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Specification analysis of concurrent programs

Br®1 E& 4% ( Ken Hirose )
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Abstract

A formal sYstem FLm‘n is proposed to analyse the specificatio:
. , :
of concurrent programs. The completeness theorem is also proved

for this system.
1. Introduction

In [1] and [2], one of the authors and his colleagues proposer
a new specification technique called Process-Data Representation
(PDR) . PDR aims at the improved reliability and modifiability in
software system, especially involving concurrent processing, by
giving a precise specification of their whole computational
processes.

In PDR, concurrent interactions‘between processes and data
are specified by describing the constraint conditions imposed on
them in terms of the formulas in the forcing logic (FL).

A formal system should be formulated not only to provide
a compact description of the system specification but also to
make it possible to derive certain useful conclusions from the

given. specification.



To fill this requirement, we propose a formal system FLm
. 14

as a tool for analysing the specification described in the forcin%
logic.

Following notations are used in this paper:
Kyree-rXp>p

cardinality 2k, which means " at least k out of £ objects

dénoteé a set of the subsets of {xl,...,xl} whose

{xl,...,xl}". [Xi""'xl]k denotes a set of the subsets of

{Xl""’xl} whose cardinality 2k, which means," at most k out of

. ' " ) i
% objects {xl,.1.,x£} C K X Y means that the

.element of <xl;...,x operates only on the element in Y,

27k
[xl,...,xg]k————» Y means that the element in Y can be operated

only by the element in [x and X—:227,Y means that the

pree Xl
element of X operates on the element of Y. For example, the

specification of the conditions in the dining philosophers

problem can be described as follows:

’“<ph1>1>-——++ [<£5,£1>,]1;  [phl,ph2],— <f1>,
<ph2>, ——— [<f1,£2>,],  [ph2,ph3];—— <f2>,

* N - 9 . \
(*) < <ph3>; —— [<£2,£3>,];  [ph3,phd],—— <£3>; ;

<ph4>, —— [<£3,£4>,];  [ph4,ph5],— <f4>;

<ph5>; —— [<£4,£5>,], [phS,phl]l————% <£5>,

where phk (k=1,...,5) represents the philbsophei k and fi
(i=1,...,5) represénts the folk 1i.
Then, for example, the'conclusion

[phl,...,phS]2 ~ [<£f5,£f1> ..,<f4,f5>2]2

2"

is deducible from (*) in our system.

In section 2, we shall present the system FLm n and,yin
4

section 3, we shall prove the completeness theorem for FL
7

In the following lines, for a set X, we denbte the power sét

of X by P(X), the cardinality of X by #X and X-{¢} by x*.
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2.'The formal system FLm,n
In this section, we define the language Lm n and inferece

[4
rules for the formgl system FLm,n'
The language L_ _ consists of
m,n \

(1) Constant symbols,

Pyr--<sPy (p-sort),

a d  (d-sort).
n

l,‘...’

(2) Function symbdls,
[ ”"’]k r< reeer >y (g-ary, O.ék:él,z#o),v
( yeeer ) ‘(q—arry, ‘léq), o
((_ yoooes 5) (r-ary, 0<r).

(3) Predicate sfmbols,

> > — ,
I 77 r 7 7 VA 4 .

We inductively define the p-terms (respectively d-terms)

N
7

7

aé fbllows:
(i)‘pl,.f.,pm (dy,...,d ) are p-terms (d-terms).

(ii) If S,,...,S, are p—térms (d—ﬁerms) ’ then'[Sl,...,SQI}k

1
and <S

L

..,SQ> are p-terms (d-terms).

1’ k
‘We define the p—A—terms,p—B—terms and p-C-terms
(respectively d—A—terms,d—B—férms and d—C—terms) as follows:
ﬁii)pl,...;pm(dl,...,dn) are p-A-terms (d-A-terms).
l""fol
<Ol,...,02>2 (<pl,...,p2>2) is a p-A-term (d-A-term).

(iv) If o (pl,...,pz) are p—A?terms (d-A-terms), then

(v) If o 10y (pyrenoypy) are p-A-terms (d-A-terms), then

17779
(Gl,...,OQ) ( (pi,...,pz) ) is a p—B—term_(d—B—term).
(vi) If (( )) is a O-ary function symbol, then (( )) is a

p-C~term and a d-C-term.
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(vii) If Hyreeorlly (Tl,...,Tl) are p-B-terms (d-B-terms), then
((”1""'“2” ( ((rl,...,rzﬂ ) is a p-C-term (d-C-term).
In the following we use S for p-terms, T for d-terms, o for

p-A-terms, p for d-A-terms, u for p-B-terms, T for d-B-terms,

o for p-C-terms and B for d-C-terms.

S 5T, S —» T, S== T, V—F— 1, > T,
y—— B8 and a-—— B are formulas.

Let X be a set, Xl""’XQ be subsets of P(X) and k £ 2. We

define S SEERRNS S and [Xl,... ]k as follows:

' _ i 4
SRS 9% S LV S [ =t ¢ N4 S o

nw

k and X, eX; for every iel},

[Xl""’xllk ={Ui€I>%.!IC‘l,...,2},#I:;k and x.eX. for every ieI},

We define the canonical interpretation ~,— of terms as

follows:

(i) If a is a constant symbol, then & = {{a}} and a ={a}l.

~~ ~

e’
S TR CIVERRE RS P

The canonical interprctation v of d-terms is similarly defined.

. o
@) <Sl""'sz>k :<Sl"" and [Sl,

«n P — N < . . S 2 — —_— —
ﬁu)<cl,---,02>2 \J{Oi!lt;l e}, (Gl,.--,GQ) (01,---,02) and
?Fﬁ{77777ﬂ§” = {“1""'h2}' The canonical interpretation — of
d-A-terms,d-B-terms and d-C-terms are similarly defined.
If xc{pl,...,pm}( yc{dl,...,dn}), then we denote by ¥ ( § )

one of the p—A—terms (d-A-terms) which satisfies §:=;< (§ =

=y).
We denote by o, a, the p-C-term ((ul ul u2 2» where
Y & % 17 Hpe ety

1 1 2 2 _
)= «Ul""’uk» and a,= «ul,...,uln . If u—(ol,...,oz), then p°

is the p-A-term <Ol""’02>l' We denote by Sl*--~*82 one of the

. . : Sy E = oty + Bl
p—-C-terms which satisfies Slx %SK Slx XSQ and by [Sl, "SQ]k

one of the p-C-terms which satisfies

[Sljj;,sﬁk=knsj*&7xéﬁ'|1éj1<j2< <3gt s azkl.
1 q
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~_
Bi’\sz , T° , To%- - *T and'[Tl,..f,T ], are similarly defined.

1 % 2k

= - m . = | ’ ‘
Let T, {sly———> Tl,...,52>———% 12} and r, {sl ——>>Ti,...,

Si—"*;»TL}- We say that S—===T is deducible from T, and T,

Fz.fﬁjﬁ S————=T ) if S=—— T is provable from Fl,Tz and

(T
S~

[slTTff,Sg]l —_-:Q[Tl,...,TZ]z by the following inference rules.

S—> T
(2)—5 0 0 0 .
(Gll"'lcgllo—ll°"lokl)—7é_—> (pll"'lpzllpll"°lpk')
where <0',...,Gk>kﬁ§ and there exists a Eéf such that 5551
for every i% k and Bﬁgg for every j£ 2'.
(a )(Ull~-'loil---lgjl-'-10k|)‘+'> (Dl}'--:Di:---:pj,---,pk,)

(O’l,...,O'j'.,'.-.,O'i,...,0k|)+9 (pll-~~lp:l]l--'lp]{l-"kai)

| = e ' a —_— al N :‘.M_wl : o) =~-1
where 0,=0:4 Gj Gj' p;=ps and ijpj'
SO>————% TO,...,SO,>—5~—9 TO_‘
1 1 k k*
(Bl) ) 0
(Gl,...,Ok,)————— Tl*"'*Tk'
where Eiegg for every i< k' and Sgs——;—e‘rg(ié k') are all
different formulas.
(B )U‘—% ((Tl'h;i.."Ti’.‘.'T,Q,')) ’ U'ﬁL—'; Ti
2
> «Tl,...,Ti_l,Ti+l,...(Tz|»
SO>———>TO,...,SO,>————>TO,
(c.) 1 1 k k
1’ .0 0 ‘
Sl**—sk' —_— (pll'--lpkl)'
where Biefg for every iz k' and Sg:h———% Tg(ié k') are all
different formulas.
(C ) ((Ul,-~p,Ui,---,Uk.))*—-—} T, Ui—H T
2 :
((Ul’--olui_lyui+l,---,Uk.))-————% T
o) e R D k1 R TR ()
1 o
((“1"'"“i-l’“i+1"“'“k'))‘""""“"“' > B



o @y (T ey Ty e ) (O )—> 1y
2 . '
amwmmgzy((rl,f..,Ti_l,ri+l,...,THD
O P
E
Ve =
where @=a' and B=8'.
(Ez) ((Ulf"'lull))ﬁ(( Tl""’Tk'))
{uil'°'"lu;l']l"'";“?g[ﬂril'"IT}°<']1
whera 2,k'£1.
a8
(E3)
[py1, =——=>14,],
where a=()) or B=({()).
S/—>T
(F) -
S'T/——= T

~o ~ ’ ~ ’\f
where S¢ S' and T T'. .
3. Completeness theorem

In this section, we show that the completenéss theorem for

FLm a after defining standard models.
Let X,Y be sets, u be a subset of P(X)XP(Y) and y be a subset

of Y. We define u*,ﬂl(u),ﬂz(u),ﬂf(u),ﬂg(u) and A(u,y) as follows:

u*={(x,y)euly#é},

ﬂl(u)={x[(x,y)eu for some y}!,

ﬂz(u)={yl(x,y)€u for some x},

Wi(U)z{(xl""’xk)l{Xl"f"xk}zﬂl(u) ,k=#ﬂl(u)},

ﬂ§(u)={(yl,...,yk)[{yi,...,yk}=ﬂ2(u) ,k=#ﬂ2(u)},

Afu,y)=U{x|(x,y")eu for some y'z yl}.
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Let_P={pl,...,pm}, D={dl,...,dn} énd,u be a nonempty subset
of P(Pf3<P(D). We define the relation uk ¢(u satisfies ¢) for
every fdrmula ® as follows:

(1) uf S>—— T if and only if
S+=¢ oer(x,y)eu[xeS implies yeT],
A(x,y) eulxes andiyeT] and

V(x,y),(x',y")eulx,x'eS and y,y'eT imply

L - _ [[x x' and Y=y '] or y= ¢ or y'—¢]]_.
(2) uF:S————»'T if and only if
VysT [ A(u y)#¢ implies A(u,y)eS I.
(3) uk (ol,...,c ) —F (pl,...,pk) if and only if
u #{(cl,pl),.--,(ck,pk)}.
(4) uF (c ,...;c )—— B if and only if
Vvl,...,ykeP(D) [u*= {(ol,yl),...,(c ry,) implies

(yll e o ka) EB]

(5) ut:d '(pl,;..,pk) if and only if
Vi, oo %, €P () T lu*={(x),5)) se .., (%, 7))} implies
(xy7---,% )eal.
(6) ufk ao=——> B8 if and only if ,
M (u¥)=¢ or [ni(u*)f\§#¢ andlﬂg(u*)f\§#¢].
(7 Uf S———T if and only if ‘

\jﬁl(u*)ggland \jﬂz(u*)éF .

Let rl={sl>———»Tl,...,sk>——e Tk} and 1‘2={si———» T, ...,

Si———e» Ti}.lu is said to be a (standard) model of Pl and Pz if

and only if uf ¢ for every QEFlL}FZ and V(x,y)eu3ick [Xegi and

YE%; 1. We write Pl,FZF ¢ if every model of ', and T, satisfies 9.

1 2
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We say that T, is normal if Vi< k[ Si#¢ and ¢€Ti] and

1

71,37 k[ i#j implies S;f.§;=¢]. Also, we say that T; is good if

Fl is ﬁormal and Vi;j{ik[ i#j implies %z{‘f;=¢].

Lemma 1. Suppose that Ty is normal.

(i) “u: a model of ry and T, [ d%\jﬂl(u*)] if and only if
Ty penn i) €S 1 % %[, 1 Ty aenn vy ) €Ty x - XTy
[6 =\{x;112 i<k} and {ilx;#¢}={i]y ;#¢} imply 33 ¢
T i x#0ML IEG, v < (Myglied), U{xi§iz-:J};zf.%“?j and
Yelilx #6300 yg v 111,

@) In (i), we can replace Bfkjﬂl(u*) by b#\)ﬂz(u*) and
o= {x, 1212k} by p= Uy |1 ¢1i<k].

Proof. (==y) Suppose that

1 o~ . TN 3, ~ ~
(Xl’ o .. lxk) 8[ 1]lx X[Sk] 1 (Y]_, PR ,yk) ETlX"‘ XTk

E . . ’ . . ' i . w [ .

[o =\}{xi;li it k}, {1 xi#¢}={15yi#¢}and jjé-ﬂ‘yETé TfJ;;{l:xi#(p}
[0#¢, v 2 ({y; 11eJ} and "’fie{i§xi#¢}—J[ygyi] imply '
;{xi 1eJ}eSj]]- |

Without loss of generality, we can assume that
{i(xi¥¢}:{l,2,...,k'}. Pick xisgz for k'< i £k. Let
u={(xi,yi)il§ iéik'}k){(xi,¢)|k'< i2k}. Since ry is normal,uf T
Suppose that 17 j?il,yef§+ énd‘A(u,y)#¢. Let J={i]yg¢yi}. Since

1°

y#¢ and A(u,y)#o, Jf;{igxi#¢} and J#¢. It is clear that
Y<;5'{yi§i€J}. Hence,by the assumption;A(u,y)={j{xi§yf"yi}=
{xi iEJ}ES%. So u: I',. Hence u is a model of Iy and T, by the

definition of u. ﬂi(u*)= {xi;lf i k'}= ‘{xiili'i‘ k}=0. But

this contradicts our assumption that Yu:a model of T, and Fz

1
(o7 \imy (u*)].
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e
3

(¢::)‘Suppose that Ju:a model of Iy and PZ(BfLJnl(u*)].
without loss of generality, since u is a model of rl and Ty, we

can assume that u*={(xl,yl),.;.,(xk,,yk,)} and (Xi’yi)€S;XTi for

A

every i £ k'. Let X.=y.=¢ for k'< isk. \j{x l< iz k}—

\J{xi;l

assumption, aj__JLﬂyeTé J"{l[x #0}[T#9, yf (MA{y. jleJ},

[HN

ié.k'}—\} (u*)—o and {1!x #¢} {1§y #¢} Hence, by our

{}{ i{lrJ}ﬁS' and le{l;X r@} J[y g{y 11. Therefore A(u,y)=

ULx. §1eJ}ﬁS§. Since J#¢, A(u,y)#¢. Hence uj£83————» T%. But

this contradicts that u is a model df Fland F2. Therefore

VYu:a model of rjand r,[o= Um (u*)].

i) The proef of (i) is similar that of (i).

It is easy to show that if ¢e§z then there is a S' such that

Sj=§e1[s ,..JCS 1, . So let S be one of the p-terms which
1 k k Fl'
satisfies S_ =S /.[S, ,...,S ] for every S such that ¢eS. T is
Tl 1 - Fl

defined similarly.

Lo ~ ~/
Lemma 2. Suppose that TI'. satisfies Vi¢ k[¢€Ti], $eS and ¢eT.

1
ry+T,F 8% T if and only if TyeTyk Srfiffﬁ;rTFl.
Proof. (&—) It follows easily from g} € S and f} eT.
1 1

—>) Suppose that Fl

== T. Let u be a model of Fl and F2.

Since u}:srv~fﬁ>T,\)ﬂl(u*)€§i On the other hand, since uf Fi,
T~ ~ /“"”'\\/ B (N
i * c \ * I LR = . i
\jﬂl(u )e[Sl,...,Sk]k. Hence ,Jﬂl(u )ES.“[Sl, ,Sk]k SFl It is
similarly showed that ijﬂz(u*)efg .. Therefore
: "1

rwTok s, 5T, .
1'°2 Fl Fl



Theorem (Completeness theorem). Suppose that ry is good.
Pl'rzf‘ ST if and only if Fl'FZI‘ S—T—/————>T.
Proof. We prove only hard direction. Suppose that Fl’PZF S—/—=T.

. oty
Since Fl is normal, u={(xi,¢)|lé itk, xizsi} is a model of Pl ang

rz. Hence ¢=\Jnl(u*)gs and ¢=\jn2(u*)gT. Hence, by virtue of

lemma 2, rl,rzl:sr — Trl. We try to show that
1 ’ ’

I‘l,I‘ZF P —— TI‘ . If we can show it, then I‘l,I‘ZFS:; T by
1

: - T T~ d —
the inference rule (F). For XE[Sl""’Sk]k.an ye[Tl""’Tk]k'let

F(x)={(ol,...,ch)[(ol,...,ohie[slffff,Sk]k,x=\j{61|1§iéh} and hsk},
F(y)={(pl,...,ph)l(pl,...,ph)e[Tl;?ff,Tk]k,y=\J{Eilléiéh} and hzk},
l,??f,sk]kfrfifj>[Tl;?TT,Tk]k, it is enough to show

that I-'lll‘z I‘M(O—l'...loh).‘_ﬂ(( )) and Fllrzl’ (( ))_ﬁ(pll--‘lph)

Since rl,rzk (s

for every (ol,...,oh)eF(x) and (pl,...,ph)eF(y) where xﬁé;l and

yzfv . Suppose that xﬁgv and (0,,...,0,)eF(x). Without loss of
Ty ry 1 h

generality, we assume that B&egl for every i€ h. Let xi=yi=¢ for

h< i<k and xi=6i for 1 £ish. If there is an i< h such that E?=¢,

then by the rule (Bl)

Sl.}_—__% Tl,...,Sh‘r————e Th

() .

(ol,...,ch)

Hence we assume that %;#¢ for every i< h. Pick yié%z for 1£is h.
Then J{x, /1€ itk}=\{x;|1€ i h}=%=x and {i|x #¢}={i]y #¢).

: e N \'j . * o
Since Fl,F2F Sri ,/'Prl, u:a model of Pl and F2 [\]ﬂl(u )eSFl].
Therefore Yu:a model of Fl and FZ[\Jnl(u*)#ES]. Hence, by lemma 1,
5 = 23y8%5+“JS5{i|xi#¢}[ J#, ygjﬂ{yi]ieJ},\J{xi]ieJ}¢83 and

5is{i|xi#¢}—J[y§gyi]]. Without loss of generality, we assume

J={1,2,...,m'}. Then <x X =\J{xi|l§ it<m'}=

.. S
1’ m' m'

i_}{xi;}ieJ}y.“Smg.. Also, ye’I('véJr,yg y; for 1£i<m' and ygy, for

m'< ifh. Hence, by the rules (Al) and (A,),

- 10 -
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S p—

J J
A ~ N N\ N ~\

] N N ~
(xml+ll’ .. lxhlxlr- -~rxm|)—+—' (Ym'+l” . -:Yh:er---,Ym.)

(Qll"'lgc\h)- ﬁg (/Y\l""’/y\h)

(Ol,..-,Uh) %(er-‘-ryh) .

. N A ) .
Hence Ll,FZF—(Ol,...,Gh)——%—% (Yl""’yh) for every

o~

~t + -
(yl,...,yh)eTIX~ XTh. Therefore, by the rules (Bl)’(BZ) and (A2),

Fl,szf(ci,...,dh)———~—9 (()) . It is similarly proved that

I, T,k ()

N (pqsevrpp) -

. ' * — ;
Remark. If Iy is not good, then let'I'l {Sl>————+ [<Tl,bl>2]l,

...,Sk;h—e—% [<Tk'bk>2]l} where bl""’bk are new constant

symbols of d-sort. If T, is normal, then for every T, there is a

1

d-term T* in I such that I /Tyl 8====>T if and only if

m, n+k
r*i,rzi;:_ § === T*. If T, is normal, then T} is good. Hence, if T;
is normal, then F1,F2k S —===)T if and only if
* - e *
40T nek S 7T
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