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ALMOST P-V-VERSAL DEFORMATIONS

}l% BYIRIE ;?é F - (Shyuichi Izumiya)

1. 1Introduction
Let f : (RnXRr,O)-———é(RP,O) be a smooth map germ. For
each u € (Rr,O), we have a germ of "varieties"” f;l(o) defined

R™xu. In this note we shall study bifurcations of

by fu = f

these varieties.

EXAMPLE 1. Let £, g : (RxR,0) —=>(R,0) be map germs
defined by f(x,u) = X3 - ux and g(x,u) = u3 - ux. Then f—l(O)
and g_l(O) are diffeomorphic by a rotation. But bifurcations

of varieties are as follows.
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We now introduce two equivalence relations which

distinguish bifurcations of varileties.
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Definition (1.1). Let £, g : (RHXRI,O)———e(Rp,O) be

smooth map germs.

(1) We say that f and g are P-K-equivalent 1f there exists

a diffeomorphism germ o : (RnXRr,O)-*——é(RnXRr,O) of the fo;m
o(x,u) = (81(x,u),6(u)) such that o*(I(f)) = I(g). Here, I(f)
is the ideal in the ring of smooth function germ which is
generated by coordinate functions of f.

(2) We say that f and g are P-V-equivalent 1f there exists

a homeomorphism germ &: (Rn><Rr,O)-———> (RHXRr,O) of the form
o(x,u) = (@1(X,u),¢(u)) such that @"1(f‘1(o)> = g'l(O).

For each smooth map germ f : (RHXRI;O) ———>(Rp,0); the
bifurcation map germ m. : (f"l(O),O) — (RY,0) is defined by
ﬂf(x,u) = u. The above equivalence relations describe the
Cw—type‘and the topological type of Mo The P-K-equivalence
theory has been studied in ([2], [31, 5], [1a)),

There are some motivations to study bifurcations of
varieties. One of the most convenient motivation is the
following : Let f : (RnXRr,O) ———a(Rn,O) be a smooth map germ.
Consider a system of a parametrized ordinéry differential
equation,

(%) ax _ f(x,u)

dat

then the equilibrium solutions of (%) are f_l(

0). Hence, the
theory of bifurcations of varieties contains the theory of

bifurcations of equilibrium solutions of parametrizéd

ordinary differential equations.

(2)
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EXAMPLE 2. P-K-modality (P-K-cod(f) = 5).

Let (RXR,O)~———>(R,O) be a smooth map germ defined by

A
fx(x,u) = x(x + u)(x - Au). The picture of f;l(o) is the

following. x \\\//////
v-—,i_ﬂk /\

If X # X' (0 < A,X" < =), then fy and f,, are not

P-K-equivalent. Hence, in this case A is a moduli parameter.

But, numbers of bifurcations of varieties are the following.

lu < 0] u=0| u> 0]
#(fk)al(O), 3 i 1 ' 3 ] for any A (0 < X < =),

This is one of the motivation to study the P-V-equivalence

theory.

2. Almost P-V-versal deformations

One of the most usefull concept in the singularity theory
is the versal deformation (unfolding). Hence, it is an
important problem to seek for P-V-versal deformations.
In relation to this problem, we shall introduce a new concept
about deformations which is called almost P-V-versal deforma-

tions.

Definition (2.1). Let F, ¢ : (R™xR'xR® 0) — (RP,0) be

s-parameter deformations of f : (RnXRr,O) —f—?(RP,O). (i.e.
FIRMxR*x0 = G|R®xR™x0 = f). We say that F, G are

almost P-V-equivalent as deformations, if there exists a map germ

(3D
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o (RHXRrXRS,O)-———>(RpXRr%RS,O) of the form ®(x,u,v) =
(@l(x,u,v),¢(u,v),w(v)) which is not necessary continuous such

that ¢ : (RS,O)————>(RS,O) and

[

o - (RnXRer,(O,V))-———>(RpXRrxw(v),é(O,v)) are homeomorphism
germs for any v € (R®,0) and @Fl(F'l(O)) = G_l(O).
Remark. We say that F, G are P-V-equivalent as

deformations, if & is a homeomorphism germ in the above

definition.

Definition (2.2). Let F : (R™xR*xR%,0) — (RP,0) and

¢ : (R®xR¥xrR%,0) —> (RP,0) be deformations of

£ : (R™xRY,0) ———»(RP,O). An A.P-V-morphism & : G —>F is a

map germ & : (RpXRrXRt,O)-———9(RanIXRS,O) of the form
o(x,u,v) = (®l(x,u,v),¢(u,v),¢(v)) which 1s not necessary
continuous such that ¢ : (Rt,o) ———9(RS,O) is continuous,

o (RpxRva,(O,v))-——+ (RkarXV,Q(O,V)) is a homeomorphism
germ for any v € (Rt,O) and ®—1(F_1(0)) = G_l(O).

Remark. We say that ¢ : G —>F is a P~V-morphism, if

® is continuous in the above definition.

Definition (2.3). Let F (RnXRrXRS,O) -—*(RP,O) be a

deformation of f : (RnXRr,O) ———a(RP,O). We say that F is an

N

almost P-V-versal deformation of f if for any deformation

¢ : (R®xR¥xRY,0) — (RP,0) of r, there exists an A.P-V-morphism

¢ : G —>F.

4)
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Remarks. 1) The definition of the P-V-versal
deformation is the same as the above. It is clear that F is a
P-V-versal deformation of f then 1t is almost P-V-versal.

2) Let F : (RanerS,O)-———*(Rp,O) be the almost P-V-versal
deformation of f, then it has any informations about |

bifurcations of f with respect to P-V-equivalence.

3. Results
In this section we will state some results about the
P-V-equivalence theory. Detailed proof will appear elsewhere.
The first statement is the following generic classification

theorem with respect to the P-V-equivalence.

Theorem (3.1). (Thom-Vargenko type theorem with respect to
P-V). For each 2 2 1, there exists a partition of the space
Jz(n+r,p) into disjoint Semialgebraic subsets Zg(n+r,p),V§,...,

2 L L " e ' .
Vn(%)’vn(2)+1"""vs(£) with the following properties
1) V% are C -submanifold of Jz(n+r,p) and
. L _ . '8
codim Vn(2)+j =0 ;Q J” (n+r,p).
2) If £, g : (RnXRr,O)-———é(RP,O) are map germs such that

jgf, jgg S Vi. Then germs f and g are P-V-equivalent.

3) If £ : (R"xR",0) — (RP,0) is a map germ such that

2 2
| c
JOf Vn(£)+j’

germ. Call a map germ MT-stable if it satisfies the sufficient

then m, : (£71(0),0) —> (RF,0) 1is the MT-stable

condition of the topological stability in [1].

4) Let k and & be positive integers such that k > &. For

any 1 (n(2)+1 =< i < s(2)), there exists j (n(k)+1l < j < s(k))
(%)
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such that (nk’2>‘1(v.) - V?'and'fof any- 1 (1 < 1 < n(2)),
2
2

[

there exists j (1 < j < n(k)) such that (nF )—1(V§) = V?.

5) codim Zg(n+r,p) > o as 8 > o,

L L )

2
6) {vl,...,vn<£),v ,VS(Q)

NTOTSERERE } is a Whitney

stratification of Jz(n+r,p) - Zg(n+r,p).'

For any & 2 1, we denote the stratification of
Jz(n+r,p) - Zg(n+r,p) which is constructéd in the above theorem
by Sg(n+r,p). Let £ : (R™xRY,0) —>(RP,0) be a map germ such
taht Jof € Ij(n+r,p), then let S”(f) be the strata of

Sg(n+r,p) which contains jéf.

Definition (3.2). Let £ : (R™RY,0) —> (RP,0) be a map

germ.

(1) We say that f has a finite almost P-V-codimension if

there exists an integer £ such that jgf & Zg(n+r,p).
(2) If f has a finite almost P-V-codimension, we define
A.P-V-cod(f) = codim Sl(f) + p.

We call it an almost P-V-codimension.

By Theorem (3.1), A.P-V-cod(f) is well-defined.

The following notions are due to [ ¥ ]. If Ak C Jk(n+r,p)

k1, k-

are semialgebraic sets, with Ak C (w 1(Ak), the set

A of map germ f with jgf € Ak for all k is said to be

prosemialgebraic. Clearly, codim Ak < codim Ak+l 1 we write

codim A for the 1imit as k = «. A property of map germ which

holds for all except those 1in prosemialgebraic set of infinite

(6



codimension 1s said to hold in general.

By Theorem (3.1), we have the following theorem.

Theorem (3.3). (1) Map germs have finite almost

P-V-codimensions in general.

(2) Let £ : (R™xRY,0) —— (RP,0) be a map germ such that

A.P-cod(f) < +». Then f is finitely determined relative to P-V.

Throughout remainder of this section we consider the
almost P-V-versality theorem.
We now define a stratification of

RGBT (RP-{01) x5 (e, 0 ) URPXRT {03 % (7% (47, p) -3 (n#7,D) ) by

SY(RPxRY RP) = {R™xREx(RP-{0})x7% (n+r,p) FURM*RTx{01x8* (n+r,p)) .

we let §¥(£) = RPxRTx{0}xs¥(r).

1

Definition (3.4). Let £ : (R™xRY,0) — (RP,0) be a map

germ such that jgf Z Zé(n+r,p). Let F : (R™xRFxR®,0) —> (R",0)
be a deformation of f. We define a set germ DQ(F;P—V) by

{v € (R®,0) | JSFV € RnXRrX{O}X(JR(n+r,p)—TSQ(n+r,p))}. We
call it an 2-P-V-discriminant of F. Hére, Fv(x5u) = F(x,u,v),

. 4 L2
TSmtr. p) = Vi wi Voo V' ).

If A.P-V-cod(f) = s and F : (R™xRFxR®%,0) —>(RP,0) is a

deformation of f. We define Jé : (RS,O)-—f—aJQ(Ranr,Rp) by
Jg(v) = jéFv. It is clear that codim gz(f) = A.P-cod(f) = s
and codim Zg(n+r,p) > 8 for sufficiently large 2. TIn this

situation 1if Jé is transverse to gz(f), then J§ avoids Zé(n+r,p).

)
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Then (J%)_l(sg(Ranr,R?)) is a Whitney strafification of
DQ(F;P—V), where Sé(RnXRr,RP) = RHXRrX{O}XSS(n+r,p) and
Sé(n+r,p) = Sz(n+r,p) - SQITSQ(n+r,p). We denote this
stratification by DQ(F;P—V).

Our almost P-V-versality theorem is the following.

Theorem (3.5). Let £ : (R™xR",0)——>(R?,0) Dbe a map

germ such that A.P-V-cod(f) = s. Suppose that 2 is sufficiently

large such that codim Zg(n+r,p) >n+r+p+s + 1.

Let F : (R™xR*xR®,0) —>(RP,0) E§A§ deformation of f such that

Jé is transverse to §2(f)’§§ 0. Then F is an almost

P-V-versal deformation of f.

For the proof of the above theorem, it is enough to prove

the following uniqueness theorem.

Theorem (3.6). With the same hypothesis of Theorem 3.5,

if F, G : (R™xR**xR®,0) —> (RP,0) are deformations of f such

; % 2
that JF and JG

A.P-V-equivalent as deformations.

are transverse to §2(f) at 0, then these are

Theorem (3.5) is a corollary of Theorem (3.6). It is
shown by the usual technique. The proof of Theorem (3.6) is
given by using Thom’s local second isotopy lemma. By the
proof of Theorem (3.6), deformations F, G which appeéfed in

the theorem have homeomorphic 2-P-V-discriminants.

(&)
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4, P-V-invariants
In thisvsection we introduce some P-V-invariants of
analytic map germs : (Kn%KP,O)-———é(Kp;O), where K = C or R.
For any integer m, we write [m]2 for the congruence class
of the integers congruent to m modulo 2.

In general, we have the following lemma.

Lemma (4.1). Let £ : (KnXKr,O) -——%(Kp,O) be a map germ

such that K—cod(f,nr) < +o, Then

TE(F) N n;1(0> = Z(f,ﬂr) N (f,wr>”1(o> C'{O}Q

Here, Z¥(f) = {(x,u) € (RnXRr,O)] rank(%ﬁi(x,u)) < p and

J
f(x,u) = 0}.
Definition (4.2). We write
n+r0/<f1""’fp’ul""’ur> if K =2C
Q(f,m) =
Co(RMRT) /(£ £ ,u u) if X = R
0 1200t 505 suy .
Here, n+ro is the local ring of holomorphic function germs at

0 € ¢™xct.

We remark that if f has a complexification fC, then
Q(fc,wr) = Q(f’wr)gkc' In this case, we have dlmRQ(f,wr)
dimCQ(fC,ﬂr).

We distinguishe three cases,

A) n = p : We need the following lemma.

C1)
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Lemma (4.3). a) Let f : (CnxCr;O)————e(Cp,O) be a map

germ such that K—cod(f,ﬂr) < +=, and suppose that the power

. . o , ‘ n_.r . S ,
series representing f converge on anDr C C'xC™ has been chosen

small enough so that f_l(O) N DnX{O} = {0}. Then there is a

neighbourhood U of 0 in Cr'such'that for almost all u € U

dim,Q(f,m,) = #(w}l(u) N (D, xD_)).

b) Let f : (RPXRr,O)————e(Rp,O) be an analytic map germ

such that K—cod(f,ﬂr) < +o, ‘and suppose that the power series

representing f converge on DDXDT c ¢®xc’ about O. Suppose that

DnXDr has been chosen small enough so that

£57(0) N D_x{0} = {0}. Then there is a neighbourhood U of 0 in

R such that for almost'all'u €U

. - -1
dlmRQ(f,wr) = #(Trf (u) N (anDr)) mod 2.
The following statement is an obvious statement.

Assertion (4.L). Let £ : (K'xK',0) ——(k°,0) be an

analytic map germ such that K-cod(f,ﬁr) < +oo,

a) If X = C, then dim,Q(f,n ) is a P-V-invariant.

b) If K = R, then [dimpQ(f,n )], 1s a P-V-invariant.

B) n < p : In this case dich(f,wr) does not equal\to the
branching order of (f,wr). Let nM be the field of germs of
meromorphic functions on c™ at 0 and C(zl,...,zn) be the field
of rational functions on c™. Then we need the folloWing well-

known theorem.

o)



Theorem (U.5). Let £ : (C7,0) —>(C€°,0) be a finite

analytic map germ Qg_branChing order r. Then

[nM:f*(pM)] = r.

Moreover if f is a polynomial map germ, then

[C(zl,...,zn):f*(C(yl,.,.,yp))] = r.

" Here [K:k] is the degree of field extension K/k.

For the proof of the above theorem, see Theorem 10 in

([4], P35) and Theorem 7 in ([VZJ,’P117).

Definition (4.6). Let £ : (C",0) ——>(CP,0) be a finite

analytic map germ. We write

[C(zl,..,,zn):f*(C(yl,..,,yp))] if f is.a
polynomial

a(fr) =
[nM:f*(pM)] otherwise,

By the same reason as the case A), we have the following

statement.

Assertion (4.6). Let f : (K"xk",0) ——(x°,0) be an

analytic map germ such that K—cod(f,nr) < +o, We put F = (f,ﬂr).

a) If K = C, then d(F) is a P-V-invariant.

1

b) If X = R, then [d(F,)], is a P-V-invariant.

C) n>p : Let T : (Cnxcr,O)——~—»<cP,o) be an analytic map
germ. For sufficiently small positive numbers €15 €55 §, we put
X = {(x,u) € C™CT | Ixl < ey, lul < e,, If(x,u)l < §} and

i)



o
’.—A
-

T={u€cC’ | lul <e,}.

2

Proposition (4.7). If K—cod(f,wr) < 4o, then

nfl . e~ o) nx - n}l(c*(f)) NX—>T - C*¥(f) is a locally

trivial smooth fibration and its fibre has a homotopy type of

u(F)-bouquet of (n - p)-sphere. Here p(F) is the Milnor-Hamm

number of F = (f,n ). Here C¥(f) = m (I¥(f)).

By the theorem of Wall [9 ], we have the following

statement.

Assertion (4.8). Let £ : (K°xK ,0) —> (k®,0) be an

analytic map germ such that K—cod(f,wr) < 4o,

a) If K = C, then u(F) is a P-V-invariant.

b) If K = R, then [u(FC)]2 is a P-V-invariant.

Remark. By the formulae of L& [6], we have the
following calculation

_ §Pp I+, |
wrE) = Zj=l(-1) ddmy( 0/ uy,eou W E LT (fl,...,fp_j_!_l)) ).

p-J X
- 3(Fysnnest))
Here JX(fl,...,fk) = zrnl:nors,c)(zfL

Tz )]1511<~--<1k5n)

1 e
for fi S 0.

n+r
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