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A method of axiomatizing fragments of intuitionistic theories
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The purpose of this paper is to present a method of axi-
omatizing fragments of intuitionistic theories. The main theorem
is an extension of Motohashi's Axiomatization Theorem which
concernes classical theories (N. Motohashi: An Axiomatization

Theorem, J. Math. Soc. Japan 34 (1982), PP. 551-560).

Let Q be a set of predicate symbols. A formula is Q-atomic

if it is an atomic formula with a predicate symbol in Q.

A sequent is a Q-clause if its sequent formulas are either

Q-atomic or Q-free.

A set of Q-clauses is Q-closed if it is closed for sub-
stitutions, contractions, interchanges and the following inference
rules:

I - A A,T" > A
I' = A ’

where A is Q-atomic.



£3

“where Pe Q.

/Al(s),...,@hﬁs) > Bl(s),...,Bn(s)
s=t, Al(t),...,ﬂm(t) > Bl(t),...,Bn(t) .

Proposition 1. Let C be a finite set of Q-clauses whose

sequent formulas are quantifier free. Then there is a Q-closed
set C of Q-clauses such that C €C, the theory LJ_[C] is equiv-

alent to the theory LJ_I[C], and C is primitive recursive.

Let P, N and F be mutually disjoint sets of predicate
symbols. A formula is a (P,N,F)’+ formula if it is P-positive,
N-negative and F-free. A formula is a (P,N,F)_ formula if it

is (N,P,F)+.
A (P,N,F)-basic sequent is a sequent of the form
A;DBy,...,AD Bn,V;<C -~ 3yD,

where A ,An and D are disjunctions of conjunctions of for-

1reee
mulas which are either PUF-atomic or PUNWUF-free, and Bl”"'
Bn and C are conjunctions of formulas which are NUF-atomic or

PU NU F-free.

A sequence of (P,N,F), formulas is a (P,N,F) -sequence if
d + +

it has the form
<A(Z)|Z is a finite sequence of PU F-atomic formulas>,

where each free variable in A(L) occurs in ¢ for each I.



A sequence of (P,N,F)_ formulas is a (P,N,F)_-sequence if

it has the form

<A@ ;R)IZ is a finite sequence of PU F-atomic formulas

and R is a NUF-atomic formula>, -
where each free variable in A(X;R) occurs in I or R.

Let A+ and A_ be a (P,N,F)+—sequence and (P,N,F)_-—sequenCe,
respectively. For each finite sequence . of PUF-atomic for-
mulas, each disjunction D of conjunctions of formulas which are
either PuU F-atomic or PUNUF-free, and each conjunction C of
formulas which are either NUF-atomic or PUNUF-free, we define

formulas A+(Z,D) , A_(£;C) and A_(Z,D;C) by the following way:

If C is PUNWUF-free, then A_(Z;C) is the formula A_I_(Z)DC.

If C is not PUNUPF-free and has the form C,A\C then
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A_(Z;C) is the forula A_(Z;Cy)NA_(I;C,).

If D is not PUNWUF-free and has the form Dl\/ DZ’ then

A+(Z,D) and A_(X,D;C) are the formulas A+(Z,D1)VA+(Z,D and

5)

A_(Z,Dl;C)/\A_(Z,D C), respectively.
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If D has the form /X\ZO/\Al/\ /X\Zl/\ ---/\An/\/X\ I+ where

Tgrlys

are P\NWUF-free, then A+(Z,D) and A_(z,D;C) are

A

..,L_ are sequences of PUF-atomic formulas and A.,...,
""n 1 n

A+(leoyzl,...,zn)/\ Al/\ c../\An
and

Al/\ ERVAN A DA_(I,2),2,.-4sL5C),
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respectively.

Let S be a (P,N,F)-basic sequent of the form

A (WD By (W),...,A (WDB (1), Vx€(x,u) > Iy (F,1),

where u is the sequence (lined up by a fixed order) of all the

variables occurring free in S.

A_(£;R:S) the following formulas, respectively:

Then we denote A_(Z:S) and

Vz( /N A_(2,A;(2);B, (2)) A VXA_(2:€C(x,2z)) D 3yA (L,D(y,2))),

l<i<n

where no variable in z occurs in I or S.

3z( AN A_(Z,m;(2)iB, ()N VXA_(;€(%,2)) AVYA_(2,D(y,2);R)),

l<i<n
where no variable in z occurs in I, R or S.

Let $ be a finite set of (P,N,F)-basic sequents.
define the pair (Af’k,Af’k
F)_-sequence for each natural number k as follows:

$,0 . .
A" (Z) 1is A+(Z),

2%/ 0(5;r) is A_(1;R).

Af’k+l(2) is the formula

M8 K (z:9) [se sinad F (D)

Af’k+l(Z;R) is the formula

W ia¥ K (ziris) [sesiv R 0¥ kR

Theorem 2.

) of a (P,N,F)+—sequence and a (P,N,

Then we

Let € be a PUNWUF-closed set of PUNWUF-clauses

and $ a finite set of (P,N,F)-basic sequents. Let A+ and A_ be



a (P,N,F)+—sequence and a (P,N,F)_-sequence, respectively. Let
T be a theory with the following properties:

(1) For each P-atomic formula 2, F_.A+(A).9 A.

(2) For each N-atomic formula 2, }E—A —A_(e;A), where
€ 1is the empty sequence of formulas. '

(3) For each F-atomic formula A, +— A_(A;RA).

{(4) For each clause £, - A in C, ghere L is a sequence
of PUF-atomic formulas and II is a sequence of N-atomic formulas
or PUNwWF~free formulas, if A is PUNWVUF-free or a P-atomic
formula, then Pw~Af’k(Z),F -+ A for some number k; if A is a NUPF- .
atomic formula,Tthen P—»H - Af’k(Z;A) for some number k. .

(5) For each paiz %, L' of finite sequences of P\ F-atomic
formulas such that each formula in I occurs in %', and for each

N UF-atomic formula R,

bp A, (2 > A (D),

= B_(Z;R) > A_(Z';R),

and
le 7R, () > A_(TiR).
(6) For each finite sequence ¥ of PUF-atomic formulas,

each NUF-atomic formula R and each substitution 6,

g
—_
™
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A, (8),
and
h» A_(Z;R)6 = A_(Z6;R0).
Suppose that the language of T contains all the symbols of
LJ_[C\/ 8] other than symbols in F.

Then, for each finite sequent ¥ of PyUF-atomic formulas
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r, - A implies

. and each (P,N,F)+ sequent ' »~ A,
=[CVSs]

S,k
T By

LJ

Z), T - A for some number k.

Colloary 3. Let C, 3, A+, A_ and T be the same as in
Theorem 1. Moreover suppose that
(7) for each finite sequence I of PUF-atomic formulas

and each NUF-atomic formula R,

T TeosT &~ A @)

and

L3_[cwus] 2R (ZiR) > R,

and
(8) LJ=[¢L1$] is an extension of T.

Then, for each (P,N,F)+ sequent T > A,

l . .
'+ A if and only if }EE;TETTET ' - A,

'ei(af % (e) ke w)]

Let € be a set of PUNUF-clauses. Let I be a finite
sequence of PU F-atomic formulas, and A a NUF-atomic formula.

A formula is a positive (P,N,F)-section of I for € if it
has the form /AT DH\WA, where

(i) T is a finite sequence of formulas which are either
N-atomic or PUNU F-free,

(ii) A consists of at most one P-atomic or P\UNWUF-free
formﬁla, -

(iii) .for some subsequence ' of I the»sequent TV, T > A
belongs to ¢,

(iv) no formula occurs twice in T, and



(v) each variable occurring free in T - A occurs in I.

A formula is negative (P,N,F)—section of 2-and R for C if
it has the form /A ', where

(i) T is a finite sequence of formulas which are either
N-atomic or PUN\WUF-free,

(ii) for some subsequence I' of ¥ the sequent ', = R
belongs to C,

(iii) no formula occurs twice in T,

(iv) each variable occurring free in I' occurs in I or R.

Let A+(Z) be the following formula:

/A {A|A is a positive (P,N,F)-section of I for C!}
AN /AN {B|B is a P-atomic formula occurring in Z}.
Le£ A_(Z;R) be the following formula:

A+(Z):)WV{A!A is a negative (P,N,F)-section of ¥ and R for C}VR

if R is N-atomic;
A+(Z):)Q$’{A|A is a negative (P,N,F)-section of ¥ and R for C}

v {s=t|P(t) occurs in I}
if R is an F-atomic formula of the form P(s).

The sequences A+ and A_ are called the canonical (P,N,F)+—
sequence for € and the canonical (P,N,F)_—sequengg for ¢, re-

spectively.

Progggitioq 4, TLet € be a P\JN&JF—closed set of PUNWUF-

clauses. Let A, and A_ be the canonical (P,N,F)+—sequence for
¢ and (P,N,F)_-sequence for C, respectively.

(1) If A is a P-atomic formula, then }Ej—-A+(A) > A.
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(2) If A is an N-atomic formula, then }fﬁ: A-~> A _(g;A).

(3) 1If A\is,an F-atomic fqrmula, then }EEE-A_(A;A).

(4) Ifx,1 - A is a clause in C, Where b} Es a finite
sequence of PUF-atomic formulas and I - A is a (P,N,F)+ sequent,
and if 1* is a finite sequence of P\UF-atomic formulas such that
each formuia in ¥ occurs iﬁ I * and each variable free in T =+ A
occurs in £ *, then ffj: A_@*),I > A.

(5) If3y,1I - R i; a clause in €, where I is a finite sequenc
of PUF-atomic formulas, Il is a- sequence of N-atomic or P\UNU F-
free formulas and R is a NUF-atomic formula, and if Z* is a
finite sequence of PUF-atomic formulas such that each formula

in ¥ occurs in £* and each variable free in I' occurs IL* or R,

then |[z=— T + A_(Z*;R).

(6) If ¢ and £' is finite sequences of PUF-atomic formulas
such that each formula in ¥ occurs in f', and if R is a NUF-

atomic formula, then

A, e > 2,0,

}Ej-A_(z;R) > A_(Z';R),

and

s 72,(2) > A_(Z:R).

(7) If ¢ is a finite sequence of PUF-atomic formulas, R

is a N\UF-atomic formula and 8 is a substitution, then

’_I—-'—‘T_—__ A+(Z)8 = A+(Ze),

and

1

A_(I8;R6).

hﬁ: A_(ZiR)0

(8) If ¥ is a finite sequence of P\UF-atomic formulas and



R is a NUF-atomic formula, then

ERORRCE

and

!’E;[ET L,A_(Z;R) >~ R.

Corollary 5. Let C, A and A_ be the same as in Proposi-
tion 4. Let 8 be a finite set of (P,N,F)-basic sequents.
Suppose that the sequent - 3yP(xX,y) belongs to $, where P is

a predicate symbol in PUF and x is not empty. Then, for each

(P,N,F)+ sequent ' » A, '+ A if and only

l
lLa_ta% % (1) |k e )

if

I—:.I-:—[‘EOF;“] ' - A.

Proposition 6.  For each finite set A of sentences there

exist a finite set G of new predicate symbols, a finite set C
of PUNUFUG-clauses whose sequent formulas are quantifier
free, and a finite set $ of (P,N,FU G)-basic sequents such
that LJ=[C\JS] is conservative over LJ;UA] and the sequent

- 3§P(§,§) belongs to $ for some predicate symbol P in PUF,

where X is not empty.

Axiomatization Theorem. Let L be a first order language

without function symbols. Let A be a finite set of sentences
of L. Let P, Nf F and G be mutually disjoint sets of prédicate
symbols with PUNWFCL and LNG=¢. Let € and $ be a finite
set of PUNWUFiJG~-clauses and a finite set of (P,N,FuUG)-basic
sequents, respectively, such that LJ_[C“ 8] is conservative

over LJ_[A], and for some predicate symbol P in P\UF\UG the
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" gequent - 3§P(;{,§) belongs to $, where x is not empty. Let A+
and A_ be the canonical (P,N,F'U G)+—sequence for € and the
canonical (P,N,FU G)_-sequence for C, respectively. Then the
(P,N,F)+ part of LJ_[A] is axiomatized by the system of axioms

{A_ls_’k(e) k€ wl.



