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Normal affine subalgebras of a polynomial ring
P2 K F'E "\Z e F ‘E__ (Masayoshi Miyanishi)

Introduction. Let R:= E[xl,...,xn] be a polynomial ring in

n-variables over the complex number field €. A cofinite sub-
algebra of R is a C-subalgebra A of R such that R is an
A-module of finite type. We consider exclusively a normal cofinite

subalgebra A of R. The following results are known by far:

1. A 1is finitely generated over &, and all invertible element
of A are constaﬁts, i.e., A* = (C*,

2. Let X Dbe the normal affine variety defined by A. Then
Hi(x;z) ie finite for all i > 1, X is simply connected and Pic
is trivial (Gurjar [3] and Kumar [41]). Therefore A is fagtoriel
if X 1is nonsingular. | |
| 3. If n = 2’ and A is regulaf, A is then a polynomial ring
in two variables over € (Miyanishi [6]). |

4, Suppoee n=2. Then X has at‘worst:quotient sinéularitie
(Brieskorn [1]). Moreover, if X 1is affine—ruled,qi.e.;vx, b§ o
definition, contains a non-empty Zariski open set of the form
UO x €, X has at worst cyclic quotient singularities (Miyanishi

[6]1).
'~ We complement these results with the following:
THEOREM. Let A ge a normal cofinite subalgebra of m[xl,le
2 '

and let X:= Spec A. Then either X A € or X E.EZ/G, where G

is a small finite subgroup of GL(2,T). If A is factorial, X i

isomorphic to a hypersurface in m3 defined EZ xi+xg+xg = 0.

?The theorem holds true even if we replace the ground field €
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by an algebfaically'ciosed field of characteristic p # 2,3,5.
Moreover, the result is viewed as a global version of the following

result of Brieskorn [1l]:

Among two-dimensional normal singular analytic local rings, a
3

factorial one is isomorphic to »E{x,y,z}/(x2+y +z5).

1. Proof of Theorem: Nonsingular case.

Let X be a nonsiﬁéular algebraic surface defined over C.
Then there exists an opén immersion of X into a nonsingular
' projective surface V such that D:= V-X consists of nonsingular
curves which cross each other ndrmally. Let Kv be the canonical
divisor and denote by the same lettér D the reduced effective
" divisor such that Sﬁpp D = V;X. Then we say that X has
(ibééfithmic) Kodaifa dimension K(X) = -« if fn(D+KV)l = ¢ .for
every n > 0. Then the property K(X) = -» is indépendent of the
choice of an immersion X &> V.

Intproving the theorem, the following characterization of mz
playéré érucial role: |

EEE“_X =.Spec A be a two-dimensional affine surface defined

over . Then X Ez if and only if the following three

conditions are satisfied:

(i) A is factorial, (ii) A* = @*, (iii) X is affine-ruled.

When X is nonsingular, the condition (iii) is equivalent to
(1ii) ' k(X) = -=.
(See Miyanishi [5; 61.)
Let X now be the same as in the theorem. Suppose X is
nonsingulaf. Then A:= F(X,Qx) is factorial by virtue of a result

of Gurjar-Kumar, and A* = C* because A is a C-subalgebra of
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R:= E[xl,xz]. Moreover, since there is a finite morphism ©0: Ez

—> X, we have «k(X) = -», Then X & Ez by virtue of the above-

mentioned characterization of Ez.

2. Proof of Theorem: Singular case.

We shall assume below that X 1is singular. Set

2

X':= X - Sing X, =€, 6 : S —> X the given finite

S
morphism, S':= G—l(X'), 0':= 6]8, : 8' —> X', q' : Y

—> X' the topological universal covering space of X'.

Then «k(S') = -», and 6' factors as

' : s > Y! > X' .

Hence Y' 1is a nonsingular algebraic surface, and q' is a finit

étale Galois covering with group G. Let

A:= T(X',qu) = F(XIQX)I
B:= the integral closure of A in the function field €(Y'),

Y:= Spec B,
T: S —> Y and g : ¥ —> X : the finite morphisms induced

by the canonical inclusions B C R and A < B, respectively.
Then we know that:

(1) A = RNEC(X) and B = RONC(Y'");

(ii) Y is a normal affine surface defined over € such that
Y' 1is an open set of Y with dim(Y-Y') < 0;

(iii) 6= gq*m, W' = WIS, and q' = qu.;

(iv). G acts regularly on Y, and X % Y/G.

T~
|

On the other hand, Y' is simply connected by the definition, Pic

3
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is a torsion group because S' is a finite covering of Y', and
dim(Y-Y') < 0. Therefore Pic Y' = (0), and the divisor class
group C&(Y) is trivial, i.e., B 1is factorial. Since B C R,
we have B* = CT*. Hence if Y' is affine-ruled, so is Y, and

Y mz by virtue of the characterization theorem of Ez. The

group G then becomes a finite subgroup of Aut ¢2 = Aut E[xi,XZ],

which is, up to conjugation, a finite subgroup of GL(2,L). Let
N be the normal subgroup of G consisting of all pseudo-reflections.
Then @2/N is isomorphic to T2, and X % (Y/N)/(G/N) ~ €T2/(G/N).

Eence we may assume that G is small, i.e., G contains no pseudo-

reflections.
Note that «(Y') = =-» because S' is a finite covering of Y'
and K (S') = -», We shall show that Y' is affine-ruled. By

reductio absurdum, we assume that Y' is not affine-ruled. Then

we have the following:

THEOREM (Tsunoda-Miyanishi [8]). There exist a Zariski open

set U of Y' and a proper birational morphism ¢ : U —> Z from

U onto a nonsingular algebraic surface Z defined over € such

that:

(i) Either U = Y' or Y'-U has pure dimension 1;

(ii) '2 1is a Platonic T*-fiber space.

A nonsingular algebraic surface Z 1is called a Platonic C*-

1
C

such that general fibers of £f are isomorphic to &* and that

fiber space if there exists a surjective morphism f : Z —> P

£ has exactly three singular fibers Ai = u,T

;0 (3=0,1,25 uy 2

452 Ha) with _Fi v C*, where {uo,ul,uz} = .2,2,n} (n > 2),
(2,3,3}, {2,3,4} or {2,3,5}.
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Since UC Y'Y and Y 1is affine, U does not contain any

complete curve. Therefore ¢ : U —>7Z is an isomorphism. We

claim that U = Y'. Otherwise, since Y'-U has pure dimension 1

and Pic Y' = (0), there exists an element b of B = F(Y',Qy,)

such that Supp (b)O v = Supp(Y'-U). Hence b is invertible on
r

U and b g C*. Meanwhile, there exists a completion W of .U
such that W 1is a normal projective surface, W ‘has at worst
guotient singularities and W-U consists of two connected
components, the one being a single irreducible curve and the other
being a single quotient singular’ point (see Example 1 in the

Section 3). Since (b) has support on W-U, b must be a

W
constant, i.e., b € €*¥. This is a contradiction. Hence U = Y'.
In order to complete the proof of the first assertion of the theoren

we make use of the following:

’ N
THEOREM (Miyanishi [7]; Fujita [2]). Let U —> U bDbe the

. Y
topological universal covering space of U. Then U 1is an affine-

ruled nonsingular algebraic surface. Moreover we have

D, ~ if {uo,ul,uz} = {2,2,n}
s, if {w,upm,} = {2,3,4)
Ag if dwgewpew,t = 42,3,51

where D2n is a dihedral group of order 2n, (see Example 2 of

the Section 3).

However Y' 1is simply connected by the definition.  This is
apparently a contradiction. Thus Y' is affine-ruled, and we are

done.

Ty
\

3. Examples.
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(1) Let T be a hypersurface x§+x§+x§ =0 in E3 and let T'
be the minimal resolution of the unique singular point P:= (0,0,0)

of T. Then T' is embedded into a nonsingular projective surface
V in such a way that, in the configuration below, the top solid
lines represent the exceptional curves arising from the minimal
resolution of singularity at P, and the bottom solid lines

represent the curves attached to T' to compactify the surface T';
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where "solid line" = a nonsingular rational curve, "broken line
with weight =-1" = an exceptional curve of the first kind and £

is a fiber of £f.

Moreover V has a structure of a Pl—fibration £f : V—>C over

1
~ony
s By

and two cross-sections S

such that f has three singular fibers Fi (i =0,1,2)

o7 Sl as indiqated in the configuration.
Let U:= T-{P}. Then U » V-(all solid lines), and U is a Platonic
[*-~fiber space with the triple {2,3,5}. The top solid lines
contract déwn back to the'qubtient singular point P, and the bottom
solid lines (sprouting from Sl) contract down to three cyclic

juotient singular points. ‘'With these contractions performed, we

>btain a normal projective surface W such that T is an open set
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of W and - W-T consists of a single irreducible curve which is the
proper transform of Sl'
(2) Consider a Platonic GC*-fiber space U with the triple {2,2,n}
In general, it can be embedded into a nonsingular projective surface

V, whose boundary V-U has the configuration as shown in the

following picture:

P

e e . e e e e o - —— = e

Moreover, V has a structure of a Pl—fibrétion £f: V-—C over

cC Pé for which S, and Sl are cross-sections and For Fl and

F2 are the only singular fibers. Let D be the reduced effective
divisor on V supported by all solid lines. Then D+KV v

(A2+B +E3), where 2 is a fiber of £. Hence 2(E3+D+Kv) gv AO+Al

2

+BO+Bl. This implies that there exists a finite double covering
o : V—>V ramified only over A0+A1+B0+B1‘ The surface V has
a P'-fibration f : V —>C v B

fibration f : V —> C and has the configuration given in the next

which is induced by the Pl—

page. Indeed, V 1is the normalization of V x C, where C —> C
A C

is the double covering ramified over the points f(Fo) and f(Fl).
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1

e e e e e o e - - - - - — -

Now contracting A , A

where f has only two singular fibers of the same form as F

B and Bl' we arepreduced to the case

o
It is now a good exercise to show that V - (all solid lines) is

affine-ruled.

4., Proof 9£ Theorem: The second assertion.

We start with the following situation:

G CCGL(2,T) } a small finite subgroup,

X:= ¢2/G : a singular normal affine surface,

P:= the unique singular point of X which is the image of
the point of origin (0,0) of mz,

A= T(X,0.).

Then A is factorial if and only if Pic(x-{Pl) = (0). A line
bundle L on X-{P} is constructed from a multiplicative
character X of G in the following way: Let L be a line
bundle on x-{p} and let 6 : ¢2 —> X be the (finite) quotient
morphism. Then 6*L is a trivial line bundle on mz-{o}. Thé

action of G on 0*L, is given by



67

(x,t) € (012-{0}) x o —> Ox,x(g,00 ¢ @-loh) x t,
where g € G and ¥(g,x) € €*. Moreover, we have

x(gg'ix) = x(g;g'x)x(g';x) for g, g' e G.
If g e G is fixed, then we have

x(g:x) € r(q:2—{o},9_*) = Cll[xl,le* = C*.

Hence X (g,x) 1is independent of x. Write x(g) = x(g:x). Then

X : G —>(€* is a multiplicative character. Conversely, a multi-
plicative character X of G defines a line bundle L_:=

(mz-{o}) X C/G with respect to the action of G as described abov

Thus we have a 1 - 1 correspondence between
L € Pic(X-{P}) «——> x € G .

Then we have:

Pic(x-{P}) = (0) &— ¢ = (1)
&> G is a binary icosahedral
group in SL(2,C)

& ¥ is isomorphic to a

5

hypersurface x2+x3 3

1 72
in €3 .

+x

l
o

This completes the proof of the theorem.
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