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On a problem in combinatorics.

L& E K )#Eﬁ‘é_ (Ryuji Kaneiwa)

1. Introduction. }

PROBLEM, There are n boys and n giflé. They are sitting at
table, the boys looking at the girls, and the girls the boys.
Each member of each group chooses one of the other group. A boyﬁ
and a girl that choose each other, we call them a couple. i) What
is probability of that the numbér of couples is k(0 €k sn)? 1)
How behave the probability distribution of the random variable k,
for increasing h?

This problem was proposed. by Prof. Hisatsugu*) in statistics. More
generally, we define the (fixed points) problem of Alx."XAX by

the problem of counting the number

HAIX...XA)\(k) =#{(f1,.-.,f>\) eAlx'°'xA>\; ?(f)\o-.oofﬂl) =k}’

where .
N

A Ao N ={f; f is a map from N into N},

1’.0.,

P(f) =#{xe N; £(x)=x} (for £feN)

and N={1,...,n}. Let H,(n,k) =H N)A(k). It is plain that

(N

Hy (n,n) = ()7, kZH (n,k) ="

Our probability asked at i) is H (n,k)/nzn. We have explicit formula

fn._
= ! (") i+
( 1) a §=0 nitk ’

%) Otaru University of Commerce, Otaru, Hokkaido 047 Japan.
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where (x)k=x(x—1)...(x—k+1), (x)'0=x0=1. (For some values of

Hk(n,k), see the table in the appendix.) Especially in the case

of A=1, we have
Ho(n,k) = (2)(n-1)""¥

We consider only the problem of (NN)K herein, however, we would:
think that is not vacant to compare with the problem of (‘N!)}\

where N! is symmetric group on N, We get following

TABLE I.
N. A *) Poisgon
problem of (N7) (N!) d, with| def.
. pm. 1
numb k 1yA-1
er Hk(n, ) (n!) D(n,k)
; n-R ¥ :

. Hym, k) _ 1 e fon, PinR) _ 1 5D 1
probability | B - L) S Tl P =T | PO
. - . n Ji) ' L .
j=-th moment , ?ES(J-;"U{ m} 2 S¢,m) B. YkIp

. m=0 m=0 J
charécteris— = (et ™ (W |2 = (elt_1)" it
tic function ‘,Z;o m/ { V\"‘} .mz.:';, m! e® 1 Zelktp

*) The problem of (N!)X is reduced to the probrem of N!, that is
well known as 'probleme des rencontres' (see El]);

*7"‘) S(j,m) is a Stirling number of the second kind, that is defined
by x!=F 1os(i,m (o) = I p8G,m (o)

+ ij is the j-th Bell number, that is defined by %j =Emi08(j,m).

Our purpose 1s to get an asyn’gptqtié expression o’f Hk(n,k) for incr-

easing n. We firstly obtain an infinite sum form
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an = ‘
(1.2) Hatu k) = 2= 5 Con(A,n) dlomCk)
eR w ’

where

m .
Cm Oy = SO (pyd(my [ )12
mOm) = 2 }Zo v (J){#} ,

m

dm (R = tzzoc—n’"‘t (T) ko .
When we set - ' ‘
rm y
(1.3) Cm(A,m)= Z Ax(f,m) n
t=0
we have
(1.4) ax(o’o) =1,
A(m~1) L ,
(1.5) cm(Am) = ) Oa(gm)nT (m>0)
| ZE SN |

(for some values of ax(ﬁ;m)5 see the ‘appendix). Observing (1.2)

and (1.5), we may conjecture that

\

L-1 ' ,
Ha(n, k) 1 -¢ -L
(1.6) *L;Lxr = mz n ‘Z o (t,m) dm(k) + Ore(n8).
¢=0 £emsze

We get following

THEOREM, For A =1,2, (1.6) is correct.

COROLLARY., If A =1 or 2, H;\(n,k)/nz‘rl converges to 1l/e<k!,

‘ﬁniformly for k=0,1,2,..., as n tends to infinity.

EXAMPLE, By the theorem, we have the asymptotic expansion

' m :
1 2 1
HQ_C‘YL,O) = ? (!*“ﬁ—————;t—a-+~.--)

If n=10, we have

H,(10,0) = 32845 29863 68548 28800,

an

m 1 2 1
& ("% 3w z@) [nero = 0.32845 50277 x 1020,

3
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2. Proof of (1.1).

()% ’
k=4 (£, Fa) € (NN
¢(£\ "°;F,)=‘k

5 ' A | |
i G Be MY Ac{xeN; fo--of ()=x}
P(Fro---of )=k  #A,=3

=) ) 1
MEN (h--- 5, ) € (NMY?
#A1=2‘ (x&N;on---of1 (2:):.{,}3/‘\1

=) ) )a  1
A‘CN MEN  (f, - H)eNYY
#AE #ME 5 (R) = Ager (=17 A D)

(FalAn) o= (£ A1) = Ia,

P s oo

Ms

Z f) Ha(n,k) =

I}
"™z

An
n (m); A
(1.2) = -;——{—-3}
& nt ’
where fi‘Ai-iS a restriction of fi to A, and Iy is the identity
1
map on A;. Thus we have
0 o m " fn)'n’ (’ﬂ) A
(0) - (o) | [ (e o 158
Y .(ﬁ) Hx(n,n) Iff {Eﬁhﬂa

n/ { n"
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Since
(3) - MV (8 (1) () o)
oo o= (1) -() :
° w | HEE
O . lﬁ i
\ -1 (n) ’
we have
Ry (n), )
=3 (1
Hatmk) = Zk PR n,},
= ﬂ}&_ (-”.}_'k{(_ni}-h = n" (1) {cn>j+k}7‘
T RO G Lo D= TR ey OO
q.e.d

3. Moments.

By (2.1), we have

DY .
Z(k) Hatnk) ={‘—”ﬂi} (0¢jsm).

mt
Since (k)j==0 (k <3), the right hand side may be replaced by Zkzo
instead of Zkzj.‘Let it be so. Then the both sides vanish if j >n.

Hence we have, for all non-negative integer J,

i““) Han, k) {(vz)é}}\
P Toam Tl
k=0 n n

Thus, for j=0,1,2,..., we have the j—-th moment

noo, n ¥

3 .3 Hank) Hax (n, k) .

(3.1) L READED o ikl > $G.m) (R
. k=0 n k=0 n —

¢ k
Z (})m) Z(h)mw_"l - Z ch,m){(n)'m



4. Characteristic function.
We consider the function Py n(t) that is called characteris-
b

‘tic function of the probability distribution

Hx(n, k)
% ,nl) = kZeI WD (ICND.
We have, by (2.1),
def. ikt Han, k) Ha(m,k)
(4.1) Pam (t) & Z_ € "A;lm— = Z_ T pan Z(
kzo k=0
n m X
= it ,\m R H;('nk) (eLt 1) (‘n)m}
mz:o(e ~1) R—-'m(M) Z { w3

(3.1) could be deduced also from (4;1), by using the formula

e*—1 4 :
( /) Z S(;;,m) (see [11).
m: jom
Since ¢, n(t)/exp(é1 -1) is an entire function of elt-l, we may
3
put
(4.2) R pam(t) = Z cn(AM) 2™ (2=e"-1),
n=0
Then, by (4.1), we have
min(m,m) 1 (n)
n); m-}
cp(him) = 2 7{ nf} CO T g/
§=0
1™ & i myfmy A
(4.3) -2 }Zo< 1 (j){.ﬁ}’
'ZM
(4.4) FemO,m) [ € o

5. Proof of (1.2).
In this section, we shall show (1.2) with error term, that

is the following
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LEMMA 1.
M=1 4, M
Hatn,k) _ 1 — € &
)'n;\n Pyl Z C'm,(),n) d/m(k) + t‘_M ( lEMl < M7 ),
" m=0 A
where
(4.5) a0 =5 t(”‘)aot

t=0

COROLLARY. (1.2) is valid.

PROOF., By Cauchy's theorem with (4.1), (4.2),

2om

Mk oo Panlt) Z cm(A 'n) R.1W

'nxn’ 2=-1 (21’1 )bﬂ

M—1 : m ' 2-1 0O
o e2¢z—1) 1 J £ _ c n)(2-1)"d2

We have
| | e22-1" _ dm(k)
20 gk¥t Rl

where d_(k) is defined by (4.5). On the other hand, by Taylor's

theorem with (4.4),

A M
m 2m [2x| o2\xl
‘ 2* Cm(M) X ‘ w”lx\ S ar :
m—M : o
Therefore,
o cRe? zm-1!(2'3‘”)~‘,dz|
By} < ame Jigl=p ok ' M!

-k e3P+
<2 ()"

If we take p=1, we have LEMI <
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6. On sx(j,l).

Let

| oM -
(6.1) (1= 2 a0zt =5 a0 2
t=o0 {=-w

Especially, s(j,R) =sl(j,9,) is a Stirling number of the first kind.

By the definition (6.1) of s>\(j,2), we have recurence formulae
- N E AN :
Dy (G+1,2) = Z(—1) _3(&)} by(4,0-8) (420),
#=0

- A -
(6.2)  p,(j+1,AGH~L) = <—1)?’-(§) 5 5 (5,0i-0€-8)  (320).
3=0

The latter implies that s,(j,Xj-1%) is a polinomial of degree 2%
in @[j]; for & 3 0. So we may define a, (£,m) by
: ‘ . 28 ) C
(6.3) 5,(3,2i-£) = ) &x(g,m) (§),,
m=0
We define oak(SL,m)=0 outside 23>0, O0smg22., (6.2) leads us to

A 3 '
A
(6.4) (m+D)oly(fm+l) = %;(4)%(%) ) Oy (£-3,m-u) T u(m-u) ,

u=0
where -

’Zz,u(m?z éu(%) mP TS (t,u) € ZIiml,

We now show the following

LEMMA 2. i) &,(0,0) =1, i) If £>0, then a,(%,0) =0, iii) For

m>0, if ¢>A(m~1) then ax(l,m)=0; |

PROOF, i) It is clear from (6.1) and (6.3). i) If & >0, by
the definition (6.1) of s,(j,%),we have a,(0,~2)=0. When we substi-
tute j =0 in the both hand sides of (6.3), we obtain oa)\(SL,O) =0,

1) Inductvion on m. If m=1 and % >0, we have, by (6.4),
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olx(2,1) = Z<—1) (3) 0 (€-3,0) 13,0(0),
Since qq>o(0)==S(q,O)==O (q >O), we have a,(%,1) =0. Suppose
b
aA(Q,u) =0, for 2>A(u~-1) and u-l ..,m. Let 2>Xm., If 1gqg2A
and Ostiﬁq, we have
)x(m-u)—q A(m=-=u) = A

L=-q>Xm=-q>
and ax(l-q,mn-u)==0. By (6.4) we get ax(z,m-kl)=?o. qg.e.d.
COROLLARY. If % >0, then
(6.5) By (i) = 2 oy (€6,M) (§)pn |
Li1gms2e
7. On cm(x,n).
We have
Y. o -
@i} = L > et =5 4Gty
- j=0 ' e:o
By (4.3),

(-l)m m 3' m 35‘ . . -2
Cm(An) = =5 ) 1) (j) > BG4
ml L =

S dm ) I (m INCWIET)
— ) .m (“”_(i)"}"} :

m/! = .
0=o0 sigm

>l

If 4 =0, we have

m o
2. «H(T) 8GN0 = ) i (T) = mo
=0

$em

>l

If 2>0,
0¥ (7) DAQ,A}%% 5 (—n*(”‘) Z o (4t) (3

FEm £<}<m A+1st<z£

>l
S

= 2 gt ) (~1)5(§")(;)t,

£4180¢2¢ £<igm
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since (j)t=0' (if m<t, jgm),

= > o (£, 1) Z <—1)4(Z‘) @)t »
Frigegee Fedem |

here the parameter t runs in the range t >%/A, so that,

m . .
= 2 aent ) «o¥(T)(2)

£ gtae =T
tsm
= Z oAy (4t t! (-'1)1: Jm,t
L1sts2d
tm

= (-1D™ m! a,(%,m).
We have

rm
Com(A,n) = Z nt oy (£,m),
{=0

Thus (1.3)-(l.5) are consistent with (6.1)-(6.5).

8. Inequalities,

We provide several inequalities for proving the theorem.

LEMMA 3.
(8.1)  ldmCR)| € 2R/,
(8.2) [CmC1,M)]| € wf[%#],
(8.3) |emc2,m)| < nf[%#]<w+1)!;

PROOF. (8.1) is clear from (4.5). To prove (8.2) and (8.3),

we 1introduce functions

Am
— 12
fA,m(X) = ESONA(&”” x

of x. Then we have cm(k,n)==fk’m(l/n). Since

10
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L

la, (2,m)| = (-1)" o, (2,m)  (see (6.4) ),

if m> 0, we have

Alm-1) -2 —[V_".ﬂ]
lemam € Y |oaem)|nm < n T2 fm ).
A |
Let Bk,m=f>\,m(—1)' By (6.4), we have

A %
(m+1) fr,me1(x) = Z (*2’7)%(%\) Z M5, u(m-w) 7C,\,'m—u(1),
: %=1 :

u=0

- (8.4) S R N B LS ISV

(8.5 mByn T By ngt (2nLIBy pop ¥ (ML) oy o

It is enough to show B <1 and B <(m+1)!. It follows from
l,m™ 2,m

| (8.4) that

m m
-1)
Brm = 2 —7 1.
3=0 '

We now prove Bz,ms(m+l)! by induction. 8,2’0=1<1!, 82’1=O<2!,
82 2=3/2$3!. Suppose m > 3 and 82 us(u+l)! for u <m. Thus; by

b b
(8.5), we have

Bz,m $ ,,ln{ (m-2)! + (2m—1) (m=1)/ + (m-1) (m+1).’}

]

2]
1 T m wm-1 }

, +

(m+1)! {(mH)'m’(m-ﬂ + (m+1)m m

1 2 A
S ('W\+1)! { 4-3-2m + W +1 m }

(m+1) ! { 1*%(?{%‘%)} < (me0)/,

i

9. Proof of the theorem.

We devide the series (1.2) into three parts as

11



[x]
Ha(n,R) o +
_y_l.;_v_l_ =3 h’ Z cm(/\ n)dm(k) + — e k! Yéz)\l,+1 ‘m(/\,'n)dmfk) EL1]+1 .

By Lemma 1, we have

xX+1
4

4 4
(9.1) [Erae1l €€ e

By (1.4),(1.5) and (8.1), we obtain

22L LoL-1
(9.2) ek,zi Com (A7) dm(R) = “%'Z: nt S oa(lm) dmCk) + O, Gih)
¢=0 !/;_gmsze
By Lemma 3, for A =1,2, we ‘have
[x] I 4 L]
9.3) =L | T tmOmydm(R| < ety AT S 2™ A ),
A PYYRY m=0

where A\(m) =1 if A=1, = (m+1)! if A= 2.
Suppose A =1, Then

€z ) ‘
- -1 X1 o —CLt1)
(9.4) e ' n (Lf’f)Z 2‘”’! <e g m =T
m=0
For a sufficiently large n, there exists x =x(n) > 0 such that '
X
Fe+1) 2

(9.5) n =
where y=L+1. If we set x=x(n) as (9.5), by Stirling's formula,
: 1
M= 27 ) = 275 zr 2T T (1 0(D) (M=),

ulog n = %Kogzm +(x+%)€ogx —x(1+4Leg2) +0(1),

plgn ~ xlnx,
(9.6) eogﬂ-f-—&jeojn:éoﬁx-kﬁoiéajx +o(1),
Hence we get
(9.7) log log n ~ log x.

12
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Let x=y(n) logn. Then by (9.6),

gy =Ly x— Loy logm = Loy ~Leplg .+ o(1),

oM
logx
Ry (9.7), we have
Loa M
oy
(9.3)-(9.5) and (9.8) lead us to
{ Lx]
e k! Cm(1,m) dm(R) = () (mM2%)
T om=2L+1

- O (71_“2'({@%3;7(11'0(1))) = O(,H'M‘O'O(f)) "—‘-0:__.(?1 L).
Similarly by (9.1),(9.5),(9.8), we have

Ecaer = 0 (n"2%) = O (nh),

In the case of A =1, we get the theorem.

Suppose A =2, We have

=g Cx] [x1 x+1
2 2M(mend) 27 [xe1df Yy 2727 M (x12),
m=0 m=0
Let set
. ,
nH 2 (u=2L+1),

T (x+1)ri(x+1)

for large n. On a similar way, we shall get

bt
2 eo?_eog,n.

X ~

Thus we obtain

13
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Y tmGmYdmCR) = () (n 2% r(xt2))

e‘“’m 4L+1

= O(n—;z%xff) =0u(m

—pl2 +o(1) -L
# 4,,3403") OL“('”- ),

Eraer = O( f‘O(~Mﬁ_%r)—OLW )

F(x+1)
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APPENDIX

Table of H,(n,k).

Hl(n’k)
0 1 2 3 4 5 6 7 8

n

0 1

1 0 1

2 1 2 1

3 8 12 6 1

4 81 108 54 12 1

5 1024 1280 640 160 20 1

6 15625 18750 9375 2500 375 30 1

7 | 279936 326592 163296 45360 7560 7156 42 1

8 5764801 6588344 3294172 941192 168070 19208 1372 56 1
Hz(n:k)

n 0 1 2 3 4 5 6

0 1

1 0 1

2 2 12 2

3 156 423 144 6

4 16920 33185 13968 1440 24

5 2764880 4581225 2088800 316200 14400 120

6 650696400 973830816 460350000 85521600 6231600 151200 720
H3(n,k)

n 0 1 2 3 4 5

0 1

1 0 1

2 4 56 4

3 2880 13959 2808 36

4 3392064 10139392 3100032 145152 576

5

17258985600 16544150125 6178856000 526644000 8928000 14400

15
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(2]

‘Table of ax(l,m).

,avl(g's‘m) |
ml o 1 2 3 &4 5 6 7 8 9 10
1 ‘
1
1 1
o o o 11
11 1
0 0 0 0 -7 -5 ~zs
1 13 1 _1.
0 0 0 0 0 T 75 2 38
2111 170 1. 1
o 0 0 0 0 0 =% ~50 ~288 ~144 ~3840
az(l,m)
m| 0 1 2 3 4 5 6 7 8 9
1
0o o0 -1
1l 5 1
o 0 5 3 2
- - 2 21
0o o 0 -2 -4 -2 -1
2 59 337 18 5 1
0 0 0 3 “F 3o 6 6 24
211 - 83 _827 _241 -29 _5 _.1
o 0 0 0 -3 3 A 15 9 ~ig ~120
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