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Specialized Characters and Power Series Identities

Minoru Wakimoto (3&y k. ZE D

Department of Mathematics, Faculty of Science,

‘Hiroshima University

1. Introduction ———-Weyl—Kac character formula:

Let me start my talk with a skip review on representa-
tion theory of Kac-Moody Lie algebras. Detaills would be
available on many good references [3][6][7][10][19]{20] and
SO on.

A realization of an nXn-generalized Cartan matrix

) is a triple ( #',TT.;TT%

= GCM) A = (a..). .
( ) ( ij'i,j=1,...,n
such that
i) j is an (n + corank A)-dimensional complex vector
space,
. . _ —V _ v v
i1) T = {o(l,..~—.—,o(n} (resp. JT"'= {041,..., "én} )
is a linearly independent subset in j,* (resp. j/ ),
PR ; \4 - . .
iii) <o(i, o{j> aij for every 1 and j.

The corresponding Lie-algebra %}(A) is generated by f R

1200 € fl,...,

1) [ey, £,] = AR

ij =i

e fn and satisfies



11)  [h, e;1 = o/ (h)ey and [h, £;] = - (D)F,
for every hé'j‘ and 1. = 1,...,n,
111) [, #1= {0},
iv) C}(A) contains no proper ideals which intersect

trivially with #4 .

Let Z, N or NO denote the set of all, all positive or

all non-negative integers respectively, and we set

W = W(A) = the Weyl group of ( % (4), j’) s
A= AL = {non—z_ero roots |,
A, = A+(A) = {positive roots} s
P = P(A) = ‘{int‘egral formé on j _}

= {/Xej;* ;<H><\£,A>€Z for everyi} R
P, = P+(A) = {dominant integral forms on f}

{)LE j* ; '<°4‘;"/\>’\" N, for every i }

It is known that for each N\ € P+ there exists a unique
irreducible integrable highest weight module L(/\L) with
highest weilght /A and that the character ch L(/.) is given

by the celebrated Weyl-Kac character formula:

Proposition 1.1. Assume that A is symmetrizable and A €P_,

fhen ' '
Z (sgn w) eW(A+f) - S
weEW
| TT (1 - e ymalt o
<€Ay |
where P ég’i* is chosen such that <o(;,f > =1 for every 1.

ch LIA) =




() b
‘e A&

The denominator formula

Z(sgn W) NS S - ﬂ (1 - e—d)multo(

wEW ‘ ‘ oL €AY

follows immediately with the special choice of A= 0.
For an n-tuple s = (sl,...,sn) of positive integers,

the specialization of type s is the ring homomorphism

—oly Ly
Fg ¢ Clle yeeesy € 1] ———> ¢llqll ,
-y 54
e — > q
and ,
aS(q) = al® Bq) = 7 (e en LIAD)
AT N 8 .

is called the specialized character of L(A ) of type s.
We set

als; 1) = F (| [ (1 - emymultely
oL € A, (8)

. . 1
Especially in case of s = 1 = (1,...,1), dﬂfq) = qAﬂq)
is called the principally specialized character, whose

beautiful expression was found by Lepowsky:

Proposition 1.2. Assume that A is symmetrizable and A_é-P+,

then

t
Q(s, + 1; “A)
da,(q) = A

A Q(1l; A)

where S, = (<0<I,./\_>,-.., <o(\;1,/\> ).



2. Specialized characters: .

The problem we shall concerned with now is to compute
specialized characters qiﬂq) for arbitrary specialization s.
It seems very difficult to obtain similar general results
as in Proposition 1.2 for arbitrary s. However, for some A
and for some s ( ¥ 1), we can compute %i(q) by using the

following two theorems (cf. [22]):

Theorem 2.1. Let A = (aij) be a symmetrizable GCM of degree
n, s = (sl,...,sn) an n-tuple of positive integers such that

= (s _1) is a GCM. Then, for every A€P,,

LAl LS.
19137

v v ot
Q(Sl((o(l,[\_7+l>,...,Sn(<o(n,/\.>+l), A)

ds(q) =
A Q(s; A)

Theorem 2.2. Assume that A is a symmetrizable GCM and

v o b
NeP (A) and A'€P ("A). Then

(s,,+1; A)
dAA (a) Q(s, +1; A)
£
(s, +1; “A)
_ AT ot
=d (@) Q(s , +1; "A)

Table 1 is a 1list of specialized characters of affine
Lie algebras obtained from the above theorems, where we shall
use following notations:
i) s = (SO,...,SI;) is an ( L+1)-tuple of positive
integers,

ii) A= (nO""’n1,> is a dominant integral form



‘such that <{Ys A >=ny (1=0,...,4),

iil1) n is a positive integer,

iv)  Pla) = 7—T (1 - qj) .
Jj=1
Table 1
(1),
1)’A1 :
LA (2)y
,d(12>(q) _ Q(ng*1, 2(n1+1).,vA2 )
A % (q)
. A (2)
22D gy - Q(2(ng+l), ny+l; AS77)
A | ¢ (q)
. (2)
Q(ns 2ns.; A )
s _ 0° 12 72
d(n-l,Zn-l)(Q) B

Q(s; Ail))

‘ (2)
Q(ns,, 2ns,; A )
d?2n—l,n—l)(Q) - : :

Il

- Q(s; Aﬁl))

2) Aé2):
; LoD
4(12) 4y - Qngtl, 2(ny+1); Aj77)
N % (q)
kd(lﬁ)(o) _ Qngtl, Blng+l)s Aé?))
A fa

Q(1,4; Aég))



2 3\ ¢ 12
$ (0®) 7(a>) ¥ (@*?) Qlngtl, bnp+1); 4520

F (@) F(ah) £

S
d(2n—l,n—l)(Q)
Q( s; AéZ))

Q(nsl, Mnso; Aé2))

s
d(ﬂn—l,n—l)(Q)
Q(s; Aéz))

(1),
3) le s
Q2 ) I ,
Q(2...21; 3£}>>
s : QNS se s . (2)
d(n-1,...,n-1,2n-1)@) = 0 ns, 152085 Ay o)
| a(s; B
by o1, L
e
d;sl...l)(q) _ Q(nlfla---,ﬂl+l,2(no+l); Aéi})
Sf(q)lb
a(1...12) oy - Qlng+l,...on, +1,2(n +1); Aéiﬂ)
ff(q)iL
Q(2(n,+1
d-/(\-2l...12)(q) _ 1’10+ )3nl'-|'1,-‘..v,ﬂz/_1+l,2(nj/+l); 02))
Q(21...12; Qé}))
s ' Q( ,2 . 2 (2)
on-1,...,2n-1,n-1) (@ = - N8y »2N8, 5+ +52N805 Ayy)
' Q(s; cii)>



' . 2 (2)
4 B )(q) ) Q(nsO,Znsl, ,2n§L), A2l/)
(n-1,2n-1,...,2n-1
| a(s; ¢'b))
L

S .
d(n—l,Zn—l,...,2n—l,n—l)(q>

. (2)

Q(nso,2nsl,.,.,2ns _12D8, 3 l*l>

Q(s; Cé}))

(1),
5) L

Q(2(ny*1),2(n +1),2(ny+1) ,ng+l,n) +1; Fﬁl))

,d(ezéll)(q) = .
| a(22211; FL))

S .
4(n-1,n-1,n-1,2n-1,2n-1) ‘4

Q(nso,nsl,nsz,2n53,2nsu; Eég))
i e
Q(Sa Fu )
6) Gél):
LA
d(331>(g) ) Q(3(ny+1),3(n +1),ny+1; G577)

a(331; eil))

) Ef(qz)ff(qlz) Q(3(no+1),3(n1+1),n2+1; Gél))

& (a) ?(q3) "j’(qu) Ef’(q6)

Q(nso,nsl,3n82; DﬁB)z

s -
d(n—l,n—1,3n—1)(Q) - (1)
Qs; G577)

(2),
[REEFYIS

‘ . n(2)
Q(n0+1,2(n1+1),...,2(QL+1), DL+1)

d(;z...z}(q> _

A S, (2)
Q(12...2; A2£/)



d}&"'12>(q) ) Q(no+l,...,ni_1+1,2(qﬂfl); Ci}))
ff(q)ﬂ

d(12...2u)< )

A q

Q "‘
nO+l,?(n1+1) PR -‘32(1'1!&_1"'1) ’“(nL+1) > Aé%/) )

Q(12...24; Aé%})

s Q(NS, 5.« c(1)
d(2n-1,n-1,...,n-1) @ = ns1,2n853 Cp7)
» (2)
Q(s; AZZ,)
s Q(ns, ,2 . (2)
d(2n-1,...,2n-1,n-1)(3) = T A LT R
Q(s; A (2))
45
(4n-1,2n-1,...,2n-1,n-1) (%
_ Q(nsL,Enslrl,...,2nsl,uns Aéi})
. A (2)
) ICHE Y
2
8) AQX, 1
Qln.+1,... . 2
ny ’nl—1+1’2(?1+1)’ Aél?—l)

1...
all- 1 q) -

. 2 (2)
Q(l...12; A 55 1)
) Q(2ns ., ..., NS
d(2n—l""’2n—1;n—l)(Q) = SO 2nsi_1,ns 5 ‘L )
. 2 (2)
Qls; A% )
9) p'2)_,
L+1T
di\12...2)(q) - Q(n0+l,2(nl+l),...’2(nL+1); A(2))
(2)
' Q(12...2 j,+1)
d<2.--2l)(Q) = Q(91+1,2(n -1 1) 2(no+l); (2))

A
Q(2...21; D(2)>
L+1

_—8 —



PR
-1

5(2))

d(lz"‘21>(q) ) Q(n0+1,2(n1+1),...,2(QL_1+1),gLf1; ) p41
A Q(12...21; Qéii)
s Q(n;Lk...,ns1,2nsO; Aéi})
d(2n-1,n—1,...,n—1)(Q) - (2)
Q(s; Qle)
(2)
Q(ns~,...,ns ,2ns, 3 A )
d?n—l,...,n~1,2n—l)(Q) - 2 ‘ ?;? = L
Q(s;s Dljl)
S
d(on-1,n-1,...,n-1,2n-1) (@
) Q(2nso,nsl,...,nslri,2n§11; Ci}))
. n(2)
Q(Ss DL_{_]_)
(2),
10) Eg™ :

. w(2)
d(11122)(q> ) Q(n0+l,n1+l,n2fl,2(n3+l),2(nu+l), Eg )
»Jk Q(11122;’Eé2))

a? (a)

(2n-1,2n-1,2n-1,n-1,n-1)

Q(2nso,2nsl,énsz,ns3,nsu; Fil))

. w(2)
Q(ss Eg°7)
' (3),
11) Dy~ \
(113) Q(ng+1,n+1,3(n *1); DﬁS))
d (a) =
Q(113; D))

5 (%) $(a®) F(a?®) alngtl,ng+1,3(n 15 DL

()% 9a®)2 %)

Q(ano,3nsl,n82; Gél))

S -—
d(3n_ls3n—lan_l)(q) - ‘ (3)
Q(s; Du )

_ 9 —



We want to note
characters which can
inclusions of affine

~in Table 2, where we

that there is a class of specialized
be computed by making use of suitable
Lie algebras; some of them are shown

shall use the following notations:

)
JE€Z
m(j) >0
Yo 19, m (3) SONeD
T[ (1-a "1 = J]r [ ]a-at 7 Ha.
J i=1 ]
Table 2
1) a{t:
i) /A = (n —1,n1¥1,n -1);
Inl 3In] Jinltn Jinjtn
a1 (q) = Fla D Fla” ) ﬂ (1-a 0y (1-q 1)
ﬁo(q)
3jln)i3n1
X (1-qg ) ]
where |n| = ng*en, .
ii) AL = (2n-1,n-1,n-1) and s = (80’80’82)3
g gy nisi)gw SnISi)
(+) n(j]sliso) n(jlsiisz) Bn(jlsliso)
X T_T(I—Q ) (1-qa ) (1-q )
Jisl+s JIsits
3 (1-q 0%%1-q 2)
where |s| = 28 *s,.
(1),
2) AT
i) A = (2n-1,n-1,n-1,n-1);

—_— 10 —



23

J(1122) () - P £ F (")
@ F(a7)
(+)
[ Tr(a-qn(8IE3)) (1qn(167£2)y 7,
j |

x

2(2211) ) - F(M) () F (")

A $(a)° F(q°)
(+)
X T“‘[(l qn(8Ji1))(l n(163i6))]
J ’,
(+) n(jlslts,)
SN AL A€ 2“135 (1-q
qAFq) - P(q Isi 3 .T~y ]_T JlIsTs;
‘ i=1,3 J (l-g9 )
2 (+) : kn(jlslts ))( kn(jlsliﬁso+sl))
1l-g l-qg : .
X ﬂﬂ J’S}iso JIS!:’:(SO“'Sl)
k=1 J (1-¢  “)(1l-qg )
where s = (SO’Sl’SO’SB) and |s) = 2so+sl+s3.
ii) A = (2n—l,2n—l,n—l,n—l);
4(1112) oy - _F(q >‘f<q2“>9><q
‘/\ $(q)°
.(+) Py .
x | [rea-qntBiE3)y (q_qn(163£2)y 7y
J

(211D ) - Pla )f;"(qz“w’(q )
P P (q)3

(+)
X ] Tr(1-q?(03%0)) (1" (163200 .
j

iii) A = (no—l,no—l,ng-l,n2—l);

_ 11 ——



| o6y ep2Inl 2, 3inl
a(1212) () = q(2121) )y . F(a)F(a )" S (a )

A A P (a)° F(a)°
3. M) w(jin|4n,)
« TT T Toa 7
k=1 J
where [n]| = ng+n,.
iv) A = (no—l,nl—l,no—l,HB—l);
(+)
ini 2]nl 2 Jlniin
d*(/\znl)(q> - Fl )6°< W(l —q
ﬁo(Q) i= 1 3 3 «
2 (+) k(] nlﬂ:n ) k(j}nl:t(no+n1))
X | (1-q )]
k=1 j
where |n| =’2no+nl+n3.

v) A = (2n-1,n-1,2n-1,n-1) and s = (50,30,52,52);

ds(q) i ff(qzn]Si)if?(qgn,Si)
A 5 (q'8h S (q IsT
3 ) kn(j|sl+s,)
KT T Joma ™0
k=1 j
(+) A i 5
Jisl*s Jisl£2s
x| |(1-q %)% (1-q %]
J
where |[s] = 5,*S,-
(1),
3) A5 :
q(111122) _ ‘f’(f)‘f(qlz}2
(q) =
/\o

% () S (a®) F (%)

J(222211) ) __$a®? 9(q*?)
a's () B g
0 ¥ (a”) ¥(a”)




(%)

(112112)( ) = S’(qz)?(q3)‘b"(q8)8”(olz>

A $(a)F (a2 §(a®)
g(211211) (y _ ff(q6)55°(q8>
“Ag F(a%) (a3 (ah) §(ql?
4(112222) ¥ (q1%) ) 123541
(@) =242 | | (1+q29Eh
Ao 3’(q2) —J,_
(221122) P 12) 2 12345
d (q) = 4 (1+q~9%?)
Ao (a7 W
(1),
L) A7 :
For s = (80,81,30,83,80,81,SO,S ),
: 2)sl 3 jlslts Jlsli(s +s )
0%y () =—ZL& 3 W[mq %) (1+q 11,
0 F (a ‘
where |s| = 2SO+81+SB'
5) pib):
For s = (sl,sl,sg,s3,{..,§L) e-Nlil,
Is| 2 -1 (+) Is]t(s +...+s.)
_ 3)( 2 J Sl S.
a® (@ el 2 TTﬂmq 1
where |s]| = 2(Sl+"'+si,2)+si 178,
(1),
6) Eg™

For s = SO SO S
50
50

9’(0_3'5‘)

a® (q) =
Ay % (alh

(+) 3jISli3sO
l (1-a )
JlSliSO

J- (1-a

_ 13 —



where |s| = 3s,*s

(1),

3
7) Es

For s = ( 50 87 8g 33 ?O 8, 8j ) R

(+)

Jlslts, Jlsl£(s,ts,)
) (@) = SACAD [ T 0y (1+q 01
' Jlsli(Es +s +s )
X (1+q 397
where |s| = Mso+231+2s3+s7.
8) Py

For A = (no—l,nl—l,no—l n3—1 nu—l)

O
(21111) gImho TT ‘”min
(q)
dA ‘ ’ 9((1) _T ll
y []éT %_T JInt+(ngy+n, )) %~% Jlnli2<n +n, ))]
i=1 J
(+) o,
: T—T- T—T(l—qJ,n'i(2nO+ni)>]
i=1,3 J ,

3 (+) . .

jinjx(kn. +n,+n,) jinlx((k+1)n +2n_+n,)
xt[ ] ] - 071737 (1-q 0130y
k=1 J

where n, = ny and |nj = 4n0+2n1+2n3+nu.
(1),
9) G2 :
i) s = (so,sl,so);
(+) Jlsixs
= (1+g
R 1~
3 (1-q

)
ST(57%27, >

S

d (a)
Ay

- 1y —



[ %)
Cad

' 0
S — (1+q )
AL, L EreEDy
wﬁere Is| = 2sytsy.

11) A = (ng-1,n5-1,n,-1);

3 (+)
L(211) FACLAD) J Inltkn,
(Q) = [ ’ i !(l -q )]
jx ff< a)° k 1

where |n| = 3ngtn, .
(2) .
10) Ay gt
For s = (81’51’52’33""’SL) €& Nz*lg
-1 (+) . o
< ) Jlsli(sl+...+si)
dAO(q) = } ’ ﬂ(lm )
1=0 §
where |s| = 2(sqt. .. .L l)+s
(2).
11) D3 :
For /\ = (nO-l,nl—l,nO—l),

L1y . P >9°<q’ >9°(o“’“' )
A - -

gP(q) fj’(q )
X ﬁm -a R, () 171200,
where |n| = ny+n, .
12) BS?):

For s = <SO’Sl’SO’S3’Su)’



(+)

% () = Fal®h? T_T[<1+qj'sli80 Jlslt(sgts))
A, |

) (1+q

Jlslt(2syts +s5)

X (1*q )]

where |sj = Nso+2sl+2s3+su,
13) D3

i) A = (2n-1,n-1,n-1) and s = (80,80,82);

nls)) (+>( 3n(jlslts ))
S _ 1- q |
d/\_(q) = }SI) T IS)iS ]
j (1~ q )
3.0 | nGlslrsy)
‘ 1-q
Xv[’ ]ﬁT Jls}+kso ]
k=1 j (1-g )
where |s| = 3SO+82‘
ii) A = (ny-1,n;-1,n5-1);
(211) oy - F(a'™)? %i%[ (1-3(53%2),
a q) = 2fa )" 3 (542
a Sf<q)2 j ,(1”q,n](53i2)>
17 Jinl4n,
X ’ 1 (1-q 1y7
i=0,1
sqinty2 _ 3(5j+1)
A : ~?;?g;?~__ ; (1-q lnl(SJil))
Jlnlin,
x| 1 (1-q 17
i=0,1
where |n| = 2n0+nl'

— 16 —



(%)
&L

3. Power series identities:

In this section, we are goilng to’compute specialized
characters of an integrable highest weight module of an
affine Lie algebra ?(A) in terms of weight system. It may&
be expected that many things will be comparatively simple

if A and A satisfy the condition
(%) MaxO(j\) contains only one element A ,

where Max(A ) = { maximal weights of L(Z\)}' and
Max,(A) = P, AMax(A). '
For such L(A ), the weight system P(A ) is given by

P(N) = {)\éP; I).le = 1A\L }
<As c>= <A, c>
where c¢ 1s the canonical central element and | | is the norm
defined by the standard bilinear form on 9(A).
Table 3 is the complete lisﬁ of L{A; A)’s enjoying the

property (¥) (see also [5]):

Table 3
DAY AL AL, AFAL
1 A ERRA LIS
A AL 1= o0,.. L)

53
(1),
2) By ' AL'

(1),
3) Cy7 s /\1.
b) p{d), A. (1 =0,1,4-1,1)
L i 3ss > ’
5) B¢V A, (1= 0,1,6).



B3V A Ags AgrAg.
E(l): /\O_
6) A59) (42 Ay
N AP gt A */\“1
8) (.1%,3-1' Ngs Ny s Agt Ay,
9) EL): A
100 {3 A
Now look at the weight system of L(A s Ail));
P(/\.O)‘ = {;./l(m,n) = Ao+,mo<71+‘1’l(f\”; m,n€&7Z and 1’1§>_—m2 },

where J‘= °10+‘11 is the fundamental imaginary root. Since

two elements _A(ml,nl) and ]L(mg,n2) in P(j\o) are W-conjugate

if and only if n_+m 2 - n,+m

2
1my Htm, , we can:put

£(k) = multiplicity of A (-m°-k,m)

for ké:NO and m& Z. Then the character of L(/\O, A(1>) is
written

/\O = nuxl—(m2+k)d\

ch L(j\o) = e 2 f k) e
k=0 me 7z
o0 2
N, < — -mo,-m“d 4
=e 1) & e_k‘{\][’ e 1 1 ... (D).
k=0 mé&7z

First, in order to compute the multiplicity ’g(k),‘let

us take the principal specialization;

_— 18 —



(= o]
N7 2k 2m +m
Ap (@ = [, B0 ) a

k= me 7z

O

. 2
Noting that 3 (q) = F(a%)

o Fla)
2 2,2 '
and 2{: q2m mo_ PlaT) (Gauss 1866),
mez ~ ¥ (q)

one obtains

(e 0

g(k>q2k - 1
;o 7 fj’(q2)

oo .
Zg(mqk S | coo(2).
k=0

S (a)
Thus 1t is proved that the string function of L(jkO;vAil))
is equal to the geﬁerating function of the partition functions

(this is a well-known fact in some literatures).

Next, the specialization of (1) of type s = (so,sl) gives

2
m+}s|m ‘
9 é(k)q's'kjt ]

me&Z

N
a
~—’

1]

|s(m +s m

Lq o ae. (3),

co(a 18Ty
ful ) me?z
where |[s| = SO+Sl'

Now combining (3) with a formula

(+) .
2is|Jjts
3p, (@) T'”[<1+q V) (14q %)

—_ 19 —



in Table 1, one obtains an identity

(+)

2
JslmT+s.m
0 q e g @®sh] T
j

mé&7z

2]s)§iso)

Note that this formula is equivalent to the Jacobi
triple product identity.

Simllar arguments are valid for highest weight modules
in Table 3, and one can deduce power series identities, some

of which are shown in Table U4;

Table 4

(2)

D LAy 2, nags a8 or nip s alt):

C o 4
For (so,sl)é:Nx SNy s

2 ' (+) .
<7 Isln"+s.n : 23 ]sl+s
. Z g 17 _ Do(qz»sl)}‘""(lJrq 0y
J

né&?z
where |s| = sgtsy-
. o(1)y.
2) L(/\l, Cym )
- 3
For s = (so,sl,sz)é;N s

| ) (+)
) o = g@®h? [ rasa
j

r1622

J)slts jlsli(so+sl)

1

) (1+q )],

§
where Xs(n) = Xs(nl,nz)

n 2—n 2
1

_ i 1 2 N7
= ’5'[”“7;——'+n2 —nln2] + 2 5404

and |s| = so+251+52.

— 20 —



()
<S4y

3) LAy BYY) (1 z3):
For s = (so,...,gﬁje-N

néZL

where Xs(n) = Xs(nl,...,gl)

2 '
n, -n
S'[z::(n —nyng 0t o +.Z::Sini

1]

2 1=1
and |s] = sO+sl+2(sz+...+§L).
B L(Ags 859)) (Lz2):
For s = (SO,...,gt)é-NL+l
L=1(+)
: X _ (n) Jislt(s +...+s8.)
Z: q ® |L‘_H_T(l+q T,
nezt ?(JS =0 J |
where Xs(n) = Xs(no,...,n —l)
-1 | 02 4:;
= 15100 (n,%ny_ynp) 4 02 =14 ) ey
i=1 i=0
and |s| = 2(spyt. . ,L 1)+§L
5) L(Ags D33 (L22):
For s = (SO,...,§£)€:N£+1
X_(n) | g A7 O oy s a(s o 4s.)
;2:: q ® = ff(q2fsl> T—T T_T 1+q 0 =),
néZZ‘ =0 ]
where X (n) = X (n ...,QL)



0

- i
s)[2 ZZj(niz—nini+l) + Qi 1+ ;ZZsini

i=1
and |s] = Spte. .ty .
6) L(A +Ay 3 Di2)) (L z2):
For s = (SO”"’S' )&NZ’H“,
L-1 (+)
X (n) J)s|+(s 4. +s,)
) a® —j«d“)TTTTum 1,
n(*Z‘1 J
where Xs(n) = Xs(nl’ ..,1’11’)
41 n? on, :g o
= )sl[L(nig—nini+l) L =]+ lenl
i=1 ) 1=1
and |s} = s +...+s

0 TR
) LA 2820 )y (g =3):
0° 24 -1 =/

_ s
For s = (Sl""’%L)é:N s

qus(n)= S;”(q‘sl )'-K'Qj”(qg's")éﬁﬁ(“qjls‘i(sf’“
1’162'&' i=1 j
where Xs(n) = Xs(nl""’nfl,)
é’“f 2 = L
= js][/_‘}ni - Zn1n1+l - n&_gnﬂ&] +Lsini
i=1 i=1 1=1
and |s}| = 2(sl+.. +s )+§L 1t S, -

B) LAy, ) Lz

- 1+1
For s = (SO"’“’SJ&)EN

—_——20 —

.+s,
1



(1)
X (n) (s; A )
s s > UL
a = (a'7") d (a),
ZL g A,
né&’z

where Xs(n) = Xs(nl,...,qzj

1-1 L
B z (niz—nini+1) + QK?] + 2 sS40y
1=1 i

SO+. . .+S-L'

and |s]
Example 1. s = 1 = (1,...,1);"

Y J1
¥ (a)

né:ZL

where Xl(n) = Xl(nl,...,qt)

L1 L
= ([+1)[2§Zﬁn12—nini+l) + nl?] + Zian
i=1 i=1

Example 2.\}L= 2 and s = (81’51’52);
(+) 3(jlslisl)

Z R AC AL (CRARD ﬂ (l_qjis‘isl -
J (l-qa

11622 1- )

where X(n) = X(nl,n2)

2
: 2 2 . N7
|s|(n1 +n,“-nin,) + 2 530y
i=1

251+32.

and |s|
Example 3. = 3 and s = (s2,sl,sg,s3);
(+)
Z qX(l’l)=<j;(q’S| ) ?(QQ,S' )2ﬂ[(l+q
. ‘ J

r1€Z3

JIs|ts | jlsli(s +s.)
2y (1+q T2y,
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where X(n) = X(nl,n2,n3)

3 3 '
’S’[Zniz - ny(ngtng) ]+ Z\Sini
i=1 1=1

s_+2s.+s,.

and | s 1+2s %85
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