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ON THE STABLE MANTFOLDS OF NONWANDERING SETS

KUPKA-SMALE DIFFEOMORPHISMS

KEN sawADA  Zf 1B 'Eg\
N

A diffeomorphism f is said to have the Kupka-Smale property if all
periodic point of f are hyperbolic and for any periodic points p and q,
the stable manifold Ws(p) intersects the unstable manifold wu(q) trans-
versely,

The purpose of this paper is to give a simple example of a diffeo-
morphism f with the Kupka-Smale property for which the set of periodic
points of f, éer(f) is dense in the nonwandering set of £, (f) but

\«/ws(p) is not dense in WS(Q(f))o

PePecttd

EXAMPLE

Our example of a diffeomorphism f is defined on the anaulas, a

- . \ . 1 .
product of the interval I = (1, 2) aud the circle S, by composing three

diffeomorphisms p, G and H on I x Sl i.e., £ = p=GoH,.

First we define a diffeomorphism H,

Let {tn} be a sequence of rational numbers in I such that tl < t2 <

< tn < ... and tn +~ Y2 as n » », We construct a orientation preserv-
ing diffeomorphism h on I as follows

(1) tn is a hyperbolic fixed point with h'(tn) >1 ( < 1) for
even n ( odd n )

(2) V2 is a fixed point with h'(/2) = 1

(3) R(t) > V2 asm > if t € (JZ, 2)

hm(t) >t oasmo>e for some odd n if t € (1, /2) - &/{tn}.
n
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where h'(t) is the derivative of h at t.

We define a diffeomorphism Hby the formula H(t, 8) = (h(t), 8) for
any (t, 8) € I X Sl.

Next we define a diffeomorphism G,

Let =5 be the time one map of a flow ¢t on Sl such that ¢t( 6 + 2m/k )
= ¢t(6) + 2m/k for any 0 < 6 < 2r and the flow has 2k-hyperbolic fixed
points ( see Figure 1 ), Now we construct a smooth isotopy g

I x Sl-ﬁ Sl which satisfies the followings

(4) g(tn, 8) = gk(;)(e) for any n.
(5) g(/2, 8) =6
(6) |2e(c, )] <2n for any (t, 8) € T X st

where {k(n)} is a sequence of integers such that k(1) < ... < k(n) <
.. and k(n)‘tn is an integer for any n,
We define a diffeomorphism G by the formula G(t, 8) = (t, g(t, 9))
for any (t, 8) € T X Sl. | |
Finally let p be a map such that for any (t, 6) € I X Sl, b(t, 9) =

(t, 8 + 2mw-t).

LEMMA., A diffeomorphism f has the Kupka-Smale property.

PROOF, First we show Per(f) is dense in Q(f), By the definition
of b, 2(f) C W1t 1 x U /2 X 5%, since £ | (/2} X s is the ir-
n

rational ( 2m/2 ) rotation, all elements in {2} x Sl are nonwandering
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points but not periodic points, In {tn’ 757, £(e, 8) = (c , gk(n)(ﬁ)

+ 2w+t ). Since g commutes with 2m/k(n)-rotation and 2w+t = 2mN/k(n)
n’* k(n) n

for some integer N, fk(n)(tn, 6) = (tn, ( )k(n)(8)). By the def-

Sk (n)
inition of gk(n)' there are no nonwandering points of f except for 2k(n)-
periodic points of £, Therefore Q(f) = {2} x S1 U (\j(tn, en ))
“‘ -
3j
where Sn is a hyperbolic fixed point of gk(n)' Since k(n) > @ asn > =,
h|
f@ - 0 l —> 0., Therefore Per(f) is dense in Q(f).
nj nj+l

Next we show that periodic points are hyperbolic, From now on, we
identify the tangent space of I X Sl at x = (t, 6), TX(I X Sl) with
Tt(I> X Te(Sl). Then the derivative of f at x, Df(x) is represented by

A(x) 0

1
Df(x) =
C(x), B(x)
where A(x) = h'(t), B(x) = ggg(x) and C(x) = h'(e)(@2m + ggg(x)).
By definitions of h and g, and by (6), A(x), B(x) and C(x) > 0,
Let p = (tn, en ) € Per(f) and 2 be the period of p, Then
3
¢ = 1 - d_ P
[a(p) ] |h (tn){ # 1 and |B(p)]| !degk(n)(enj)1 # 1 by definitions of
h and gk(n)' Since
)
% (A(p)) , 0
(7) pE~(p) = )
: () , (B(p)) ,
where (*¥) > 0, 2he eigenvalues of sz(p), A(p))x and (B(p))l are ones

of which absolute values are not equal to 1. Hence p is hyperbolic,
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We finally show that for p, q & Per(f), Wu(p) intersects Ws(q)
transversely. It suffices to show in the case of p and q are saddle
points. Hence we may assume that p & {tn} X Sl and q € {tn+l} x Sl for
some even n ( if p and q are saddle points contained in the same
invariant circle, then Wu(p) and ws(q) hase no intersection point ).
Then A(p) > 1 and A(q) < 1. Let 2 and 2' be perieds of p and q res-
pectively. Since Tp(wu(p)) is the eigenspace corresponding to the eigen-
value (A(p))z of sz(p), the slope of v = (Vt’ VS) éETp(wu(p)), VG/Vt =
(*)/[(A(p))l - (B(p))£1 > 0 from (7). By the same argument, for w =
(wt, WG) f-Tq(ws(q)), we/wt < 0. 1If Wu(p) and Ws(q) have a nontrans-
versal intersection point x, then for any v' = (v;, vé) é}TX(WU(p)),
the slope of Dfm'a(x)(v') -+ welwt as m > © where a = £° 2",

On the other hand, since

A(x __) .o A(X), 0
Df" a(X) = Df (x YeerssDE (x) = ma-1
e (%) B(x
’ ma-1
where x. = £5(x) and (¥%) > 0, the slope of Df ¢x)(v') = (B e
B(x)/A(xma_rl)... A(x)]-vé/vé + (*%). Taking x sufficiently near to p,

vé/vé > 0. hence the slope of Dfma(x)(v') > ® g5 m > ® since A(xi) >
A(q) < 1 and B(Xi) -+ B(q) > 1. Therefore Wu(p) intersects ws(q) trans-

versely.

For £, \V/WS(p) is not dense in WS(Q(f)) since (V2, 2) % Sl C
'P?Bzr(f')
wo({/2} x sl) by (3) and {v2} X sl C Q(f) - Per(f).

)...B(x)
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