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ABSTRACT

We show the relation between the transitive topological
dynamics and the C*-algebras generated by a family of shift
operators on a Hilbert space. We classify the C*-algebras
corresponding to subgroups of the unit circle and that
associated with Bernoulli shifts.

1. Introduction.

Let H be the direct sum jz:,G)Kh' of a family of countable
copies of a separable Hilbert spZELZ K , where Z is the set of all
integers. The author has been interested in the structure of a family
of shift 6perators on H . A bounded linear opefatdr A 1is said to
be a (weighted) shift opefator if A ‘translates the subspace Kh into
Kn+l for each ‘n in Z . 1In [4], the author analyzed the structure of
invariant subspaces for a family of shift operatorsbon H . This work
is originated by Beurling’s paper‘[Z], which was taken over by McAsey,k
Muhly and Saito [9] in the context of the theory of non—sélf-édjoint
crossed product.

In addition to the work concerning invariant subspace, the author
and Takemoto studied the structure of C*-algebras genefated by a family

of shift operators of multiplicity one [6]. These C*-algebras contain

some important examples such as irrational rotation C*-algebras ({10],
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[11}) in the theory of C*—algebras. Moreover they are interested in
the classificationbof these C*-algebras under the stable isomorphism
[7] (two C*-algebras A and B are said to be stable isomorphic if
A@®K(H) and B®K(H) are *-isomorphic, where X(H) is the set of all
compact operators on a Hilbert space H ).

We here take notice that each C*-algebra associated with a family
of shift operators corresponds to a transitive topological dynamical
system. Hence we are interested in the transitivity in the theory of
topological dynamics. In this note, we discuss the relation between

some typical transitive dynamical systems and corresponding C*-algebras.

2. Transitive Dynamical Systems and Families of Shift Operators.

Let % = (X, o) be a compact dynamical system, that is, X 1is a
(Hausdorff) compact space and ¢ 1is a homeomorphism of X . We denote
by C(X) the set of all continuous functions on X . Then C(X)

becomes a commutative C*-algebra under the usual addition, scalar

multiplication, multiplication and *-operation (f*(x) = f(x) for f

in C(X)). We denote by o the *-automorphism of C(X) induced by

o, that is, a(f) ) = f(oc(x)) . Throughout this note, we assume that
o 1is topologically transitive, that is, there exists a point x in X
such that the orbit {on(x): n € 2} of x dis dense in X (cf. [14,
§5.4]), and say that I is a transitive (topological) dynamical system.
Under this assumption, C(X) 1is embedded into the commutative
C*-algebra 2®(Z) of all bounded sequences on Z . For f in C(X)

and n in Z , let

m(£) (n) = £(c"(x))
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Since. ¢ 1is topologically transitive, w; becomes a *-isomorphism of
C(X) onto the C*-subalgebra m;(C(X)) of 2*(Z) . Let B be the

*—automorphism of 8%(Z) defined by

B((aq ne Z) - (an—l

Then it follows that wj(a(f)) = B(my(f)) . We here note that 2%(Z)

) € 22(Z) .

neZz ’ €z

a= (an)n
is *-isomorphic with C(BZ) , where PBZ is the Stone-Cech’s compactifi-
cation of Z . Next we consider a representation of 2*(Z) on a

)

separable Hilbert space H with a basis {e } . For a = (

nnel annEZ

in 2%(Z) , we define a bounded linear operator m,(a) on H by
ﬁz(a)en =ae , ne z .

Then 1w, 1is a *-isomorphism of 2%(Z) onto a maximal commutative

C*-algebra m,(2%°(Z)) in the non-commutative C*-algebra B(H) of all

bounded linear operators on H . Let S be the usual shift, that is,
Se =-&e for each n in Z ., Then it follows that
n n+l
my(B(a)) = S*m,(a)s , a= (an)neZ € 2=(2)
For a dynamical system I = (X, o) , let
S = {n(f)S: f e cX)}

and

W) = {n(f): f €CX)},
where 1 = Myptmp . Since, for a = (an)nG:Z in 27°(Z) , the operator
w(a)S ( n(a)Sen =a 184 > DE Z ) becomes a shift operator on H ,

S 1s a family of shift operators with diagonal part W(S) such that
S*W(S)S = W(S) .

Conversely, let S be a family of shift operators with diagonal
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pért W(S) = {We& B(H): U = WS € S} satifying the following condition:

(1) W(S) 1is a C*-algebra,
(*) '
(2) s*W(s)s = W(9).

Then W(S) is a C*-subalgebra of .wz(lw(z)) and the map o.: W —>

g
S*WS is a *-automorphism of W(S) . By the Gelfand transform, W(S)
is *-isomorphic with C(XS) for some compact - space XS and the map
S induces a homeomorphism Og of - XS .v In this Case, XS consists

of all multiplicative linear functionals on the commutative C*-algebra

a

W(S) . Let A be a C*-subalgebra of 2°(Z) . For each n in Z ,

the linear functional ¢(n) on 4 defined by

¢(n) (a) = a as= .(an)n(_zé A,

is multiplicative on A . Since W(S) is *-isomorphic with somé
C*-subalgebra 4 of Q“(Z) , the set Z' of all integers is canonically
embedded onto the dense subset ¢(Z) of X and it follows that
os(¢(n)) = ¢(n + 1) . Therefore the transitive dynamical system ES
= (XS, OS) corresponds to S .

Our purpose is to study the structure of C*-algebras generated by
a family of shift operators. Thus we investigated the relation between
the structure of those C*-algebras and the properties of transitive
dynamical systems. Let S be a family of shift operators on H such
that W(S) satisfies the condition (*) and £ = (X, ¢) be the
transitive topological dynamical system corresponding to S . We
denote by C*(Z) the C*-algebra generated by #(C(X)) and '{S} .

The following holds naturally.



Theoren 2.1. (1) o is minimalbif and only if C*(Z) is simple.
(2) There exists a o-invariant measure on X if and only if there
exists a tracial state (cf. the discussions before Theorem 2.2) of

C*(z) .

(3) ¢(2) 1is open if and only if C*(I) contains all compact operators.

Now we consider the class of monothetic compact abelian group X .
Namely, there exists a homomorphism ¢ of Z onto a dense subgroup
$(2) of X . Defining a homeomorphism 6 ‘by o(x) =x + ¢$(1)

(x €X), 2= (X, 0) becomes a transitive topological dynamical system.
Moreover it is known that X is the dual group of a subgroup G of
the unit circle T, with discrete topology [13, Theorem 2.3.3].

d

Hence we denote by I this dynamical system (X, cG) corresponding

G
to G .

Before stating our theorem, we discuss the generalized dimension
of a projection in a C*-algebra. For a subspace M of H , let PM
be the projection of H onto M . The dimension of the subspace M

is equal to the number

Tr(P,) = > (Pye s e) s
n<€z

where (-,-) is inner product in H . For a general C*-algebra A4
in B(H) , a linear functional T on A4 is said to be a tracial state
if (1) =1, 1(A) >0 for every positive operator A in A and
T(AB) = t(BA) for A and B in 4 . For a projection P in 4 ,
the positive number (P) is regarded as a generalized dimension of

M = PH with respect to the system (4, 7). When A - has a unique
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trace T , we denote by D(4) the set of all dimensions of projections

in 4, i.e.,
D(4) = {t(P): P is a projection in 4 } .

Using this set, we can classify the C*-algebras C*(ZG) associated
with subgroups G of Td’.

Theorem 2.2. ([10],[11],[6]) (1) C*(ZG) is a simple C*-algebra
with the unique tracial state.

(2) D(C*(ZG)) = {t € [0, 1]: exp(2mit) € G} .
The following are some interesting examples of C*(ZG) .

Example 2.3. Let G(6) = {exp(2min6): n € Z} , where 6 (0 < 0

< 1/2) 4is an irrational number. Then X is the unit circle and

o(exp(2mit)) = exp(2wi(t + 6)) and ¢(n) = exp(2rin®) . Hence
C*(ZG(G)) is an irrational rotation C*-algebra and by the theorem
mentioned above it follows that D(C*(ZG(G))) = (Z + zZe)M\[0, 1] .

Hence C”‘(Z:G(e )) is *-isomorphic with C*(: if and only if
1

G(o,)’

6, = 6, ([10]).

Example 2.4. Let J be a set of irrational numbers such that
JVU{1l} are linearly independent over ratinal numbers. Let G(J) =

{exp(271i(n;0; + nzeé + e+ nkek)):nié-z, eie J} . Then X = HeJTe s
6

) =

where TB is the unit circle, o(,(exp(Znite))eeJ

(exp(2mity + 0)) . ; » ¢(n) = (exp(2ming)), o ; and D(C*(iy ;) =

0
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{t€ [0, 11: t = ng + my0; + " + nkek, n, € Z, ei € J} .

Example 2.5. Let G(Q) = {exp(2wit): t € Q} (resp. G(p) =
{exp(2wik/pn): k=20, 1, °°° ,pn -1, n€2}. Then X is the pro-
finite group Z (resp. the group of p-adic integers Zp)’ alx) =
» = {k/p": k =

x + ¢(1) and D(C*(Z QN\[0, 1] (resp. D(C*(Z

e~ c(p)

0, =+, Pn9 nezl).

Example 2.6. Let G = Td . Then X 1is the Bohr-compactification
of Z, o(x) =x+ ¢(1) and D(C*(ZG)) = [0, 1] . The commutative C#*-
algebra C(X) is *-isomorphic with the C*-algebra of all almost

periodic sequences in 27(Z) .

Remark 2.7. Let I be a transitive dynamical system (X, o)
such that X is homeomorphic with the unit circle T . According to
the classical theorem established by Poincaré, every topologically
transitive homeomorphism of T 1is topologically conjugate to a
irrational rotation of T (cf. [5]). Hence C*(X) is *-isomorphic

with C*(Z for some irrational number 6 (0 < 8 < 1/2).

c (o)’
Now we consider the relation between the ﬁinimality of ¢ and

the uniqueness of tracial state t . Let X = T2 = [0, 1) X [0, 1)

and o(s, t) = (s + 6, t + £(s)) , where f is a continuous map of T

into itself. By Furstenberg [3], o becomes a non-uniquely (i.e.,

there exist at least two o-invariant measures on X ) ergodic homeo-

morphism for a suitable 6 and f . The C*-algebra C*(I) associated
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with this dynamical system I = (12, ) has at least two tracial

%6, f
states, but is simple because every ergodic homeomorphism is minimal.
By Theorem 2.2, C*(Z)’ is not *-isomorphic with the C*-algebra :C*(ZG)
for any subgroup G of Td . In the case where f(s) = s , Anzai [1]
showed that ¢ is a minimal uniquely ergodic homeomorphism of X . 1In
this caée C*(r) is a simple C*-algebra which has a unique tracial
state. It is unknown whether this C*-algebra is *-isomorphic with
C*(ZG) for a subgroup G of T, . However, recently, Wagatani and

d

Ichihara showed that the K —group for C*(I) is group isomorphic with

0

7D 7. Thus C*(Z) is not *-isomorphic with C*(EG(J)) for
any J = {6,,6,} such that {1, 8;, 8,} are linearly independent over

rational numbers.

3. Finite-Dimensional Representations of C*(I)

In the case where ¢ 1is not minimal, C*(f) is not simple, so
that we study the class of irreducible representations of C*(Z).
First we consider Bernoulli shifts. Let Xk = 11 {0,--+, k -1} ,
ne€lz

= = (X *_ ok
ok((xn)ne Z) (xn—l)neez and Zk (Xk’ ok) . The C*-algebra C (Zk)

is the uniform closure in B(H) of the following operators of the form:

2n(f )Sn , where f is a function in C(X,). For a fixed element
finite™ n

x for o and 8 in ‘[0, 1) , we define a linear functional =

k X,0

on the above dense *-algebra as follows;

T e( >m(f )Sn) = }:,fn(x)exp(Zwine)

>* finite finite

The map LI is extended to the C*-algebra C*(I) as a multiplica-

b
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tive linear functional on C*(Zk), is regarded as a compact subspace

of the dual space of C*(Zk) with og-weak topology, and is homeomorphic
with the topological direct sum of k-copies of the unit circle because
the set of fixed points for O consists of k-points. Hence we obtain
a complete classificafion of the C*-algebras associated with Bernoulli

shifts.

Theorem 3.1. C*(Zk) is *-isomorphic with C*(Zj) if and only if

k=3

For a C*-algebra A , we denote by ‘IrrnCA)[V the space of unitary
equivalence classes of n-dimensional irreducible representations of 4 .

Then Irrl(C*(Zk'))/.v is homeomorphic with T @ - This result

\/‘k.M@ T ‘

is generalized to the case of n-dimensional representations as follows.

Theorem 3.2. ([7, Theorem A]) Irrn(C*(E))Lv is homeomorphic with

(Xnk§)x'r , Where Xh is the set of points x in X with on(x) = x

and qk(x) £ x for 1 <k <n -1 and where & is the orbit

equivalence relation.

The above theorem derives an interesting result for Markov chains.

Let M = (ai’j)ljf’j=0 be a k x k matrix with ai;j € {0, 1} and XM
= {(xn)n 7 axn’ - = 1} and Oy the restriction of Oy to XM .

Let‘ ZM = (XM, oM) . Then, for each n > 1, (XM)n is a finite set

and by Theorem 3.2 the cardinal nimber of (XM)n = {x € XM: on(x) = x}
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are determined by the C#*-algebra C*(ZM) . Under the condition that
M is irreducible, the topological entoropy h(dM) is determined by

. n .
the cardinal numbers Nn(oM) of (XM) , i.e.,
h(oM) = 1im (1/n)log Nn(UM)

(cf. [14, Theorem 8.17]). Hence we have the following theorem.

Theorem 3.3. Let M and N be irreducible matrices. If C*(ZM)

and C*(ZM) are *-isomorphic, then h(oM) = h(oN) .
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