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HIGHLY NONCONTINUABLE FUNCTIONS ON POLYNOMIALLY
CONVEX SETS

by
JOZEF SICIAK (Jagellonian University,CRACOW)

Globevnik and Stout [2] proved the following theorem:

If D is a bounded strictly convex domain in ¢V with a Qﬁz
boundary then there exists a holomorphic function f in the
Nevanlinna class on D with the following "high noncontinua-
tion property":

For every complex 1line L the plane domain LAD is the
natural domain of existence of f}LnD.

This theorem gives an affirmative answer to a question
asked by N.Sibony. Globevnik and Stout [2] and W.Rudin [5]
asked if it is possible to construct such a noncontinuable
function with continuous or smooth boundary values.Their
technigque could not yield such functions. In this paper we
answer their question in the affisdmative by the method of the
extremal function éPK (rel, L7H.

Let us recall that for every compact subset K of CN the
extremal function 4% ,
(1) @K(X) 1= rs}t;g (Sup{iP(X)]; Pégg, ”P"K$4})/n s X€ CN,

where gz = U;(CN , C) 1s the set of all complex-valued

is defined by the formula

polynomials of N complex variables of degree at most n, and

”P“K P= SUP%)P(X”; Xé-K}
is the supremum norm of P on K.

We shall need the following properties of cﬂk ([6l1,071):
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1.1. lP(x)\ inPﬂK@E(x) s xecN , PG@?I(CN,(:).

1.2. iEK = é@ﬁ s Where ? is the polynomially convex

hull of K.

A A N A
1.3. iEK(X) =1on K |, ;bK(x):> 1 on C - K.
c : . N .
1n. G oL C]?B(x) in ¢V, ir BcA.
1.5 éPK is locally bounded in CN if and only if K is
not pluripolar.
Let us recall that a subset E of CN is called pluripolar
if there exists a plurisubharmoniq function W in CN such
that W = - 00 on E.
1.6. If Kj is a compact subset of CNJ (J =1, 2) then
@ (x,y) = @'() b b, xuyre cMixcs
K. XK X,y = max Y K X), y > X,¥)e X .
172 1 K2 R P
1.7. 1{ N =1 and KCLC4= C is a compact set with positive
logarithmic capacity then log@K is ‘the Green function of
C - R with pole at infinity.
1.8. If W Wis any norm in CN_ and B(a,r) ='ExeCN 5

i|x-all < r} is a closed ball then

@B(a’r)(x)' = max { 1, |\X—al]/r} , xech.

The crucial role in our considerations is played by the
following Lemmas. | N

Lemma 1. If K is a compact subset of_CN then there eiist
an increasing sequence of positive integers (nj)j2>l and é
sequence of polynomials (Pj)jzul of NchmpleX variables
such that

(i). lim (\[ﬁ;‘l/nj ) = +00;

(ii) deg Pj < ny s

(11i) QEK(X) = sgp\Pj(x)ll/QE = 13@§i2p]Pj(X),l/Q},xe&CN.
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Lemma 2.(An extension of the Ostrowski theorem on lacunary
power series (see [1]) to the case of series of polynomials
of N complex variables with lacunary sequence of degrees,
see [3], [4], [7]1).Let £ be a holomorphic function in a domain
DC;CN and let E be a nonpluripolar compact subset of D.

Assume that (nj) is a sequence of positive integers and

J=1

let (Pj)j> 1 be a sequence of polynomials of N variables
el
such that
(a) deg Pj < Ny
l é— 4/v1
(b) lim Yjf - Z
A= 00 l 3 “E
Then for every compact subset F of D
;L Yonsg
1im ))f- 2P, H = 0;
in particular
. . ,
f(x) = 2__Pj(x) for all x in D.
J’ R N

Moreover, if G denotes the maximal‘open subset of C in
which the series EEPJ is locally ﬁniformly convergent ,then
the maximal Riemann domain of existence S of f is identical
with the connected component of G conataining D. In particular

S is univalent.

Now, if K is a polynomially convex compact subset of C
the required function f:K—C with a strong noncontinuation

property may be defined by the formula

\7’0
\/Vl
(&) £(x) :=4___(~) P (x), xeK,
e |
where @ 1is a fixed real number with 0<0< 1, and (nj)j.>l

are sequences satisfying the statements (i), (ii)

(Fily»1

and (iii) of Lemma 1.
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It is clear that the series (&) 1s uniformly convergent
o o

on K, because ﬂPj“Ks.l and the number series :E_@Eiis conve-
, ) FEl

rgent; the function f is continuous on K and holomorphic in

the interior of K. The series (&) is divergent at each point

x of CN - K, because

1n g (079 0l OV = o > .

J
Observe that . .
be - S 0™ el, <> O cME T, M=ot
5 INEC |
Therefore waEE e ) S
el n A k
. IRV .
(+) A.‘J;in"f - \,Z 6 Pj“K ng - og.

Hence as a direct consequence’ of Lemmas 1 and 2 we get
the following main result of this paper

THEOREM 1. If K is a polynomially convex compact subset
of cN then the function f defined by (&) has the following
strong noncontinuation property:

(snep) 1f y:oM—s eV is any polynomial mapping of ¢
into ¢V with degY¥>1, M>1, and if h is a ‘\holomgrphic”
function on a ball B(a,r)c:CM'such that h = foy on a nonplu-
ripolar compact subset E of the set F:£X:1(K); then B(a,r)CF.
In particular fo¥ has no analytic continuation from the

interior of F.

Under some additional assumptions on K We Sh311 study

differentiability properties of the function . First we get

THEOREM 2., If K is a polynomially convex compact subset
o§ CN sﬁch that
( *) @K(x) <1 +a€&%, Xe CN, dist(x,K)gS , o<3g 1,

where ,fl are positive constants, then for every multiin-

TR



> 3}

dexiXGZf tle series > O "5 D¥ P is uniformly convergent

on K; here Qbe) AQGxg?

This theorem is a direct consequence of the following

x (W
Lemma 3 and of the fact that the series > njé} J is
Y =3
J

convergent for every positive number k.

Lemma 3. (Markov's inequality). If K is a compact subset
of CN such that the extremal function @& satisfies the con-
tinuity condition (¥) then for every polynomial PeézJCN,C)

and for all X €& ZT

NPV il (L1//7S.
Io'ell, < < (ae'n)/ WPk
with pa|i=ot) +.. 44
The inequality (¥*) is true with /A = 1/2 for all K satis-
fying the following

Geometrical Condition. There exists r> 0 such that for

every point be K one can find a point ae K such that the
convex hull of the set {bjuUB(a,r) is contained in K.
If XK is a subset of gY (identified with the subset

RN + i0 of CN) then it is sufficient if the Geometrical

Condition is satisfied with balls B(a,r) in RV.

Lemma 3, Theorem 1, Theorem 2 and the Whitney's extension
theorem imply the following

THEOREM 3.If D is a bounded convex domain, or if D is a
boundedyd&%in with Lipschitz boundary such that K:=D is poly-
nomially convex, then the function f defined by (&) has the
following properties
(i) £ is €% on D,

(ii) f is holomorphic in D,

(ii1) f has the SNCP.
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EXAMPLE. Let D = B(0,1) be the unit Euclidean ball in
CN and let (aj) be a sequence of unit vectors dense in 3¥D.
Let (nj ) be an increasing sequence of positive integers with
Um AT =0 (e.g. ny - 2! ). Pinally let 8 be a
Jflxed real number with 0<8<1. Put

o
\Fﬂ-' "
(#) f(x)= z@ J<x N aj> Y, xe D,
J=
where < ,.> denotes the inner product in CN
We claim that £ is € on D, holomorphic in D and has SNCP.

| \C " N
Indeed, 1f P, (x) =0 <2y 7, then for allX€z,

V\VD‘XP.(X)‘\ < ’M 6 , J>1, xeD.
| j| er

Hence f is € on D, as the series Zn is convergent .

for all & . It is obvious that f is holomorphic in .D. .Now,

if b’ :CM%CN is any polynomial mapping with degu’b” =:d>1,

en Yot B s
) ey - Pjax)if' S(Z\IP HDS/ (J%:MG. ) - 0 jas s->w,

where E := )"4 (D). If AeC - E then the series ZP (Y(A))
diverges, because lﬁgiup st ({(;’\c))ll/,n = nx‘(}\c)"~> 1.
Hence by Lemma 2 each connected component S of the interior

of E is the maximal domain of existence of the holémorphic
function fo'X]S, i.e. f has the SNCP. In particular, if ¥(A)=

£ +a, N€C, where ¥ and a are fixed points of CN with
Nx\I<1 and JNall = 1, respectively, then S :=z>u€C; X+/\aeD}

is the natural doain of existence of A—>f(xX+ra).

This example shows that Lemma 2 implies a positive solution |

of the Problem 19.3.5 in W.Rudin's book [5].
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