compact metric space. Then X 1s approximatively

movable if and only if it is approximatively dinternally movable.

By Theorems 1 and 2 we have that

Corollary 1. Let X be a coinpact metric space. Then X is an
approximative polyhedron if and only if it is approxﬁna’cively movable.

Proof of Theorem 2. First we assume that X is approximatively

internally movable. Then X is an approximative polyhedron by Theorem 1.

Therefore, by Proposition 4 it is approximatively movable.

Next, we assume that X is approximatively movable. Since X is
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compact metric, we may assume that X is a closed subset of the Hilbert cube

Q. Let . {Vi R pij’ N } = X be an inverse sequence of compact ANRs in Q,

S .Y : . . _ .
such that Vi 2 Vi +1 and pij‘ /'i — Vj are inclusion maps for each i

0o
and for 1 > J with f_\‘Vi = X. Let p; ¢ X ——:*Vi be the incusion map for

each i. Then p = fpi} : X— X forms an inverse limit. Hence by

Theorem 8 of Marde$ié [4] p forms an AP-resolution of X.
We show that p is approximatively internally movable. Since X is
approximatively movable,. without of generality, we may assume that for

each 12 2, there exist maps r, : Vi —~>Vi +

5 such that

1

(1) d(vri(y) , y) < (1/2)i—l for each y € Vi'

=

Here d means a metric on Q. Take any n € N and any real number t > 0.

Iet n, be an integer such that n, > n and (1/2)™0 < t/4. Put h, =

0 0 J
= rjrj—l ...rno+1 : Vn0+l — Vj+1 for each j 2 no+l. Prom (1) we have
that for j 2 k; n0+1, and for each y € Vno +1,

() A ()n ) ¢ Alhy(y)h (1)) + alhy (1,8 () +..e
N O T GO DRI GV N € V- I SO C ) L R G V=)

(2) means that ? hj tjz2 n0+l} forms a Cauchy sequence, and hence h =
= 1im th 1 Jz2 no+1} : Vno+1 —> Q is a continogs map. However*,‘ since
hk(y) € V., for each k, h(y) = llm hk(y) 3 vk+1 for each k, that‘is,
h(y) € ‘E}'Vk =X for each y & Vn0+l' Then h : Vno+l — X.

From (1) we have that
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(3) d(hj(y),y) < d(hj(y),hj_l(y)) + d(hj_l(y),hj_z(y)) + ...

A

HaA

Lord ) ¢ W w2 s a2 < w2
0

Since (1/2)™0 < t/4, from (3) we have that

) d(h(y),y) < t for éach y € Vho+l.

That is,

(5) d(p h(y), p (y)) < t foreachy eV,

no+l,n O+1
(5) means that p satisfies the condition of Definition 2, that is, p is

approximatively internally movable. Hence X is approximatively internally

movable. This completes the proof of Theorem 2.
We state the following Proposition without proof.( see [£]).
Proposition 5. There exists a compact space X which is

approximatively movable, but not approximatively internally movable.
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