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A description of a space of holomorphic discrete series

’ v
by means of the Fourier transform on the Silov boundary

f{ j/\}:gi ;@%j{)’%‘ﬂﬁ (Takaaki Nomura)

1. Let G be a connected non-compact real simple Lie group of matrices

énd K a maximal éompact subgroup of G. Assume that G/K is a hermitian
symmetric space. Then, G/K can be realized as a Siegel domain of type II,
D, in W X V, where W and V are finite dimensional complex vector
spaces. Let h be a Cartan subalgebra of 1§ contained in the Lie algebra
kR of K, A the root system of (gc, hc). We introduce an order in A
compatible with the complex structure of G/K. For each K-dominant K-
integral linear form A on hC satisfying the Harish-Chandra's non-vanishing
condition [1], the holomorphic discreﬁe series HA of G with A as a
parameter is realized on a Hilbert space H(A)ﬁ)of vector valued holomorphic
functions on D. Let S(D) be the Eilov boundary of D. Then, one knows
that S(D) 1is the orbit of the origin in W X V under a certain nilpotent
subgroup- N(D) of the affine automorphisms of D, and that S(D) is
diffeomorphic to N(D). By identifying S(D) with N(D), the aim of this
talk is a description of the space H(A) by using the Fourier transform on
N(D).

If D reduces to a tube domain, then N(D) is abelian and therefore

the Fourier transform on N(D) is euclidean. Since this case is treated

(1) For precise definition see p.7. 1



in Rossi-Vergne [4], we assume from now on that D does not reduce to a
tube domain. Then, N(D) is a simply connected 2-step nilpotent Lie group
(in fact N(D) dis the nilradical of a maximal parabolic subgroup of G) and

the Fourier transform on N(D) is non-euclidean.

2. Let g =k + p beia Cartan decomposition of g with the associated
Cartan involution 6 and p+ (resp. p_) be the sum of all the root subspaces
corresponding to positive (resp. negative) non-compact roots in A. Both p+

and p_  are abelian subalgebras in gC normalized by kC. Let P, and KC

be the analytic subgroups of G corresponding to R, and kc respectively,

C

where GC is the complexified connected matrix group having gc as Lie

algebra. Every x € P+K P can be expressed in a unique way as

C

x = exp C(x)k(x)-exp g'(x)

with z(x) ¢ B k(x) ¢ K, and 7'(x) ¢ n_. We know that G is contained

C

in P+KCP_ and that the image M = 7(G) is a bounded domain in ", - M is

known as the Harish-Chandra's realization of G/K.

3. Let {yl,..., YQ} be a maximal system of positive non-compact pair-

wise strongly orthogonal roots constructed as follows: for each j, Yj is

the largest positive non-compact root strongly orthogonal to Yj+l""’ Yoo

For every o € A, we choose Hu € hC and Xa € ga C;gc in such a way that

the following are valid:

B(HOL, H) = a(H) (H ¢ hc), XOL - X_OL e k + ip,

i(x + X—oa) e k + ip, [Xoc’ X_ = ZHOL/OL(HOL)’
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where B 1is the Killing form of gC. Note that Hu e ih. Put a =
zliiiﬁ R(XYi + X i). Then & is a maximal abelian subspace of g, so
that £ equals the real rank of G. Let

1) c = exp -

=)
o1

[

and Vv = Ad c. It should be noted that ¢ belongs to P+KCP_. Put h

+ - .
zliiiﬁ RHYj and let h  be the orthogonal complement of h  in ih

relative to the inner product where BT(X, Y) = B(X, 1Y) and

“Br| thxik
T 1is the conjugation in 8. with respect to the compact real form k + ip.
-1 +

Since hz + a is also a Cartan subalgebra of g.. As

C C

we have assumed that. G/K does not reduce to a tube domain, there is only
s . + . . - .
one possibility of the positive a-root system &(a) compatible with the

% ' %
original order in A through Vv (see Moore [2]): put ’Aj =V (Yj), then

. MNP 'Uxi—x. Uxi
2@ = =1 gatU 1 5 a5 5l

We denote by n the sum of all the positive a~root subspaces and put
$ =a+n. It is easy to see that the map r(X) = (X - 6(X))/2 1is a linear
isomorphism of $  onto §. Let 4 be the complex structure on the under-
lying vector space '$§ obtained by transforming the complex structure on §

by means of r. We set

s(0) =a+ ) n

g
s, s(1/2) = ) n , s() = ) n }
kém /2 k51 /2 kém ot /2

Then, clearly we have $ = $(0) + s(1/2) + s(1) and s(0) is a subalgebra

of g. Let S(0) be the analytic subgroup of G corresponding to $(0).



Put

D~

S =

(2HY /<yk, Yo - X +X_).

i
2 2 Kk Yo o Tk

Then, s belongs to s(1). Let  be the S(0)-orbit of s in $(1) under
the adjoint representation. By Rossi-Vergne [4, Theorem 4.15],  is a
regular open convex cone in $(1) and diffeomorphic to S(0). For every

t € , we denote by no(t) the unique element in S(0) for which

(Ad no(t))s==t. On the other hand, it is known that 4§ 1leaves $(1/2)
invariant, and so $(1/2) can be considered as a complex vector space V by
f s(1/2)" Let W be the complexification of $(1). The R-bilinear map Q :
V xV->W defined by Q(x, y) = ([jx, y] + i[x, y])/4 turns out to be an
Q-positive sesqui-linear hermitian map. By using this pair of Q and Q,

we now define a Siegel domain of type I, D = D(R, Q)
D= {(w, v) e WXV 5 Imw - Q(v, v) € QJ.

Then, S(D) = {(x + iQ(z, ©), ¢) ; x € s(1), ¢ € V} and N(D) = {(x, Q) ;

x € $(1), ¢ € V} with the multiplication
(%, Q) (x', C") = (x+x" + 2Im Q(g, "), T +CT").

Let o : G~> D be the map which induces a G-equivariant biholomorphism of

G/K onto D. Then it holds that

D > (X + iy, C) = Ot(eXP(Xa C)'ﬂo(}’ - Q(Ca C)))-



, *
4, Let E (resp. E+) be the set of all X e s(1) such that the
hérmitian form <X, Q(+, *)> on V x V is non-degenerate (resp. positive

definite). It can be proved that E+ is equal to the dual cone

* * -
O ={des@) :<x, x>0 forall xe O - {0}}.

In particular, E 1is non-empty. As in Ogden-Vagi [3], we have a
family (ﬂk)kez of concrete irreducible unitary representations of N(D)

enough to decompose L2(N(D)). The space of T

A
subspace EA of V with dlmR EA = d1mC V (=n, say). For A e &, let
p(A\) be the Pfaffian of the alternating bilinear form Im<XA, Q(+, *)> on

~

the real vector space s$(1/2) x $(1/2). The Fourier transform f of f ¢
Ll(N(D)) is by definition

0 = J f(n)ﬂk(n—l) dn ,

N(D)
where dn is the Haar measure on N(D). Then, the Plancherel formula for

N(D) is as follows:

2 - 2
leli2 = o [ IR0lZg 000 o
The positive constant c¢ depends only on the normalization of dn. One

can define the Fourier transform of f ¢ LZ(N(D)) in the standard way.

5. Let Y be a continuous everywhere positive function on § such
that Y(at) = asw(t) (a>0, t ef) for some 6 & R. We consider first
the Hilbert space HZ(D, )  of C-valued holomorphic functions on D

satisfying

2 .
is the L -space on a real
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. 2 .
] |F(x + iy, o) |7 ¥(y - Q(¢, ©)) dxdydg < « (x+iy e W, £ V).
D

When the irreducible unitary representation of K with highest weight A 1is
one dimensional, H(A) 1is of this type for a certain Y. For F ¢ H2(D, P),

we put
(2) ft(x, ) =F(x+ i(t + Q(g, 7)), T)

for every t € §. Then, ft belongs to L2(N(D)), so that one can consider
the Fourier transform (ft) of ft' Identify LZ(EA) with LZ(Rn) and
let {¢i ; mE (Z+)n} be the complete orthonormal system consisting of the
Hermite functions and VA the one dimensional subspace of LZ(EA) spanned
A . . 2, % 2, % .
by ¢0. We now define a Hilbert space H (2 , ¥): every & e H' (R , ¥) is

a measurable function on I taking its value at A € E in the Hilbert

space of Hilbert-Schmidt operators on LZ(EA) such that

(1) 60 =0 if ¢,

*
(ii) Range ¢()) is contained in 'VA if Aef,

@) Jlol]® = ¢ J N ”@(””1215 I, dr < =,
2

where I,(}) = fQ e_2<x’ x> Y(x) dx.

v

Theorem 1. Let F ¢ HZ(D, ) be given and define ft by (2). Then,

<A, t

~ %*
d(A) = e >(ft) (\) is independent of t € Q and belongs to HZ(Q , V).

*
Conversely, let ¢ ¢ HZ(Q , U) be given. Then,
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F&+ia+qw,mxc>=cf*€“’?Tﬂg@,oMM]MMdA

is absolutely convergent and gives an element F ¢ HZ(D, w) such that o(})

< > ”
e A, t (ft) (\). Morecver, the map F -~ & is unitary.

6. Now we treat H(A). Let A be as in 1 and TA the irreducible
unitary representation of K on a finite dimensional Hilbert space E with

highest weight A. Since P+KC is a semidirect product, TA can be

Let c e G be the

naturally extended to a representation of P+KC. c

element defined by (l) and put
3, (8) = T, ((c) ™), (k(eg))
AB T JtprRieele

We note that it makes sense to write k(cg) for g € G, for one can show

that cg € P+K P_. Let

C

8(t) = |det ad ny ()| Jaetg |y Ad ny(0)]7 (t e )

s(1/2) s(1)

and GA(a(h)) = QA(h) (h €S =exp$s), where o dis the map G = D which
induces a G-equivariant biholomorphism of G/K onto D.
The Hilbert space H(A) consists of E-valued holomorphic functions on

D satisfying
2 . -1 . 2
lFf|© = lo, (iy, ) F(x + iy, ©) || 0,(y - Q(z, ©)) dxdyds < =,
D A 0

Let VA be a highest weight vector for A normalized so that lIYAH



= 1. We take an orthonormal basis Vi T VA Vgseees 7] (d = deg TA) in E
consisting of weight vectors arranged in order so that any vector in the
root subspaces corresponding to positive compact roots in A 1is represented,

under T by an upper triangular matrix. We denote by Aj the weight for

A’
the weight vector Vj' Let Ek be the one dimensional subspace of E
spanned by Vi and

HJ,(A) = {F € H(®A) ; F(w, T) eEl@...®Ej}.

Then, it can be proved that Hj(A) is a closed subspace of H(A) invariant

under HA g Let Hl(AO = Hl(A) and fp(fo = the orthogonal complement of

Hj_l([Q in Hj(AQ (j =2,..., d). Define a positive character Xj GG =1,..

d) of A =-exp a by

2 2
. (ex a, (X +X = 1 A (VX + X ,
X; (exP ig& 1( Y -y )) exp a, J( ( . —y ))

i i i=1 i i

where v = Ad ¢ as in 3. Extending Xj canonically to a character of S,

we put

b0 = 6 MmN 8y(0) (e e =1, 2, .

S8,
Then, wj(at) = a Jwj(t) (a>0, t ef) for some éj € R. Consider the

Hilbert space H2(D, wj) of the type in 5 and define an operator Tj by
TjF(W, z) = (F(w, ©), Vj) (F e Hj(A)).

Tj is a bounded operator Hj(A) > HZ(D, wj) and its range is dense.

8
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Therefore HI) 1is unitarily isomorphic to HZ(D, wj) by Uj’ where Uj
is the partial isometry appearing in the polar decomposition of the operator

d .
Tj. Thus, we have an irreducible decomposition H(A) = @ HJ(A)' for

j=1
HA S°
*
7. Put for X e Q
N -2<h, t> -1,2
(3) IA(A) = JQ e @A(no(t) ) eo(t) dt.

Lemma. The integral in (3) is absolutely convergent.

Now the matrix of IA(X) with respect to the basis (Vk) is upper

triangular with (k,k)-entry IW (\) > 0. Therefore we can give a meaning
k
/2

to ¥A(A)l Put H, = LZ(EX) and let BZ(H be the Hilbert space of

A X

Hilbert-Schmidt operators on H Let us put

X
A(HA) = {T ¢ BZ(I{)\) ; Range T C V}\}.

It is evident that A(HX) is a closed subspace of BZ(HA) and so A(HA)
itself is a Hilbert space. Consider thé Hilbert space tensor product

A(HA) &QE of two Hilbert spaces A(HA) and E. This temsor product space
A(Hd) ®E is regarded as the Hilbert space BZ(E’ A(HK)) of anti-linear
Hilbert-Schmidt operators mapping E to A(HX) via (T®v) (@) = (v, wT.
For A ¢ Q*, we define an operator MA(X) on A(H)) XE by

M VTOV - TOL,W .
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We are now in a position to define a Hilbert space H(A): it consists of

measurable functions ¥ on £ taking their value at A € £ in A(HA)GDEZ

such that
*
1) Y\) =0 1if A€ Q,
y 2 2
@ [¥]]T =c f o ILOYOT o) d < .
Q

Put H () = ¥ e HO 5 ¥O) e M) ® (E, ® ... @ﬁj.)} and
THO) = YOIV, e AGH) ¥ e B ).

Tj is a bounded operator Hj(A) +-H2(Q*, wj) and its range is dense. Let
Hl(A) = Hl(A) and Hj(A) = the orthogonal complement of Hj_l(A) in Hj(A)
G3=%2,..., d). Then, Hj(A) is unitarily isomorphic to Hz(Q*, wj) by

Uj’ where Uj is the partial isometry appearing in the polar decomposition

of the operator Tj. Therefore we have an orthogonal decomposition H(A) =

a |
® Hw.
j=1
Theorem 2.  f{(A) 1is unitarily isomorphic to H(A) via the following
diagram:
d . ~ : d '
@ H @) = H@) ———mmem - SHQ = @ H @)
j=1 j=1
f h j U. U
(for each j) I 5 It J
2 - o 2k
Ho, 1Pj) (Theorem 1) - H(@, wj)

10
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