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ON THE EXISTENCE OF CONDENSER-TYPE MEASURES

WITH RESPECT TO FUNCTION-KERNELS

}g%ﬁﬁ?.iﬁi}ll‘:*7%‘ (Hisako Watanabe)

§1. Introduction.

Let X be a locally compact Hausdorff space with a countable base,
G be a continuous function-kernel on X and N be a lower semicontinuous
function-kernel which is locally bounded outside the diagonal set.
Further, assume that each non-empty open set is not G-negligible and
not N—negligible. "On this note we shall ask necessary and sufficient
conditions invorder that for any pair <K, F> of disjoint compact sets

<+

there exists a (G, N)-condenser-type measure o of each A « MK of which .

NX is locally bounded on K, i.e., there exists a measure o = My — My

such that
supp(u, ) < K, supp(uy) < F,
Ga = N G-n.e. on K, Gao = 0 (y+n.e. on F,
0 < Go < NA on X.
in case N = 1 (tﬁe constanf kernel) this problem has been solved
in [6], i.e., G satisfies the condenser principle if and only if, G is
non-degenerate and it satisfies the domination and the classical maxﬂm%
principles.
In §3 we shall show that for any pair <K, F> of a non-G-negligible.
compact set K and a compact set F with A(K) n F = ¢, there exists a
(G, N)-condenser-type measure of each A ¢ ME of which NA is bounded on
K if and only if, G satiéfies the domination principle and the relatiVQj

domination principle with respect to N.
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It is well-known that in Dirichlet spaces there exists a condenser
measure for any pair <U, V> of a relatively compact open set U and an
open set V with U n V = ¢. Further, C. Berg has proved in [1] the
existence of the condenser measure for any above pair <U, V> with
respect to the kernel k = Jutdt, where (Ut)t>0 is a transient convo-
lution semigroup on a locally compact abelian group.

In §4 we shall ask similar problems for any pair <K, F> of a

pon-G-negligible compact set K and a closed set F with A(K) n F = @.

§2. Various domination principles.

Let X be a locally compact Hausdorff space with a countable
base. A lower semicontinuous function-kernel on X is a non-negative
lower semicontinuous function defined on X X X which is strictly
positive on the diagonal set A of X x X. A continuous function-kernel
is a lower semicontinuous kernel which is continuous in the extended
sense in X x X and finite-valued outside A. We use G and N for
denbting lower semicontinuous function-kernels and introduce various
domination principles.

Definition 1. We say that G satisfies the relative domination

brinciple with respect to N, if for u, v € ME with jGudu < oo
Gu < Nv on supp(u) dimplies Gu < Nv in X.
We use the symbol G< N for this principle.

"G— G" is said to be simply the domination principle.

" G< 1" is said to be the classical maximum principle.

Further, we say that G satisfies the elementary relative domination

principle with respect to N if for u e'Mg with JGudu < +o and for X

¢ Csupp(n)

Gu < NeX on supp(u) implies Gu < NeX on X.
o) ‘ o



Definition 2. We say that G satisfies the tr

. + ) '
principle with respect to N, if for u, v € MK w1th:l@ud ¢
Gu = Gv on supp(p) implies Nu = Nv in X.
We use the symbol G [ N for this principle.

Definition 3. We say that G satisfies the rela@iva;ba;r

principle with respect to N, if for every compact set K an

€ M; such that Nu # +« on K there exists v ¢ M; such:that -

supp(v) < K, Gv = Nu G-n.e. on K, Gv < Np.oi
Here "Gv = Nu G-n.e. on K" means that thée set {x e K; Gu(x) # N
is a G-negligible set and a Borel measurable set A of X.ls ca.
G-negligible if‘any measure A ¢ M£ with supp(A) < A and‘JGXd& '
is equal to 0. Such a measure v is called a relatively balayag
measure of * onto K with respect to (G, N). If G satisfieswthe

relative balayage principle with respect to G, we say that G sa

the balavage principle and a relatively balayaged measure with-

to (G, G) is called a G-balayaged measure, simply a balayaged me
If G satisfies the relative balayage principle with respect to- the
constant kernel 1, we say that G satisfies the equilibrium prine

JDefinition 4. We say that G satisfies the continuity

if for p « Mg Gy is finite and continuous everywhere whenever;
finite and continuous on supp(u).

We denote by 7(G) (resp. (G)) the set of measures y ¢ M &
that Gu are locally bounded (resp. Gu are finite and continuous)

Hereafter we shall assume that G is a_continuous function-ker

on X and N is a lower semicontinuous function-kernel on X which :

locally bounded outside the diagonal set A of X x X.
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Proposition 1. Assume that each non-empty open set is not

&negligible and not N-negligible. If G [ N, then y ej:(G) implies

g e L.
Proof. Let u be a measure in F(G). Obviously the potential Nu

is locally bounded outside supp(u). Let xovbe an arbitrary point in
gupp(1). Since G(XO, XO) > 0, we can find a compact neighborhood K of
%, and a constant ¢ such that cG(x, y) 2 1 on K x K. Denote by,uO the
restriction of/u to K. Since Guo is also -locally bounded, there are
a neighborhood K1 of X and a constant b such that Ky < K and Guo <b

on K First, assume that X is an isolated point. Then {xo} is not

1
G-negligible and not N-negligible by the assumption and we have

+oo © ‘ o
G(xX _, xo) < and N(xo, xo) < +_, Denote by My the restriction of uo

(0]

to K Then Gpl < cheX on Kl and hence Nul < bCNEX on X by G [ N.

1 (o] O

Since Nex and N(u - ul) are bounded on Kl’ Nu is also bounded on Kl.
o
Secondly, we consider the case where X is not an isolated point. Take

X) € Kl\{xo} and find a compact neighborhood K2 of X satisfying K2 c

H and Xy ¢ K2. If we denote by Mo the restriction oﬁ My to,Ké;

@2 < beGe on K, and hence Ny, < beNe ‘ on X. Since Ne and
x1 : 2 2 x1 . x1

Ny - u2) are bounded on K Thus we obtain that

we "have

Nu is bounded on K

2° 2°

Nu is locally bounded.

Proposition 2. Assume that each non-empty open set is not G-
negligible énd not N-negligible. If G satisfies the continuity prin-
ciple and G [ N, then é satisfies the relative balayage principle with
respect to ﬁ. Here G (resp. ﬁ) is the adjoint kernel of G (resp. N).

Proof. Let K be a non-G-negligible compact set and py be a

+ . v
leasure in MK with Ny # +« on K. Put



S: = {u=Go - GT; 0 « Mg, T ¢ $(G), supp(T) < K}

and define for each f ¢ C(K)

p(f): = inf{JNodu - JNTdU; u=Go - Gt ¢S, u > f on K}.
We remark that Nt is locally bounded by Proposition 1 and JNTdU < 4o,
By the assumption we can find, for each f ¢ C(K), o, © $(6) satisfying
£ = Go, on K. Then p(f) < JNoOdu < 4o, Take u = Go - Gt ¢ S with
u =2 f on K and supp(t) < K. Then Gt < Go + Goo on K and G [ N, we hay,
Nt < No + No_. ‘Consequently p(f) = —[Noodu > -w., Since the mapping
+ p(f) is sublinear on C(K), there exists a linear functional v on
C(K) such that

v(f) < p(f) for all f ¢ C(K).

If f < 0, it follows that v(f) < p(f) < 0. Hence v is-a positive

-+

measure on K. For each o ¢ MK’ we have

f

Il
IA
IN

JGodv sup{dev; 0 Go on K, £ ¢ C(K)}

IA
A

sup{p(f); O

IA

f < Go on K, f ¢ C(K)} < jNodu.

Especially, JGede < JNexdu and hence év(x) < ﬁu(x) for each x ¢ X.
For each 1 « }(G) with supp(t) < K, we have

J—GTdv < p(-Gt) < J—NTdU-
Thus [éVdT = JﬁﬁdT for each 1 € ?(G) with supp(t) < K. Since G

satisfies the continuity principle by the assumption, it follows that

Gv = Ny G-n.e. on K.

83. Condenser-type theorems for disjoint compact sets.

Hereafter we assume that G is a continuous function-kernel aﬁd_N

is a lower_ semicontinuous function-kernel which is locally bounded

Qutside A. Further, assume that eachwnon¥empty open set is not

G-negligible and not N-negligible.

For each X ¢ X and for a closed set K, we define
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Ax): = {y € X; b > 0, G(z, y) = bG(z, x) for all
z e X},
A(K); = u A(x).
X€K

We shall consider the necessary and sufficient conditions in
srder that (G, N) haé the following property:

(b) Let K be a non-G-negligible compact set, F be a compact
get with A(K) n F = ¢ and X be a measure in Mg.of which N)X is bounded
on K. Then there exists a (G, N)—condedser—type measure o ='uo - Yy
of A onto <K, F>, i.e., there exist p_ e [(G) and uy ¢ L(G) such
that |

by)  supp(u,) < K,  supp(uy) < F,
Gg = N G-n.e. on K, Gg = O G-n.e. on F,

0 < Gg < Ny on X.

Theorem 1. Let N and G be continuous function-kernels. Then
the following assertions (1), (2) are equivalent:

(1) (G, N) has the property (b),

(2) G—<G and G ~<XN.

Proof. (1) » (2): Let K be a non-G-negligible compact set and

+
K

a (G, N)-condenser-type measure uo‘— My of A onto <K, ¢> by the

A be a measure in M. such that N)A is bounded on K. Then there exists
kassumption. Since My = 0, Mg is a relatively balayaged measure of A
lonto K with respect to (G, N). Using ghis, we can show that G
%Satisfies the elementary relative domination principle (cf. Proof of
Lemma 2 in [3]). By Theorem 1 in [3], we have G- N, Next, we shall
show that G< G. Assume that éy < éex on supp(u), where p « M; with
Gudy < +wo and x ¢ C(supp(u)). If there is a point X4 ¢ X\supp(u)
Such that ép(xl) > égx(xl), we can find a compact neighborhood K of

Xl such that ép(y) > éex(y) for all y ¢« K. Remark that A(K) n supp(u)



4,

= ¢, By the asssumption there exists g (G, Nl-condedser-type measure

Vo Ty of €, for 2z « supp{p) onto <K, supp{u)>. It is obvious that

w # 0. We obtain

Lo—

1

»

0= [(Gu_ - Guau = [Gudu - [Sudu, >
j o 1 i o )
= ﬁg@ix} - §§1(x} : D
This is a contradiction. Thus we have é% < égx on X. Since G~ K
implies that G satisfies the continuity principle (ef. {31).
Conseguently é satisfies the domination principle (c¢f. 15, Theorem
11.31) and G does (eof. [21).
(2} = {(1): Since G= G, G satisfies the continuity principle.

Let K be a non-G-negligible compact set, F be a compact set with AKX

F = ¢ and 3 be & measure in Eg such that N} is bounded on K,
The assumption G~ N implies G N, By Proposition 2, G satiafies
the relative balavage prianciple with respect to N. If Yo is a
relatively balayaged measure of ) onto K with respect te (G, N}, ﬁwﬁ
is bounded on K. Since there is a, ¢ #(G) satisfying G@Q € GaQ on
. G@a iz locally bounded. Further we can choose successively a

sequence %@ﬁ} of measures in f{G) with the following properties:

{13 %ﬂ??{%g@) = K, sngy{vgm*li < F,
{113 Vomel is a G-balavaged measure of Yom onto F,
{111} Vomen iz 8 G-balavaged measure of Yoms1 onto K.

Then {Guv )} im decreasing and lim Evgm = lim Gv Since G4 G,

B ean 2m+1

P

ol = S ’ . . . 4 N P -
we have G~ G. Let g be an arbitrary measure in F{G). Then we cas
» & é?” . ‘w,
find o s‘&{é} and v « [{&) satisfying

2w & o

Go - Gy » GE G-n.e. on K, Gg - Gt = 0 G-n.e. on F,

bl S i3 ra &
G« Go -~ Gy 5 G Gen.e, on £ fcf. 18]

g’

RBemarking ihat %§§§§%§%§ o K and ﬁa§§{¥gﬁél} « F. we have

-3
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Jllm Gv, dB = lim JG\)zmdB = lim JGBd\)zm = 1im J(Gc - ér)dem

m--oo m-oo m--oo m--

J(lim Gva)do - J(lim Gv2m)dT

m->oo m->co

J(lim Gv2m+1)do - J(lim Gv2m+1)d1

m->o m-co
v v
= 1im J(Go - GT)dv = 0.
Moo 2m+1
consequently 1im Gva = 0 G-n.e. on X and hence lim Gvn = 0 G-n.e.
m-rce . n->co

on X. Thus we see that the alternative series $ (—1)nG\)n

‘n=0
converses G-n.e. on X. DPut
g:. = .E (szm - Gv2m+1).
m=0- -
Since Gva - Gv2m+1 = 0 G-n.e. on F and GV2m+1 - Gv2m+2 = 0 G-n.e.

on K, we have

i
I

g Q G-n.e. on F,

Gvo = NX G-n.e. on K, g
(3.1)

0

IA
IA

g Gvo < NA on X

Further we can choose vy, § ¢ i(é) satisfying

v

Gy - éé > 1 G-n.e. on K, éy —véG

O G-n.e. on F,
0 < éy - 66 G-n.e. on X. |

For any natural number p, it follows that

p p v v . p ' v v
E Jdvzm < E J(Gy - Gd)dvzm - E J(Gy - Gé)dv2m+1
m=0 m=0 m=0
P p
= E J(Gva— Gv2m+l)dy - E J(szm - Gv2m+l)d6
m=0 m=0
< jgdy = ijody < 4o
and hence miojdem < 4o, Put M, = mio Vom* Then 1y, 1is a positive

measure supported by K. If we can choose gj c ﬁ(é) satisfyimg égo > 1

on F, we have

oc o0}

Zjd < ZJéBd\) = 3 | Gv dp
m=0 Vom+1 m=0 o~ 2m+1 m= 2m+3 /o
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% ’f%fjc;v dg = ff@g dv,. < 4o,
m=0 2m "o m=0 o 2m

Consequently p,: = F v is a positive measure supported by F.
1 m=0 2mtl

Obviously it follows that b Gvgm = GuQ, T Gy

= Gul and
m=0 m=0

2m+1
g = Qgg - Gyl on X. Since Gum < Gu1 + Gvo and Gpl is a continuocus on
K, ﬁg& is bounded on K and hence it is locally bounded on X. Using
G§1 % Gaﬂ. Gul is also locally bounded on X. Therefore Mg = g ;sw
a {G, N)-condenser-type measure of A onto <K, F>., Thus Theorem 1

has been proved.

Putting N = G in Theorem 1, we obtain the following corollary.
Corollary 1. G satisfies the domination principle if and only

if (G, G) has the property (b).

Definition 5. We say that G satisfies thﬁhscndensexmpxingiglg
if for each non-G-negligible compact set K and each compact set F with
K n F = ¢, there exists a measure o= My = By (So < J(G), ul e L(G))
such that

supp(#,) < K and supp(uy) < F,
Go = 1 G-n.e. on K, Ga = 0 G-n.e. on F,
0 < Ga = 1 on X.

If A(x) = {x} for any x « X, we say that G is non-degenerate.
Putting N = 1 (the constant kernel) in Theorem 1, we have easily the
following well-known result (cf. {61).

Lorollary 2. Let G be non-degenerate. Then G satisfies the
condenser principle if and only if G—< G and G-< 1.

Corollary 3. 1f G <G, G-< N and G is non-degenerate, then

for any pair of a non-G-negligible compact set K and :



F with K n F = 0, there exists uniquely a measure o = po - pl (po,
iy ¢ 7(G)) satisfying by), b2), b3) in Theorem 1.

Proof.  Let K be a non-G-negligible compact set and F be a
compact set with K n F = ¢. Since G is non-degenerate, we have
A(K) n F = ¢. By Theorem 1 there exists a measure o = My — Hy
(Bg» Hq e Y(G)) satisfying bl)’ b2), bg). Let 8 = vo - vy (vo,

V1 e £(G)) be another measure satisfying bl), b2), b3). Since G<X G
and G is non-degenerate, 5'< é and é in alsobnon—degenerate. By
v
Corollary 1 there exists, for each y ¢ f£(G), a measure § = 0 - T
(o, T ei(é)) such that
v v v '
GS = Gy G-n.e. on K, G§ = 0 G-n.e. on F,

0 éé < éy on X.

IA

Then we have

Jéydpo

v e

(Go - GT)de -

) e —

v v
-J Go - Gr)du1
(Gu, - Guq)do -

(Gu_ ~ Gpl)dT

- le)dT

(

Jcon,
(G\)o - le)dc - j(Gvo
j(éo - éT)dVO = Jéydvo

Let f be a non-negative continuous cunction on X with compact support.

Since G is non-degenerate, we can find sequences {on}, {Tn} in ﬁ(é)

satisfying
v v v
0 < Go, - éTn < GA on X for some A ¢ F(G),
lim (éo - G )y = f G-n.e. on X,
n-—»>co n n
Consequently we have My = Vg - If F is non-G-negligible, we have

Hy = Vg analogously. If F is G-negligible, it follows that My =

v 0. Thus we have M, = vo and My = v

1 1-

10
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§4. (G, N)-condenser-type theorem for a pair <K, F> of a

compact set K and a closed set F.

We say that (G, N) has the property (b') if the following
property (b') is satisfied:

(b') Let K be a non-G-negligible compact set and F be a closed
set with A(K) n F = ¢. Then for each A ¢ Z(N) there exists a measure

e LT satisfying

b) supp(u, ) < K, supp(uq) < F,

bé) JGuldB < +o for each B e i(é),

bé) uO(B) = ul(B) = 0 for each G-negligible set B,

bé) Ga = NA G-n.e. on K, Ga = 0 G;n.e. on F,

by) 0 < Gu <N\ onXifFis compact and 0 < Go< NA G-n.e.

on X if F is not compact.

In this section we ask a necessary and sufficient condition in

order that (G, N) has the property (b').

Theorem 2. Assume that G—< G and £(N) # {0}. Then (G, N)
has the property (b') if and only if (G, N) has the following three
properties (c), (d), (e):

(¢) Let K be a non-G-negligible compact set. Then for every
p e L£(N) there exists a measure v « M; such that'

supp(v) < K, Gv = Ny G-n.e. on K, Gv < Ny on X.

(d) Any p <f(G) is balayable onto any closed set F, i.e.,
there exists a positive measure v such that

| Gv = Gu G-n.e. on F, Gv < Gu on X.

(e) Let K be a non-G-negligible compact set and F be a closed

set with A(K) n F = ¢. Then there exist sequences{cn}, {rn} (0, Tp

11
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v
éi(G)) satisfying

el) lim (GOn - Grn) =0 G-n.e. on F,
n-—+o
lim (60 - Gr )y =2 1 G-n.e. on K,
n->c n n

. v v v
e2) 0 < 1im (Gcn - GTn) < Gn G-n.e. on X for some n « ijG),

n-ro
v Y v Y
e3) Gon < G0n+1 and GTn < GTn+1 for each natural number n,
e,) liminf Jﬁonds < +o and 1imianﬁTndB < +® for each B ¢ L.(X).
n->-o ’ n->o

Proof. Suppose that (G, Nj has the property (b'). First, we
shall show that (G, N) has the property (c). Let K be a non-G-negli-
gible set and 1 be a measure in f(N). Then there exists a (G, N)-
condenser-type measure o = By = My of u onto <K, ¢>. Since My = O,v
wve have |

Guo = Nu G-n.e. on K, Guo < Nu on X.
Secondly, we shall show that any measure in f(G) is balayable onto
any closed set F. For this purpose it is sufficient to prove that

for each closed set F

(4.1) lim (o - érn) =0 G-n.e. on F implies lim (Go_ - érn)=0
n->o n->o

G-n.e. on X, where{cn}, {Tn} c i(é) satisfying
supp(o ) c F, supp(t ) < F,

\'
0 < Go_ - Gt
n n

IA

v v
Gy G-n.e. F for some vy «€[(G),

Go - ET < éc - &t G-n.e. on F (cf. [8, Theorem 1j)
n+l n+l = n n U ) ’ .
To show (4.1), we suppose that it does not hold that lim (éon - éTn)
n-—+>o

=0 G-n.e. on X. Since 0 = éon - éTn on X, there exists a non-G-

v
negligible set contained in {x ¢ CF; 1lim (Gon(x) - éTn(X)) > 0}.
n—>o

We remark that A(K) n F = ¢. By the assumption there exists, for A

e Z(N) (A # 0), a measure W, - Wy satisfying bj) ~ bg). Since A # 0,

12
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we have y_ ¢ 0. Conseguently
7
= !‘*’5’% H = g 3 - {1 4
0 éiia%§§§ﬁ J@ }d§ Ecﬁﬁﬁ Gﬁl}&fﬁ§
: ) ) i
H ¢ P
= lim (Go_ -~ G1 yedpy - lim (Go_ - Gt )du
} paw n o e n n’ 1
= §i§§ (Go, - Grdu, > 0.
This is a contradiction. Thus lim {é@n - ﬁ@ﬁ} = () G-n.e. on F
ﬁwm -
implies lim €§§§ - éﬁﬁ} = 0 G-n.e. on X. Finally, we shall show that

13 poe

(G, N} has the property (e).

&

Let §Kﬁ§ be an increasing sequence of

compact sets with Kﬁ = X, Suppose that K is a non-G-negligible
n=1
compact set and F be a elosed set with A(K) n F = ¢é. Put Fn: = F & §E,
N L3 W
%e can find E@ « £(6) satisfying éig > 1 on K. Since G—< G, there
exists, by Corollary 1, éﬁ = a4, - By such that
au??igﬁ} < K, supp(8.) © F
:g . 3 " " - = - -
é@g = éﬂg G-n.e. on K, §§n 0 G-n.e, on an
0 < G5 =< 5;@ on X.
% < % v ; o | & Ga
Since Qﬁg - %ﬁg < Gﬁﬁ&l - Génwl on K FE ., it follows that Gan - %&
3 w e "
s Ga, 4 - GE -1 on £. We remark that Ggﬁ £ Gaﬂ+1 op X. 1Ip fact,.
there exists, for each n ¢« L(G), a measure g, - T, (a,, Tp ¢ J(GYy)
satisfying
supp(o,) < K, supp(1 ) < F,
égﬁ - Gt = Gnn G-n.e. on K, @gﬁ - Gzﬁ = (0 G.n.e. 08B %
0 s Go_ - Gt s On.
Then we have
géaﬁéa = |Gnda
i E £
= {0 - §* ;ﬁﬁ - é{%ﬁﬁ - G?n}ﬁgﬁ
. 7
= gt o F - iy - 38 T
4§§§ éﬁﬁ dag éiéﬁﬁ ﬁyﬂ}égﬁ
¥ ¥ ¥
< - (B g = f‘ég - (B dt
& ié& w LI B+I}d§n 1( ﬂ%l n*l } B
A
= - = - G1.)d
| (Go Gt )do [(Gon L)

13
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v
< JGndan+1 = JGan+1dn.

v v ) b V
consequently Gan < Gan+1 G-n.e. on X-'and hence Gun < Gan+1.
v v
gimilarily we have GB_ < GB 41 ©n X. Let A be an arbitrary measure
in Z(N). By the assumption we can find o = Ho = My satisfying by) ~

bé)‘ Then we have
to > Jéx d Jl' (G G Hd lim (& G
00 > — — -—
o%Ho ~ nig 0tn Bn) uo Jniz ( otn GBn)dul
= iiE{J(GuO - Gul)dun - J;(Guo ~ Gul)dBn}
= limJNAdu = 1im(ﬁa .
n n

n-co n--c

Since GBn < éun' on X and ans

B, e(f(é), we have, using (c),
v \'d s
JNBndA < JNandA for all X < J(N).

Consequently liminf ﬁsndk < lim jﬁandx < +oo,

n—->oo n-—-e

Conversely, suppdse that (G, N) has the properties (¢), (4d), (e).
Let K be a non-G-negligible compact set and F be;a closed set with
A(K) n F = ¢ and A be a measure in Z(N). We denote by Vo é relatively
balayaged measure of A onto K with respect to (G, N). Since G has the
property (d), we can choose a sequence‘{vn} of positive measures
satisfying (i) ~ (iii) in Theorem 1, Obviously’{Gvn} is decreasing.
We shall show that 1lim Gvn = 0 G-n.e. on X, Let B be an arbitrary

n-o

measure in i(é) and b be a positive real number satisfying bés < 1

on K, Using the property (e), for u = lim Go , Vv = lim éT in (e)
: n--c n n->oc n

we have

I

. \/ — .
1im Iqudvn = lim JGvndcp

p—>00 p—)oo

judvn

1iminf INAde = liminf Jﬁapdx < too.

pre po

IA

Since the sequence {Judvn} is decreasing, it follows that

14



lim Xudu = 1im jmdv
Hik s 2m [l

om+1 < 4w

Analogously

11@ Jvdvgm = lim Jvdu2m+1 < oo,
e M-ro0

Using these relations, we abtain

(i o R - <
b glim Qvgmds - 1lim bﬁvgmdﬁ lim bGdegm

Hi e meoe 4 >

< 1im |1im (Go_ - Gt_)dv
mre / peo p p 2m

¢

= lim judv, - lim Ivdv
M | 2m Moo 2m

m+l 2m+1

= 1lim udvg - l1lim jvdv
mpres ¢ mre

" e 4;];23;2 (Gopy = Grdvpy,y = 0.

Consequently Exm Guy,dB = 0 for all 8 ¢ £(G). Thus we have
oo

1im ﬁwg@ = 3 Ge-n.e. on X and hence lim Gv_ = 0 G-n.e. on X.
Breo ' e
; ; n
Thus we see that the alternative series b (-1) Gvn converges
n=(

G-n.e. on X. Put
g: = % (&uqm - szm%l)'
m=0 =

Then g has the property (3.1). Next we shall show that §O Vg
m= m

a positive measure. For any natural number g we have

: [a i ( zlm ié.::s Gt )d t [1in (Go Gt_)dv
EA H ‘V;y‘ % £ - T W : == ] fad 3 ;%
g
= lim L §{§¥£ﬁ - é¥2@§1§ég3
e me} P
q
- lim I giéw,, = Gv, 4041
pee m=0 4dm Zmtl P

#
< liminf fgﬁ%ﬁ liminf §§ do, < +=.
pee pre
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Consequently b Jdvz leiminf JNAdo <'4+ and hence p_: =
m=0 m pree b o

v is a poéitive measure supported by K. Let f be a non-

m=0

‘ p 2m

[ negative continuous function on X with compact support and n be a

measure inj}(é) with én > f on X. Then

,

v e
dev2m+1 < JGndv2m+1 = JGv2m+1dn < JGv2mdn = jGndem.

Hence

[es) oo r\/
| E deV2m+1 < 2 Gndem < 4o,
1 m=0

m=0"

This implies that the positive linear functional: f =~ ¥ dev
‘ A : , m=0

on thé space of continuous functions on X with compact.support

2m+1

is a positive measure Hy supported by F. Obviously % Gv2m = Guo
m=0
© % .
- and E Gv2m+1 = Gul. For any B ¢ f(G) we obtain
m=0

‘ _ [ee} 0 o« v

| JGuldB E JGV2m+1dB < E JGVZmdB < E [Gdezm < 4o,

: m=0 m=0 m=0

Thus both Gul and Guo are finite on G-n.e. on X and it follows that
g = Guo - Gul G-n.e. on X. We remark that g = Guo - Gul on X if F
is compact. Therefore My — Hy is a (G, N)-condenser-type measure of

A onto <K, F>. Thus Theorem 2 has been proved.

We define

S(G):

{ . v v v A%

— . < < C

u = ilm Gcn ; 0 e I(G), Go_ < Go +17 udp +
for all B ¢ P(G)}.

Putting G = N, we have easily the following corollary.

Corollary 4. Assume that G=<G. Then (G, G) has the property

(b') if and only if G has the following properties (d), (e'):
(d) Any u ¢ J(G) is balayable onto any closed set F,
(e') Let K be a non-G-negligible compact set and F be a closed

set with A(K) n F = ¢. Then there exist u, v ¢ S(G) such that

16
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Proposition 3. Assume that G 1s non-degenerate and G< G

Further assume that G has the following property (f)}'
(f) For any A « ?&é), for any € > 0 and for ahy\compact se

v :
there exist u, v ¢ S(G) and a compact set K' such that

v = lim éT , supp(Tn) c K',
n-»>o n

(4.2) u-v<e G-n.e. onkK, u - vz ék G-n.e. on CK!
O <u-v G-n.e. on X. '

Then (G, G) has the property (b').
Proof. First we remark that we can choose u, v € S(é) in:;(,‘i
satisfying (4.2) and
w-v=2>30G-n.e. on CK', 0 <u-vz<G\ G-n.e. onX
In fact, since (u - v) A G = u A (éx + v) - v and u A (éA + v)
S(é), we can take (u - v) A G\ instead of u - v. By Proposition’
[8] any u ¢ £(G) is balayable to any closed set. Further, let K
a non-G-negligible compact set and F be a closed set with K n F
Choose Ao e }(é) satisfying éxo > 2 on K. By the assumption (f)
there exist u, v e« S(é) and a compact set K' with K ¢ K' such th
u-v = éko G-n.e. on CK', u-v =<1 G-n.e. on K,

0 cu-~-v < éko G-n.e. on X.

Then we obtain, putting Lo &+ vV - u,

o
Wy o2 1 G-n.e. on K, - wy = O G-n.e. on CK',
0 s w, = éxo G-n.e. on X.

Since (F n K') n K = ¢ and é—< é, it follows from Corollar

Y

there exists w, = Ga - GB (a, B ¢ £(&)) such that

17
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w, = % % =21 G-n.e. on K, Wo = O G-n.e. on F n K',

ék G-n.e. on X.

e can write Wy AWy = Uy - U (ul, Uy € S(G)) G-n.e. on X and
obtain

-u, 2 1 G-n.e. on K, u; - uy = 0 G-n.e. on F,
<& ¢ X
U - Uy <3 o -n.e. on X.

Thus (G, G) has the property (b') by Corollary 4.

0 <
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