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ABSTRACT
An extremely simple non-autonomous circuit is con-

sidered. This c¢ircuit is so simple that it is easy

to understand the structure of the chaotic attractor.

1. INTRODUCTION
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It is well known that a driven R-L-Diode circuit of Fig. 1 exhibits

period doubling, chaotic behavior and periodic/windows (11, 121, [3].
There have been explanations for the cause of such behavior [3],

{41, [5], [6]. Those explanations, however, are rather complicated.

In order to study the "cause'" for the chaotic behavior, we have
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simplified the model for the diode [7] and considered the circuit of
Fig. 2(a) with the cépacitor characteristic given by Fig. 2(b).

The bifurcation diagram given in [7] résmbles, in a surprisingiy close
manner, the experimental observations [2], [3] and the computer simu-
lations with much more complicated models [4], [5], [6]. This indi-

cates that the nonlinearity of the capacitor is at least one cause

for the chaotic behavior of driven R-L-Diocde circuits. Our purpose
here is to study the "structure" of a chaotic attractor observed with
the driven R-L-C circuit.

Note that the dynamiés of thebcircuit of Fig. 2 is described by

dg _, | 1)

dt
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at - Ri-v(q) + E sin wt

where q is the capacitor charge,i is the current, L is the inductance,
R is the resistance, §(q) is the q-v characteristic of the 2-segment
piecewise-linear capacitor, E is the amplitude of the driving voltage
source and w/2m is the frequency. _

Interesting chaotic attractors other than the one reported in [7]
have been observed. Fig. 3 shows two of them. Our purpose here is to
make a further simplification of (1) and study the structure of the

attractor shown in Fig. 3(a).

2. THE STRUCTURE

Here we will replace the sinusoidal driving force of (1) with a

square driving force. The dynamics, then, is given by

dq _
e ~ ¢
— if q >0 +E if nT<t<(n + —l—)'T
di R LC; = L = 2°
T E‘i - , + 9 2)
, E . 1
ic, q otherwise L if (n + 2)T<t§(n + 1T
(E_=0)

By appropriate rescaling, (2) is transformed into

dq _ .
ac



oq if q20 + 1 if nT<tz(n + —]zl)T
= ki - + (3)
Bq otherwise -1i4if (n + %)T<t§(n + 1)T

with k = 0.7, o = 0.1, B = 10.0, and w/2m = 0.22, the attractor of
Fig. 4 has been observed, which seems to be qualitatively the same
as that of Fig. 3(a).

‘ One of the greatest advantages of considering (3) instead of (1)
is that the dynamics of (3) can be explained in terms of the following

. 2
four linear autonomous flows on R”:

(1) q > 0 and the driving force is +1
(ii) q@ < 0 and the dfiving»force is +1
(iii) © q > 0 = and the driving force is -1
(iv) q < 0 and the driving force is -1
Assumption :
(i)v The cross section of the attractor at t=nT is contéined

in the fourth quadrant.
(ii) The cross section of the attractor at t=nT + %-is contained
in the first quadrant. :
t . t t t t
Let ¢ be the flow generated by (3) and let ¢; , ¢, , ¢3 and ¢4
be the linear flows coresponding to (i), (ii), (iii) and (iv),
respectively (Fig. 5). In order to study the attractor, we consider

the following two situations:

Case 1 The driving force in +1

Figure 6 shows the flows w;t and ¢2t. Consider the curve £ which
is the orbit of the system passing through ﬁhe origin and pick a "thin"
rectangle A as in the figure. We study how A is deformed while it is
flowing along ¢°. To this end, pick an initial condition (4,5 1)

(in A) on the right hand side of %. The ¢1t (qo, 1p) never hits the
i-axis until t = T/2. On the other hand, if one picks an initial
condition (q,, i ) on the left hand side of £, then pr" (a5 1)
eventually hits the i-axis: (qi, 11)z__x¢1t1(qo, ). After t = ti, the
dynamics obeys the flow ¢2t. After a while ¢,%(q;, 1i,) again hits the

. t
i-axis: (q2, 12) B¢ ®(q1» 11), and then flows along with ¢1t after



t = tp + t;. The key observation here is that o < 8 (a=0.1, B=10.0)
implies that the velocity in the vertical direction for ¢2t is-larger
than that for wlt. This, in turn, implies that the part of A which is
on the left hand side is stretched in the vertical direction while

flowing along with ¢2t and then compressed while flowing along with ¢1t.
The part of A which is on the right hand side of £ is always compressed
in the vertical direction. As a result, one sees the folded objects B

and C in Fig. 6.

Case 2 The driving force is -1

After t = T/2, the dynamics obeys ¢3t and ¢qt (Fig. 7). It
follows ffom our assumption that wt(C) never gets into the region of
¢ut for nT +'§ <t < (n+ 1)T. This implies that the object C is
slowly compressed in the vertical direction and returns to the original
region where A is located. ' ’

If the above process is repeated many times, then the stretching
and folding give rise to complicated behavior. One can also observe,

numerically, how an appropriate region containing A comes back into

itself after each pg;iod. The whole piéture is given in Fig. 8.

More Details will be reported elsewhere.
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