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On a problem of Hasse
By

Toru Nakahara

1. Problems

In [8] we considered a problem of Hasse, and especially
when the field K is a cyclic biquadratic extension over
the rationals Q, we found some examples in each of which integer
ring C% has a power basis and a characterization for CQ« without
any power basis. Recently concerning the former, M. -N. Gras and
T. Uehara gave independently a necessary and sufficient condition

with five variables for the ring CL\ having a power basis [41], [12].

Problem 1(M. -N. Grasl[41]). Do there exist infinitely many
cyclic biquadratic fields K over Q whose C%< have a power basis?

This problem concerns the following Propositions 2, 3.

Problem 2(M. -N. Gras{4]). Do or don’t there exist infinitely
many cyclic biquadratic fields K over Q which contain the subfield
Q(¥5) and whose CZ< have a power basis?

This concerns itself with Proposition 1.

The next problem occurs with respect to [1], [21, [31, [4],
l61, [81, [91, T101, [11] and [12].

Problem 3. Find the parallel phenomena with the
Theorems 1, 2, 3 and Propositions 1,2 in a cyclic field

with degree six(resp. twelve) over Q.



Problem 4., For m = 3(resp. 4) let n be a square-free
natural number with ¢¥(n) = 0 mod m. Let K denote a cyclic field
with degree ¥ (n)/m over Q. Then characterize such an n-th cyclotomic
field k, whose subfield K contains the ring (9K with a power basis,

where f means the Euler’s function.

In the case of m = 2, i, e. when K is the maximal real subfield
of k,, there exist the works of H. Weber [13] for a prime power n
and of J. J. Liang [Crellesches J., 286/287(1976),223-226] for

a rational integer n > 1.

2. Results

Until now we obtained the following [10].

Theorem 1. There exist infinitely many such cyclic biquadratic
fields K over Q that the unessential factor m(K) 1is equal to 4,
and that neither {1, «, o* A} nor {1,«, B, &3} for any
numbers d,(g in K makes an integral basis of K.

Example. 7: X" = X' = 24X + 4X +16 =0, K= o) C ks

Theorem 2. There exist infinitely many such cyclic biquadratic
fields K over Q that the unessential factor m(K) is equal to 2
(resp. 3) and that {1, A, B, £°} for any numbers d,/? in K does

not make an integral basis of K.

Example.
7: X" =X’ - 24" + 69X - 49 = 0, K=0(7) Ck,, mK) =2.
7 X*+x°+ 2x*+ 44X+ 3 =0, K=0(7) Ckyy, m(K) = 3,
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Theorem 3. There exist infinitely many cyclic biquadratic
fields K which have the index 1, and still whose rings CZ< have
not a power basis,
Example.

70 X7+ X7 +4x7 +20x+23=0, K=0(p) Ckyy, mR) = 1.

Proposition 1. There exists none of such the biquadratic
subfield K of a prime cyclotomic field k, that the ring <9K has

a power basis up to k..

Now, for Z =m*+ 4, m= (2z + 1)* +2, letn =/m be
square-free. We put X =;yg%ﬁ for a biquadratic character }%
with conductor / and a quadratic %;1 with conductor m. The
Gauss’period 7 of ¢(n)/4 terms determined by X generates
a cyclic biquadratic field K over Q. Let IndX be the group index
(Ok: 2[d]1) for an integerd in K, herein Z denotes the ring of
rational integers. We take a number %= (z + 1)7 + z f??). Then

we obtain

Ind3 = [(1L/V7mi)VZu(VZE, )6(V7E,)

where 6 and 95 denote a generator of the Galois group of K/Q with

?

X(¢) =i, i = Y= 1 and a fundamental unit of 0(Y/) respectively.
Therefore we have C2;= Z[g].

Proposition 2. There exist cyclic biquadratic fields K
whose C%; have a power basis.

Example. 7: X* = x> =11X" - 9% + 3 = 0, K=Q(7)(k37.

Remark. As is well known, the even and the odd biquadratic

character with conductor 16 are given by the biquadratic residue
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symbol[5]

L ""1[/1". v~ x2
%f,%x)=( )( 1)=(-1)( WEeRYE(vao, 1),

X Ja X

V) .
In the case of a character X = ;k:, %2 %, with conductor n = 16€m,
2/ m, we get X((n/2) + 1) = - 1, Thus for the Gauss’perio‘d.?'

'Z £X we obtain 6"2(7) =Z ;ﬂ((n/z)ﬂ)x = _Z ;:g._? ,
. xeH

xX&H XeH

where H and £ denote the kernel of X and exp(27i/n) respectively.
Therefore contrary to the case of odd conductor, {l, 7 6"(7), 0‘1(’7)
can not make an integral basis of K., We have also the same result

in the case of M=7{e 7//”[ with conductor n = gm, 2lm. This
coincides with a special case in a work of Leopoldtf?]. By Hasse
[Math. Abhandlungen Bd. 3(1975), 289-379] {1,7, ¢(7), Y2} makes
an integral basis of K in the former case and

{1, 7 b”(’*(), (1 + V’Z)‘/z} in the latter. Thus we can calculate

the IndA for any integer A in K. Noticing the above, Theorems 2,3
and Proposition 2 hold for the case of a cyclic biquadratic field K

with even conductor except for the case of m(K) = 2 [10].
On the other hand in [ 8] we know the next

Proposition 3. There exist infinitely many abelian but

non-cyclic biquadratic fields K whose @K have a power basis.

The next Lemma is fundamental to prove the part of infiniteness
in Theoremsl, 2, 3 and Proposition 3 because the conductor of

each field is expressed by a suitable quadratic polynomial.
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Lemma([8]). Let n(t) = at®> + bt + ¢, a >0 be a polynomial
with rational integral coefficients. For an even number a + b
and an odd number c let the congruence n(t)= 0 mod gq* have
at most two solutions for any prime q. Then the number n(t) is

square-~free for infinitely many t.

We used the prime number theorem and the value 7(7/6 of

. [,¢]
Z&(2) = 2 _1/n* in a proof of the Lemma.
n=1
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